A201  843 


Theory,  Numerical  Methods  and  Applications 


i&mm 


fcn 

IXsvibaSi^'i'  Oa^!^"!3P . 


NONLINEAR  HYPERBOLIC  WAVES 


John  K.  Hunter  Joseph  B.  Keller 

Colorado  State  University  Stanford  University 

Ft  Collins,  CO  80524,  U.S.A.  Stanford,  CA  94305,  U.S.A. 


We  develop  a  formal  asymptotic  theory  for  hyperbolic  conservation  laws  with  large 
amplitude,  rapidly  varying  initial  data  [1).  For  small  times,  the  solution  is  described 
by  a  system  of  conservation  laws  in  a  single  space  variable.  Shocks  form,  and  the 
solution  rapidly  decays.  For  larger  times,  the  solution  propagates  along  rays 
according  to  weakly  nonlinear  geometrical  optics.  Initial  data  for  the  weakly 
nonlinear  solution  is  obtained  by  matching  with  the  long  time  behavior  of  the 
solution  to  the  conservation  laws  in  one  space  variable. 

Let  u(x,t;e)  be  a  solution  of  the  strictly  hyperbolic,  genuinely  nonlinear  system  of 
conservation  laws, 

d.n  +  E  d  f.(u)  =  0,  f.  :  Km  Rm, 

1  : _ i  1  1 

(i)  _ 

u(x,0;<)  =  uQ(x,c  **(x)|, 

where  uQ(x,^)  has  compact  support  in  t].  We  shall  describe  the  asymptotic  behavior 
of  u  as  e  -*  0.  For  short  times,  of  the  order  e, 
u(x,t;c)  ~  v[x,e-1\k(x),f  *t]  as  e  -*  0, 
where  v(x,v,  r)  satisfies 


(2) 


dTv  4-  ^(x,v)  =  0,  g(x,v)  :=  E^x  'k(x)  fj(v), 
v(x,»/,0)  =  u0(x,»;). 


Equation  (2)  is  a  system  of  conservation  laws  in  one  space  dimension,  in  which  x 


occurs  as  a  parameter. 

For  times  of  the  order  one,  u(x,t;e)  is  asymptotic  to  a  weakly  nonlinear 

geometrical  optics  solution  (2j,  which  has  the  form 

m  , 

(3)  u(x,t;f)  ~  6(e)  £  a-[x,t,^~A^.(x,t)]Rj(x,t)  as  e  -*  0. 

i=l  J  •>  J 

In  (3),  the  wave  amplitudes  a.,  the  phase  functions  <f>.  and  the  eigenvectors  R-  satisfy 

J  J  J 

the  equations  derived  in  [1].  In  particular,  the  wave  amplitudes  solve  in  viscid 
Burgers'  equations  of  the  form, 

[dt  +  Cj(x,t)-V]aj  +  jMj(x,t)  d$[&?}  +  Qj(x,t)aj  =  0. 

These  equations  must  be  supplemented  by  initial  values  of  the  aj  and  <f>y  and  by 
specification  of  the  amplitude  parameter  6,  which  are  obtained  by  matching  (3)  as 
t  -♦  0+,  with  the  solution  of  (2)  as  r  -*  +a>. 

The  solution  of  (2)  approaches  a  superposition  of  N-waves  as  r  -*  +oo  [3]. 
Matching  implies  that 

i  =  A/2, 

^(x,0)  =  'P(x),  5t^(x,0)  =  -A.(x), 

1 1 

where  Aj(x)  is  the  j  eigenvalue  of  Dyg(x,v).  Also,  as  t  0+, 

aj(x,t,0)  ~  M.(x,0 /V1*,  if  -(— 2p.(x)t)1/2  <  0  <  [2qj(x)t]1/2, 
aj(x,t,^)  ~  0,  otherwise. 

Here,  Mj  is  a  nonlinear  self  interaction  coefficient  (which  is  nonzero  for  genuinely 
nonlinear  waves),  and  pj  and  qj  are  the  N-wave  invariants  of  the  j1*1  N-wave  in  the 
large  time  asymptotic  solution  of  (2). 

A  similar  theory  is  possible  when  Uq(x,?;)  is  periodic  in  i],  but  it  is  only 
complete  for  a  scalar  equation  and  2x2  systems.  .  This  is  for  two  reasons:  the 
large  time  behavior  of  periodic  solutions  to  general  systems  of  conservation  laws  in 
one  space  variable  is  not  known;  and  there  are  difficulties  in  the  weakly  nonlinear 


theory  for  resonantly  interacting  periodic  waves. 
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Today  the  most  accurate  and  cost  effective  Industrial  codes  used  for  aircraft 
design  are  based  on  full  potential  equations  coupled  with  boundary  layer 
equations.  But  these  are  not  capable  to  solve  complicated  three-dimensional 
problems  of  vortical  flows  and  shocks.  On  the  other  hand  Euler  and  Navler- 
Stokes  codes  are  too  expensive  and  not  sufficiently  accurate  for  design  pur¬ 
poses,  especially  towards  drag  and  Interference  prediction.  The  reasons  for 
these  deficiencies  are  investigated  and  a  way  to  overcome  them  by  future 
developments  Is  demonstrated. 
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Abstract 

We  study  the  convergence  of  a  sequence  of  approximate  solutions  to 
some  nonlinear  2x2  strictly  hyperbolic  systems  of  conservation  lavs,  typically  the 
(vanishing)  viscosity  method,  in  vhich  the  Cauchy  problem; 

(1)  Btu+8gf(u)-0 

u(x,0)-ug(x) 

(vheref;  R  -  ->  R^  is  a  smooth  function)  is  approximated  by: 

(ig)  ^ u^+a/^-cajpa^ 

Ue(x,0)-uo(x) 

▼here  D  is  a  diffusion  matrix:  We  only  assume  that  this  sequence  (i£)  satisfies  a 
uniform  L°°  estimate; 

(2)  lli/ll  *c 

and  the  easy  energy  estimate : 

(3) 

Under  these  assumptions,  ve  study  the  relations  betveen  the  veak-star  limits  g*  in 
L"  of  g(tP),for  any  continuous  taction  g.  In  other  voids,  at  any  point  (x,t)  ve 
study  the  so-called  Young  measire  V^t:g-*  g*(^t).We  recall  that  (V^t)  isa 


>****-.■ 


family  of  probability  measures  vhich  operate  in  the  phase  plane,  and  that  the  strong 
convergence  (no  oscillation)  corresponds  to  the  case  There  these  probability 
measures  are  delta-functions. 

By  using  wry  simple  ideas  of  compensated  compactness,  in  the  spirit  of  previous 
results  of  L.  TARTAR,  R.J.  DIP  ERMA,  D.  SERRE ,  ve  have  previously  studied  the 
structure  of  this  family  of  Young  measures.  Roughly  speaking,  "ve  can  pass  to  the 
limit  on  the  product  of  the  Riemann  Invariants  of  the  system*. This  is  expressed  by 
the  formula: 

(4)  ^t-p(v,z)p,x  \i2 


in  vhich  p(v,z)  is  t  precisely  given  function  end  vas  first  conjectured  by  D. 
SERRE,  vhile  p.j  and  pg  respectively  operate  on  functions  of  v  and  z.We  had  also 


shovn  that  this  is 


Namely,  either  for  the’elasticity  system  or  for  the  isentropic  gas  dynamics 
equations,  (4)  enables  to  shov  (very  simply)  a  sequence  of  non  positive  functions 
Those  Teak  limit  is  non  negative:  therefore  the  limit  is  zero  and  the  convergence  is 
strong.  Moreover, the  Young  measure  is  a  delta-function,  except  if  the  system  is 
linearly  degenerate. 


Here,  Te  shov  that  tins  information  (4)  is  also  crucial  to  study  the  linearly 
degenerate  case,  so  that,  roughly  speaking,  the  picture  is  the  Moving: 


-either  the  system  is  linearly  degenerate,  and  then  oscillations  can  just  propagate  (if 
they  already  exist  in  the  initial  data),  but  cannot  be  created 

-or  the  system  is  not  linearly  degenerate(e.g.  is  genuinely  nonlinear),  and  then 
possible  oscillations  in  the  initial  data  are  immediately  "killed*  by  the  entropy 
conditions. 
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We  are  concerned  with  systems  of  conservation  laws  of  the  form 


ut  +  f(u)x  =  0  ,  --00  <  x  <  oo  ,  t  >  0 


with  initial  condition 


(2)  u(M)  =  uo(*)  • 

Here  u(x,t)  =  (u^x,*),. .  .,um(x,t))  and  /(u(x,t))  =  (fl(u(x,t)),. . .  ,/m(u(x,t)))  is  a  smooth 
mapping  from  a  region  ft  of  Rm  to  Rm.  We  assume  that  the  system  (1)  is  strictly  hyperbolic, 
i.e.  the  matrix  has  real  and  distinct  eigenvalues. 

Solution  to  I.V.P.  (1),  (2)  may  develop  discontinuities  even  when  the  initial  data  are  smooth. 
Therefore  we  seek  weak  solutions  to  I.V.P.  (1),  (2),  i.e.,  solutions  u(x,t)  which  satisfy 

rOO  r  OO  fOO 

/  /  (u$t  +  f(u)$x)dxdt  +  /  «o(x)$(x,0)dx  =  0 

JO  J— oo  •/— oo 

for  all  Cx  test  functions  $(x,<),  vanishing  for  |x|  +  t  large. 

Glimm’s  scheme,  introduced  in  his  celebrated  paper  [1],  is  an  effective  method  for  calculating 
discontinous  solutions  of  systems  of  conservation  laws.  The  main  advantages  of  the  scheme 
for  numerical  calculation  is  the  sharp  resolution  of  discontinuities  and  absence  of  over-  and 
undershoots.  A  drawback  of  the  scheme  is  to  solve  many  Riemann  problems.  This  is  a  time 
consuming  procedure.  Motivated  by  Le  Veque’s  work  [3],  we  introduce  two  types  of  large  time 
step  generalization  of  Glimm’s  scheme,  [4],  by  linear  superposition  of  conserved  quantities  and 
corresponding  Riemann  invariants  respectively.  Here  we  give  a  description  of  first  one  as  follows. 

We  discretize  R  x  (0,oo)  by  spatial  mesh  length  6  and  time  mesh  length  r  and  allowing  the 
Courant  number  c  to  be  arbitrary  (fixed)  constant,  i.e., 

J|A|  =  c<lV 

where  |A|  is  the  maximum  wave  speed.  Then  for  a  random  sequence  {a,}  in  [0,1)  ,  assuming 
that  u (x,t,fi),  approximate  solution  to  I.V.P.  (1),  (2)  has  been  determined  for  t  <  tn  -  nr,  then 
we  define  u(x,tn,S)  =  ufc,n  =  u(xfc  +  an6tn  -  6)  for  *6  /*  =  [**,**+1),  where  xk  =  kS.  Let 
Ufc,n(x,t)  be  solution  of  Riemann  problem 


/  .  \  /  ufc-l,n  » 

=  1 »»,.  , 


X  <xk 
x>xk 


t 

r 


We  set  u(x,t,6)  in  the  stripe  Sn  =  {(*><)> 


tn<t<  tn+l}  as 


(3)  «(*,t,«)  =  ti(i,tn,«)  +  ^(tti(*,t)-uj(*,t„))  ,  (*,<)e5„ 

< 

The  above  procedure  may  proceed  for  all  t  >  0  provided  we  have  suitable  bound  on  u(z,  t ,  6). 
To  initiate  the  scheme,  at  n  =  0,  we  set 

u(*,0,i)  =  «o(*)  . 

These  are  at  most  2 N  non-zero  terms  in  the  sum  of  right  hand  side  of  (3).  In  particular  this 
large  time  generalization  of  Glimm’s  scheme,  abbreviated  as  L.T.S.  Glimm’s  scheme,  reduces  to 
Glimm’s  scheme  when  c  <  1/2. 

We  prove  [4],  the  consistency  of  the  L.T.S.  Glimm’s  scheme,  i.e.,  assume  that  each  choice 
of  the  random  sequence  {a<}  yield  a  family  {u(x,t, S),  0  <  6  <  £<>}  of  approximate  solution 

which  are  defined  for  t  >  0  and  T.V.  u(-,t,S)  are  uniformly  bounded  in  5  and  t.  Then  there 
exists  a  sequence  Si  -*■  0  such  that 

u(x,t,6i)  — ►  u(x,t)  ,  6i  -v  0 

and  u(z,t,6)  is  the  weak  solution  to  I.V.P.  (1),  (2). 

We  also  prove  in  [4]  that  the  L.T.S.  Glimm’s  scheme  is  total  variation  diminishing  for  scalar 
conservation  laws.  Therefore  by  consistency  of  the  Bcheme  it  follows  that  the  weak  solution  to 

I.V.P.  (1),  (2)  can  be  obtained  as  limit  of  sequence  of  the  approximate  solution  u(x,t,S)  for 
almost  all  choices  of  random  sequence  {a,-}  as  the  mesh  is  refined. 

In  [4],  for  general  systems,  if  we  assume  the  system  is  genuinely  nonlinear  and  T.V.  tio(-) 
is  sufficiently  small,  then  T.V.  u(-,t,6)  is  bounded  uniformly  in  S  and  t  >  0.  Thus  the  weak 
solution  to  I.V.P  (1),  (2)  also  can  be  obtained  by  L.T.S.  Glimm’s  scheme.  This  means  that  the 
main  theorem  in  Glimm’s  work  [1]  remains  true  for  L.T.S.  Glimm’s  scheme. 

Harten  and  Lax  [2]  modify  Glimm’s  scheme  by  replacing  the  exact  solution  of  Riemann 
problem  with  an  appropriate  finite  difference  approximation  and  by  building  approximate  so¬ 
lutions  on  a  moving  grid.  Their  modification  is  computationally  more  efficient  and  easier  to 
extend  to  more  general  situations.  In  [5],  we  extend  the  random  choice  finite  difference  scheme 
by  Harten  and  Lax  to  a  large  time  step  version  and  we  prove  the  consistency  of  the  scheme  and 
the  scheme  is  total  variation  diminishing  for  scalar  conservation  laws.  We  also  make  study  on 
entropy  condition  for  it. 
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Summary 

Today  the  most  accurate  and  cost  effective  Industrial  codes  used  for 
aircraft  design  are  based  on  full  potential  equations  coupled  with 
boundary  layer  equations.  But  these  are  not  capable  to  solve  compli¬ 
cated  three-dimensional  problems  of  vortical  flows  and  shocks.  On  the 
other  hand  Euler  and  Navler-Stokes  codes  are  too  expensive  and  not 
sufficiently  accurate  for  design  purposes,  especially  towards  drag  and 
Interference  prediction.  The  reasons  for  these  deficiencies  are 
Investigated  and  a  way  to  overcome  them  by  future  developments  Is 
demonstrated. 


Nomenclature 

a  speed  of  sound 

a,,  stagnation  speed  of  sound 

dA  element  of  surface  dV 

d1vB.  dlv  In  plane  normal  to  jj, 

Dm.  wave  operator  at  Mach  cone 

Dp.  wave  operator  at  path  line 

substantial  derivative 

dV  surface  of  V 

e  specific  Inner  energy 

£  flux 

h,  specific  stagnation  enthalpy 

ji*  space-time  like  normal  vector 

jq  space  1 1  ke  part  of  j\* 


Deficiencies  of  Modern  Numerical  Methods 

In  the  field  of  aerodynamic  design  of  modern  aircraft,  especially  transonic 
transport  aircraft,  numerical  methods  became  one  of  the  most  Important 
design  tools.  The  mayorlty  of  the  codes  used  nowadays  heavily  relies  on  the 
experience  with  the  elliptic  subsonic  potential  equation.  To  enable  the 
solution  of  transonic  problems  with  supersonic  pockets  the  necessary 
numerical  conditions  for  hyperbolic  flows  were  Introduced.  And  yet  today  the 
most  accurate  codes  for  drag  prediction  are  full  potential  codes  coupled 
with  a  boundary  layer  method.  Especially  at  the  points  Indicated  In  Fig.  1 
the  viscous  effects  strongly  Influence  the  solution:  shock/boundary  layer 
Interaction,  rear  loaded  profiles,  transonic  wakes.  An  H-type  grid  enables 
an  accurate  coupling  of  the  Invlscld  and  viscous  solution  Including  the  wake 
and  an  easy  capture  of  normal  shocks  [3]. 


p  pressure 

R  special  gas  constant 
s  specific  entropy 

t  time 

T  temperature 

X*  space-time  velocity,  stat.  -  v 
X  space  velocity 

Vn  normal  comp,  of  velocity 
v*  tangential  comp,  of  velocity 
v  control  vol ume 

y  ratio  of  specific  heats 

\  Riemann  invariant 

p  density 


*  Department  of  Theoretical  Aerodynamics 
MBB-UT,  TE  212,  HGnefeldstr.  1-5,  D-2800  Bremen  1 


1/12 


Fig.  1:  Transonic  airfoil  calculation 


These  codes  are  restricted  to  two-dimensional  or  at  least  nearly 
two-dimensional  flow  problems  because  they  cannot  capture  the  typical 
three-dimensional  effects  shown  in  Fig.  2:  unknown  three-dimensional  shocks, 
free  vortices,  wake  interferences,  nacelle  and  jet  interferencies, 
rotational  flow  fields. 


Fig.  2:  Severe  3D-problems  for  transport  aircraft 

For  aircraft  of  small  aspect  ratio  (Fig.  3)  the  old  methods  are  completely 
insufficient:  the  flow  field  is  dominated  by  vortex  systems;  at  higher  Mach 
numbers  the  strong  entropy  gradients  do  not  allow  a  potential  approximation. 
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Flo.  3:  Severe  3D-prob1ems  for  reentry  vehicle 


On  the  other  hand  there  exist  a  lot  of  Euler  and  Navler-Stokes  (NS)  codes 
which  should  be  able  to  solve  these  problems.  The  following  figures  show 
some  typical  3D-resu1ts  of  two  modern  Euler  codes  representing  the  state  of 
the  art.  Fig.  4  shows  total  pressure  losses  on  a  midwing  airfoil. 


Fla.  4:  Total  pressure  loss  on  midwing  airfoil 

(Solutions  of  two  different  3D  Euler  codes) 

Due  to  smearing  and  wiggles  shock  location  and  strength  cannot  be  determined 
accurately.  At  the  leading  edge  spurious  pressure  raises  resp.  entropy 
losses  and  other  numerical  errors  occur;  the  trailing  edge  solution  shows 
similar  errors. 

Invlscld  wave  and  induced  drag  has  to  be  determined  by  Integration  in  the 
direction  perpendicular  to  the  free  stream. 


3D-EULER  MACH-  0.7800  ALPHA-  2.2400 

Fla.  5:  Invlscld  drag  by  pressure  integration 

(Solutions  of  two  different  3D  Euler  codes) 

Invlscld  drag  Is  given  as  the  small  difference  of  the  large  areas  enclosed 
by  the  pressure  curves;  errors  mainly  result  from  the  wrong  pressure 
computation  at  leading  and  trailing  edges. 

Another  possibility  of  Invlscld  drag  calculation  Is  to  calculate  wave  drag 
by  entropy  rise  at  the  shock  and  Induced  drag  in  the  Treffz  plane.  This 
method  requires  accurate  shock  determination  and  vorticity  transport  (Fig. 
6,  7);  both  are  not  sufficiently  guaranteed  by  current  codes. 


Fig.  6;  Total  pressure  loss,  streamwlse  direction 
(3D  Euler  solution) 
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Fla.  7:  Absolute  value  of  vortlcity,  streamwise  direction, 

(30  Euler  solution) 

Other  very  Important  problems  to  be  solved  are  the  Interferences  caused  by 
vortex  systems.  Euler  and  NS  solvers  should  be  able  to  capture  this  problem. 


Fla.  8:  Total  pressure  loss,  wake  behind  wing 
(3D  Euler  solution) 


Fla.  9:  Absolute  value  of  vortlcity,  wake  behind  wing, 
(30  Euler  solution) 
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Figs.  8/9  should  show  only  the  Invlscld  wake  of  an  Euler  solution.  Partly 
vortlclty  occurs  at  the  physically  known  places.  But  obviously,  additional 
vortlclty  is  generated  by  grid  properties,  Is  smeared  out,  and  In  the 
downstream  direction  the  vortlclty  content  [2]  diminishes  rapidly.  So  these 
codes  are  not  yet  helpful  to  solve  this  problem  with  the  accuracy  needed  for 
aircraft  design. 

Looking  at  computing  costs  the  Euler  (and  NS)  codes  are  surprisingly 
expensive:  This  Is  mainly  due  to  the  fact  that  today's  Euler  codes  need  grid 
sizes  comparable  to  those  used  with  full  potential  codes.  But  to  get  the 
requested  solution  values  (e.g.  velocity  or  pressure)  the  potential  function 
|  has  to  be  differentiated  numerically  with  one  order  loss  of  accuray.  In 
Euler  equations,  the  requested  values  are  directly  obtained  as  solutions  and 
therefore  a  much  coarser  mesh  should  give  the  same  accuracy  as  for  potential 
flow  models.  Moreover  -  because  of  the  necessary  degree  of  continuity  - 
additional  difficulties  should  be  expected  for  full  potential  solvers  In 
regions  of  strongly  varying  solutions.  Therefore  Important  accuracy  and  cost 
Improvements  of  future  Euler  (and  NS)  codes  can  be  expected. 

The  examples  demonstrated  here  are  Euler  solutions.  Real  flow  Is  viscous;  so 
some  people  think  that  the  difficulties  will  be  overcome  by  the  solution  of 
the  NS  equations.  But  since  the  errors  shown  above  are  errors  of  the 
solution  method  rather  than  the  Euler  equations,  they  will  not  be  overcome 
by  using  other  equations  but  by  other  algorithms.  Especially  for  high 
Reynolds  number  flows  the  Euler  terms  remain  very  Important  In  the  NS 
equations;  they  completely  describe  the  outer  flow  field  away  from  body 
surfaces  or  wakes.  So  a  NS  solution  will  only  be  possible  with  an  accurate 
solution  of  the  Intrinsic  Euler  part.  And  as  the  Important  hyperbolic  part 
of  the  flow  equations  are  the  Euler  equations,  their  numerical  solution  by 
field  methods  will  be  discussed  here. 

It  Is  well  known,  that  the  errors  In  numerical  solutions  are  generated  by 
numerical  smearing,  amplification  and  artificial  damping,  but  It  Is  diffi¬ 
cult  to  localize  the  hidden  sources  of  these  effects.  We  will  try  to  Identi¬ 
fy  some  of  them  and  to  show  possibilities  to  overcome  them.  The  presented 
facts  are  all  known,  but  not  yet  respected  In  many  numerical  methods. 

The  construction  of  numerical  field  methods  Is  done  in  five  steps: 

-  Selection  and  analysis  of  the  governing  equations, 

-  Selection  of  a  point  distribution  or  grid  to  represent  the  flow  field, 

-  Approximation  of  solution  values  between  grid  points, 

-  Formulation  of  the  boundary  conditions  defining  the  special  problem, 

-  Mathematical  solution  algorithm. 

In  the  next  sections  only  the  first  three  points  are  discussed  for  the  Euler 
equations  as  an  example  of  systems  of  nonlinear  hyperbolic  equations. 


tavgrnlBSL  Equation? 

The  well  known  Euler  equations  are 
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They  have  to  be  complemented  by  two  equations  describing  the  state  of  the 
gas. 

A  system  of  hyperbolic  differential  equations  has  a  set  of  real  directions 
with  undefined  derivatives.  For  the  Euler  equations  (1)  these  directions  are 
all  the  directions  n*  normal  to  the  path  lines  and  the  directions  normal  to 
the  Mach  cone  defined  by  the  characteristic  direction  conditions 

for  the  path  line:  y?*n*  ■  0  • 

(2) 

for  the  Mach  cone:  V*-jn*  -  -a  . 

All  solutions  of  hyperbolic  systems,  except  the  trivial  ones,  are  defined  by 
jumps  of  (sometimes  higher  order)  derivatives.  The  possible  discontinuities 
In  the  shock  free  region  are  (depending  on  the  selected  set  of  dependant 
variables)  e.g. 

across  the  path  line:  variables  s,  o  ,  T,  a,  (h#),  v*, 

(3) 

across  the  Mach  cone:  1.  derivatives  of  p,  (y  n)  . 


In  special  cases  the  dependant  variables  themselves  are  discontinuous: 

across  wakes:  all  variables  except  p,  \  , 

(wakes  consist  of  path  lines) 

(4) 

across  shocks:  all  variables  except  &. 

The  path  line  and  wake  discontinuities  are  connected  with  vortices  and  occur 
even  In  steady  subsonic  flow. 

In  contrast  to  elliptic  problems,  where  the  polynomial  order  of  the  Taylor 
approximation  Is  a  quality  measure  for  the  discretization,  for  hyperbolic 
problems  this  Is  only  true  for  regions  with  very  smooth  solutions.  For  the 
physically  more  Interesting  zones  It  Is  Important  to  take  care  of  the 
different  kinds  of  discontinuities,  because  the  solution  cannot  be  expanded 
Into  Taylor  series. 


Corresponding  to  the  directions  normal  to  possible  jumps  there  exist  the 
directions  of  wave  propagation  with  the  associated  wave  operators 

path  line  y*  :  DP*  §t  ft  +  &9™1)- 

Mach  cone  y*  +  a-n  :  +  a  (n-grad). 


The  continuous  part  of  the  solution  Is  defined  by  the  set  of  compatibility 
conditions  of  characteristics  theory,  e.g.  (depending  on  the  selected  set  of 
dependant  variables) 

along  path  line:  E  Op  s  -  0  , 

S-N  l^(£>  -  -  £  X-grad  p  , 

®M  <X  S)  ♦  jV  °M  "  +  ‘  0 

(d1vn  y  '  dlv  v  taken  In  the  plane  normal  to  jri). 


along  Mach  cone: 


These  conditions  are  special  combinations  of  the  governing  equations  which 
are  valid  everywhere  except  across  shocks  and  wakes.  But  only  In  the 
directions  of  the  corresponding  characteristics  they  describe  continuous 
wave  propagation  although  continuity  Is  not  required  for  each  single  term. 

Along  the  path  line  entropy  and  stagnation  enthalpy  are  convected  without 
any  continuity  required  In  the  transverse  direction,  even  for  subsonic  flow. 
For  simulation  of  vortical  flows  the  correct  calculation  of  vortlcity  trans¬ 
port  Is  very  Important.  It  Is  described  Indirectly  by  transport  equations 
along  path  lines,  because  Crocco's  theorem 

v  x  curl  x  -  -  T  grad  s  +  grad  h0  +  (7) 

defines  vortlcity  by  (mainly  transverse)  differentiation  of  entropy  and 
stagnation  enthalpy. 

Important  for  numerical  schemes  Is,  that  the  hyperbolic  solution  Is 
exclusively  defined  by  derivative  Jumps  across  the  characteristics  and  In 
certain  cases  as  jumps  of  the  solutions  themselves,  l.e.  at  wakes  and  shocks 
In  the  Euler  equations. 

Referring  to  the  corresponding  surface  Integral  formulation  Instead  of  the 
differential  equations, 


dV 


Flo.  10;  Finite  volume 


"  J&W  <1*  -  -vftfS  (V  n)  +  P  n]  dA  (8) 

It  Is  possible  to  capture  all  discontinuities  within  one  cell  for  one- 
dimensional  problems.  The  reason  Is  that  one  can  calculate  the  fluxes  of  the 
unknown  solutions  Instead  of  the  unknown  solutions  themselves.  But  this 
normally  falls  In  multidimensional  cases  because  the  fluxes  are  tensors  of 
one  degree  higher  than  the  unknowns.  For  multidimensional  problems  It  Is 
Impossible  to  get  a  sufficient  number  of  equations  for  a  direct  solution  of 
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the  unknown  fluxes.  Therefore  the  fluxes  are  computed  by  Integrating  over 
the  boundary  where  their  values  have  to  be  calculated  fro*  a  usual  set  of 
variables.  But  the  values  of  these  variables  are  only  known  at  distinct 
points  and  not  at  the  whole  boundary.  This  aust  be  overcome  by  Interpolation 
assumptions  which  often  are  Inconsistent  with  the  discontinuities.  Therefore 
a  combination  with  other  techniques  Is  reconaended  which  will  be  described 
later. 


To  achieve  good  numerical  properties  the  selection  of  unknowns  has  a  strong 
Influence.  For  the  Euler  equations  the  so-called  conservative  variables 
yield  shock  capturing  capability  to  finite  difference  schemes,  but  are 
normally  working  well  only  for  one-dimensional  cases.  For  finite  volume 
schemes  based  on  the  boundary  Integral  equations  (8)  Instead  of  the  diffe¬ 
rential  equations,  It  Is  not  necessary  to  use  the  conservative  variables  for 
shock  capturing.  Here  the  only  Important  condition  Is,  that  the  equations  do 
not  contain  production  terms. 


Using  the  conservative  variables  or  primitive  variables  the  set  of  diffe¬ 
rential  equations  Is  strongly  coupled.  For  numerical  reasons  and  for  con¬ 
sistency  It  Is  desirable  to  decouple  the  system  of  equations.  This  Is  at 
least  partly  possible  by  using  an  different  set  of  variables.  A  complete 
decoupling  Is  provided  by  Rlemann  Invariants  If  they  exist;  unfortunately 
they  usually  do  not  exist.  But  often  It  Is  possible  to  construct  a  system  of 
equations  with  weaker  coupling  and  weaker  nonl Inearl ties,  using  the  know¬ 
ledge  of  Rlemann  properties  of  simpler  cases.  So  choosing  velocity,  speed  of 
sound  and  entropy  as  variables  leads  to  a  set  of  only  mildly  coupled  and 
nearly  linear  compatibility  conditions. 


along  path  line:  E  Dp  s 


along  Mach  cone:  (-£r  a  +  v.n) 

PI  o*  1  "  ** 


0  , 

X-[T  grad  s  -  gra(j  (a*)] 
fr<a‘>  -  (r-l)T  §4  , 


rR  °m 


a  d1v_  v  . 

n  ~ 


(9) 


Wave  transportation  Is  described  by  the  wave  operators  0.  The  nonlinearity 
Is  restricted  to  the  determination  of  the  differential  operator's  characte¬ 
ristic  direction  and  the  right  hand  terms.  If  we  locally  combine  the  wave 
variables  velocity  and  speed  of  sound  for  each  grid  plane  to  plane  Rlemann 
Invariants  [6],  as  proposed  by  Morettl  [4], 

A(n)  »+  (v  ij)  ,  n,  -  -  j2  (10) 


we  get  the  weakest  possible  coupling  of  the  compatibility  equations.  As  well 
known,  for  Isentroplc  plane  waves  the  equations  are  completely  decoupled. 
This  set,  however,  has  no  shock  capturing  capability. 


Selection  of  Representative  Points 

In  most  numerical  field  methods  the  solution  field  Is  represented  by  a 
distinct  number  of  grid  points.  Between  the  grid  points  the  solution  values 
are  distributed  by  some  kind  of  Interpolation.  Normally  these  Interpolation 
functions  are  defined  locally,  changing  definition  at  grid  lines.  Therefore 
grid  lines  Introduce  numerical  discontinuities  In  the  derivatives. 
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Wave  directions 


To  obtain  the  best  possible  results  the  discontinuities  generated  by  grid 
lines  should  coincide  with  the  physical  discontinuities,  or  at  least  with 
the  most  Important  physical  discontinuities.  Otherwise  at  each  grid  line  the 
discontinuities  will  be  redistributed  and  thus  numerically  dispersed. 

For  the  Euler  equations  the  most  Important  discontinuities  are: 

-  At  shocks:  shocks  and  path  lines, 

-  In  nonlsentroplc/  shock-free  regions:  path  lines  and  characteristics, 
especially  "main  characteristics"  (The  "main  characteristic"  Is  the 
downstream  characteristic  In  the  plane  spanned  by  the  boundary  normal 
vector  and  the  velocity  vector.), 

-  In  the  Isentroplc  region:  characteristics,  most  Important  the 
"main  characteristics", 

-  Steady  subsonic  vortex  flow:  path  lines  which  here  are  stream  lines. 

It  Is  not  easy  to  fulfill  this  demand  on  grid  construction,  but  it  is  the 
only  way  to  get  accurate  solutions  with  a  restricted  number  of  grid  points. 


Flo.  12:  Example  of  a  physically  motivated  numerical  grid 
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Approximation  of  Solution  Values  HttMn  6rid  Points 

Most  numerical  field  methods  need  some  kind  of  solution  distribution  between 
grid  points.  As  mentioned  above,  piecewise  defined  functions  Introduce 
numerical  discontinuities.  These  discontinuities  are  generated  along  grid 
lines.  If  the  grid  lines  do  not  coincide  with  the  characteristics,  part  of 
the  Information  transport  changes  direction  from  that  of  the  characteristics 
to  that  of  the  grid  line  direction  due  to  the  redistribution  of  disconti¬ 
nuities.  This  produces  numerical  dispersion. 

On  the  other  hand,  the  Interpolation  functions  often  must  be  continuous 
across  grid  lines  especially  for  difference  and  higher  order  schemes.  So 
continuity  Is  Introduced  numerically  whereas  physics  can  be  discontinuous. 
This  smears  out  solutions,  amplifies  disturbances  and  produces  the  well 
known  wiggles  [5]. 

Normally  the  Interpolation  of  the  different  variables  between  the  grid 
points  Is  treated  Independent  from  each  other,  e.g.  linear  or  quadratic  for 
density,  momentum  and  energy.  But  the  equations  are  strongly  coupled  as  well 
as  the  physical  distributions  of  values.  This  becomes  more  obvious  In  the 
postprocessing,  when  other  values  like  pressure,  entropy  or  stagnation 
pressure  are  calculated.  In  the  zones  of  strong  gradients  or  even  strongly 
varying  gradients,  the  solution  Is  affected  by  by  the  Inconsistency  of  the 
Interpolation.  A  subsequent  computation,  especially  of  sensitive  functions 
as  pressure,  entropy  or  stagnation  pressure,  amplifies  these  errors  due  to 
the  nonlinear  combination  of  Inconsistent  values;  spurious  entropy  often 
disappearing  further  downstream  Is  generated.  Moreover  truncation  errors 
Increase  with  nonlinearity  and  stronger  coupling  of  equations.  So  It  becomes 
Impossible  to  accurately  calculate  wave  or  Induced  drag  by  pressure  Inte¬ 
gration,  because  the  most  Important  parts  are  the  nose  and  trailing  edge 
regions,  both  with  strongly  varying  gradients  producing  large  errors  due  to 
Inconsistency  and  truncation  errors. 


Requirements  for  Numerical  Field  Methods 

Most  numerical  schemes  stay  in  the  tradition  of  elliptic  solvers  or  one- 
dimensional  approximations,  which  are  not  compatible  with  hyperbolic  pro¬ 
blems  describing  three-dimensional  wave  propagation  and  the  corresponding 
discontinuities.  An  accurate  numerical  scheme  must  be  properly  modelt. 
Therefore  physical  and  numerical  discontinuities  should  coincide  as  much  as 
possible.  The  most  convenient  way  Is  to  select  characteristic  directions  for 
grid  construction,  as  the  Massau  construction  [6]  for  two  Independent  and 
two  dependent  variables.  But  for  more  than  two  variables  It  1$  necessary  to 
select  the  most  important  directions.  These  wave  and  discontinuity  lines 
transport  the  main  Information  and  the  strongest  discontinuities.  When  they 
cross  over  with  grid  lines,  the  Information  must  be  redistributed;  physical 
discontinuities  are  smeared  out  and  new  numerical  discontinuities  are 
generated. 

From  the  aircraft  designer's  view,  a  combination  with  a  viscous  solution  Is 
absolutely  necessary.  It  Is  facilitated  by  the  selection  of  grids  well 
adapted  to  path  or  stream  lines.  To  facilitate  code  construction,  stream 
line  adaption  can  be  used  as  a  construction  principle  of  the  code  Itself 

m. 

To  achieve  accurate  solutions  the  scheme  should  be  of  second  order  In  smooth 
regions,  but  at  physical  discontinuities  it  should  Introduce  as  little 
numerical  smoothness  as  possible.  Therefore  Interpolation  or  distribution 
functions  should  be  restricted  to  one  mesh  or  cell  surface.  Then  numerical 
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Inaccuracies  Introduced  by  approximation  are  not  amplified  and  can  be 
transported  along  the  grid  lines.  If  the  grid  lines  coincide  with  a  wave 
propagation  direction,  all  the  resp.  approximation  errors  remain  confined 
within  the  neighboring  grid  lines,  with  no  further  dispersion.  A  realization 
seems  possible,  for  example,  with  characteristics  oriented  schemes  or  node 
oriented  finite  volume  schemes  using  physically  motivated  grids. 

To  overcome  the  difficulties  with  Inconsistent  interpolation  and  truncation 
errors.  It  Is  possible  to  use  a  set  of  variables  better  decoupling  the 
equations.  These  variable  sets  normally  have  no  shock  capturing  capability. 
So  they  can  only  be  used  In  a  nearly  converged  state  to  Improve  accuracy;  or 
shock  fitting  must  be  performed.  Another  possibility  is  to  use  better 
Interpolation  functions,  based  on  local  approximations  of  the  flow  field, 
e.g.  based  on  a  locally  linearized  potential  solution  combined  with  a 
vorticlty  approximation  given  by  the  entropy  distribution. 

The  methods  mentioned  above  will  give  the  possibility  of  cost  effective  and 
accurate  solutions.  But  programming  work  will  be  more  arduous,  especially 
when  versatility  Is  to  be  maintained.  At  comparable  accuracy  for  Euler  codes 
the  goal  Is  to  achieve 

-  computing  times  In  the  order  of  full  potential  codes, 

-  with  coarse  grids  as  known  from  the  method  of  characteristics. 
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We  study  the  initial  value  problem  for  the  hydrodynamic  equations  of 
one-dimensional!  compressible  flow,  prove  that  a  global  solution  exists  for 
initial  values  with  small  variation,  and  use  thiB  result  to  investigate  the 
asymptotic  behaviour  of  the  solution  for  large  times.  Our  main  objective  is  to 
study  the  decay  of  the  solution  to  initial  values  without  compact  support. 

The  initial  value  problem  is  given  by  the  equations 

(1)  et  +  (pv)K  =  o 

(2)  (t»v)t  +  (fvJ)x  +  P*  =  0 

(3)  P(|  v*  +  e))t  +  (pv(|  V*  +  e  +  ^  p))*  =  0 
and  the  initial  conditions 

(4)  e(x,0)  =  i(x),  v(x,0)  =  v(x),  e(x,0)  =  e(x) 

for  x  s  R  and  t  i  0.  ?(x,t),  v(x,t),  e(x,t),  respectively,  are  the  density,  the 

velocity,  and  the  initial  energy  of  the  medium  at  the  point  x  at  time  t,  and 

P  =  p(e»e)  is  the  pressure.  We  assume  that  the  medium  is  a  polytropic  gas, 
that  is  an  ideal  gas  for  which  e  is  simply  proportional  to  the  temperature  T. 
From  the  equation  of  stale  for  an  ideal  gas  we  therefore  obtain 

(5)  p  =  (y-1)  ee 

with  a  constant  y  >  1.  We  note  that  the  entropy  S  is  given  by 

(6)  S(p,v,e)  a  cv  <n  (~pr)  +  S0 

with  constants  cv,  S„. 

It  is  well  known  that  global  solutions  exist  to  this  problem  if  the  variation 
of  the  initial  values  is  sufficiently  small.  T.P.  Liu  proved  in  t21  for  the 
equations  of  non-isentropic  flow  in  the  representation  of  Lagrange  that  a 
global  solution  exists  if  tho  variation  of  the  initial  data  in  bounded  by  c/(y-t). 
In  (41  he  studied  the  asymptotic  behaviour  of  solutions  to  general 
conservation  laws  including  the  case  where  some  of  the  fields  are  linearly 
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degenerate,  if  the  initial  data  are  constant  on  intervals  (— ,a)  and  (b,»).  It  iB 
proved  that  the  genuinly  nonlinear  fields  decay  at  the  rate  t“1/*  to  the 
constant  state  if  the  initial  data  have  equal  constant  values  on  the  intervals 
(-•,a)  and  (b,«).  Moreover,  it  is  shown  that  in  the  Li-norm  the  genuinly 
nonlinear  fields  tend  to  N-waves.  In  [33  it  is  shown  that  the  linearly 
degenerate  fields  converge  to  a  constante  state  for  general  initial  data  with 
sufficiently  small  variation.  Our  aim  is  to  derive  decay  estimates  for  the 
solution  if  the  initial  data  (p,v,p)  with  p  =  (7-l)e  e  have  sufficiently  small 
variation  and  satisfy 

lim  (p(x),  v(x),  p(x) )  =  lim  (g(x),  v(x),  p(x>)  =  (p0,  v0,  p0) 
x-*-«  x-*+« 

(7) 

TV((e,v,p)  I  (— ,-al  U  la,-))  S  C  a~P 

for  positive  constants  C,fi,  and  all  a  >  0.  To  do  this  we  first  use  the 
difference  scheme  introduced  in  til  to  prove  the  following  global  existence 
result: 

Theorem  1:  Let  a  compact  subset  K  £  R+  *  R  *  R+  be  given  such  that  for  all 
u,  =  (pi , v, ,e, ) ,  u2  =  (p2,v2,e2)  e  K  the  inequality 

lv,-v2l  <  2(-^-)*  (e*  +  e*} 

*  4  7_>  t  a 

holds.  Then  there  exist  constants  CnC,  >  0  such  that  to  all  initial  data 
u  =  (p,v,e)  :  R  -»  K  with 

TV(u)  i  C, 

there  exists  a  weak  solution  u  =  (p,v,'e)  :  R  *  R®  -»  R+  *  R  *  R+  of  (1)  -  (5) 
satisfying  the  entropy  condition  and 

TV(u( • , t) )  i  C2  TV(u) . 


Here  the  total  variation  is  understood  in  a  generalized  sense.  A  weak 
solution  u  s  (p,v,e)  is  said  to  satisfy  the  entropy  condition  if 

at(pS(u))  +  a*(evs(u))  i  o 

holds  in  the  distributional  sense  for  the  entropy  S  defined  in  (6).  To  prove 
this  theorem  we  construct  a  sequence  of  approximate  solutions  to  (1)  -  (5), 
which  consist  out  of  solutions  of  Riemann  problems,  and  prove  that  the  total 
variation  of  these  approximate  solutions  is  uniformly  bounded.  Then  we  can 
select  a  subsequence  converging  to  a  weak  solution  of  (1)  -  (5).  By  studying 
the  asymptotic  behaviour  of  the  approximate  solutions  we  prove  the  following 
theorem: 
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Theorem  2:  Let  K  be  defined  as  in  theorem  1.  Then  to  all  e  >0  there  exist 
constants  C, ,C2  >  0  such  that  to  all  initial  data  u  -  (p,v,e)  :  satis¬ 

fying  (7)  and  TV(u)  i  C,  there  exists  a  weak  solution  u(p,v,e)  of  (1)  -  (5), 
which  fulfills  the  entropy  condition  and 

sup  (lv(x,t)-v0l  +  lp(x,t)  — p0 • )  *  q(t,/?4e> 

(8)  *eR 

TV( v( ■ , t ) ,  p(-,t))  S  q(t;H,e), 

where 

-  JL  +  e 

ca  t  2+p  ,  o  <  fi  S  i 

c,  t  -*  +  £  ,  4  <  fi  , 

with  p(x,t)  =  (y-1)  p(x,t)  e(x,t). 


q(t;^,e)  = 


Again,  the  total  variation  is  meant  in  a  generalized  sense.  This  result 
neans  that  the  genuinly  nonlinear  fields  in  the  solution  decay  with  the  rate 
given  in  (8).  However,  the  best  decay  rate  we  get  is  t-,t+*,  which  shows  that 
our  estimates  are  not  optimal,  because  the  decay  rate  for  initial  data  with 
compact  support  is  t-1i,  as  we  already  mentioned  above. 
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Relativistic  intense  charged  particle  beams  are  of  great  interest 
in  several  areas  of  plasma  physics  and  technology  (e.g.  free- 
electron  lasers)  C13. 

A  fundamental  description  of  these  beams  is  usually  based  upon 
the  Vlasov-Boltzmann  equation.  Calculations  for  specific 
situations  are  then  performed  by  using  numerical  simulation 
techniques.  A  kinetic  approach  ,  however  ,  has  some  drawbacks  . 
In  particular  ,  within  a  kinetic  framework  ,  the  actual 
calculation  of  equilibrium  conf  i  gurati  ctns  in  an  arbitrary 
geometry  is  time  consuming  and  very  difficult.  Furthermore  a 
stability  analysis  of  such  equilibrium  configurations  is  an 
almost  impossible  task  except  in  very  special  cases.  These 
drawbacks  could  be  avoided  ,  at  least  in  part  ,  by  adopting  a 
fluid  model  .  Obviously  a  fluid  model  cannot  provide  an  accurate 
microscopic  description  but  could  be  adequate  if  one  is  mainly 
interested  in  the  gross  fearures  of  a  configuration. 

Relativistic  fluid  models  can  be  constructed  by  considering  the 
moment  equations  arising  from  the  relativistic  Vlasov  equation 
and  adopting  a  suitable  closure  approximation.  For  particle  beams 
the  closure  approx i mati on  must  be  based  on  the  assumption  that 
the  particle  distribution  function  represents  a  warm  fluid  ,  i.e. 
the  dispersion  of  the  velocity  about  the  mean  is  small.  Based  on 
this  approx i mati on  models  have  been  proposed  by  Siambis  [23, 
Newcomb  C33  .Amendt  and  Weitzner  [43  .  The  latter  ,  according  to 
our  opinion  ,  is  the  most  satisfactory  because  it  is  fully 
covariant  and  complete  (i.e.  they  provide  a  minimal  set  of  field 
equations).  The  present  work  is  based  on  the  Amendt  and  Weitzner 
model  and  we  believe  that  it  represents  a  considerable 
improvement  upon  theirs.  The  Amendt  and  Weitzner  relativistic 
covariant  warm  fluid  model  could  be  improved  significantly  in  two 
points.  The  first  point  is  related  to  the  constraint  equations 
which  must  be  satisfied  by  the  moments  and  which  arise  from  the 
fact  that  the  moments  arise  from  a  di stributiopn  function.  In  the 
Amendt  and  Weitzner  model  these  constraints  are  satisfied  only 
approx i matel y  .  The  second  point  is  that  the  Amendt  and  Weitzner 
model  can  be  shown  to  lead  to  a  hyperbolic  system  but  it  is  not 
known  whether  such  a  system  is  equivalent  to  a  symmetric  one  (for 
symmetric  hyperbolic  systems  one  has  a  much  more  satisfactory 
mathematical  theory  C53  ). 

In  this  paper  we  present  a  fluid  model  which  solves  the  above 
inconveniences  of  the  Amendt  and  Weitzner  one.  More  precisely  , 
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for  our  model  the  constraint  equations  are  satisfied  exactly  and 
furthermore  our  model  leads  to  a  symmetric;  hyperbolic  system. 
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The  purpose  of  the  paper  is  to  present  a  synthesis  of  a  set.  of  recent  (essentially  unpublished)  studies 
related  to  the  design  of  multi-dimensional  lion-oscillatory  schemes,  with  emphasis  on  those  which  apply  to 
noil-structured  finite-clement  simplicial  meshes  (triangles,  tetrahedra).  While  the  direct  utilization  of  1-D 
concepts  may  produce  robust  and  accurate  schemes  when  applied  to  non-distorted  structured  meshes,  it 
cannot  when  non-structurcd  triangulatious  are  to  be  used. 

The  subject  of  the  paper  is  to  study  the  adaptation  of  the  so-called  TVD  methods  to  the  above  context. 
TVD  methods  have  been  derived  for  the  design  of  hybrid  first-ordcr/sccond-order  accurate  schemes  which 
present  in  simplified  cases  monotonicity  properties  (see.  for  example,  the  review  [1]). 

A  various  co.  ction  of  first-order  accurate  schemes  can  be  used,  they  are  derived  from  an  artificial 
viscosity  model  or  from  an  approximate  Riemaiiu  solver. 

However,  the  main  feature  in  the  design  is  the  choice  of  the  second-order  accurate  scheme,  this  choice 
ran  rely  either  on  central  differencing  or  on  upwind  differencing. 

CENTRAL  DIFFERENCING 

For  central  differencing,  our  work  [2]  extends  S. Davis'  approach  (sec  also  [8.9]).  Two  main  features  will 
be  discussed  : 

-the  viscosity  model  can  be  uniform,  so  that  the  first-order  scheme  is  of  Lax- Friedrichs  type:  we  discuss 
its  method  of  construction  (see  also  [4])  :  another  model  can  be  derived  from  a  flux-splitting  :  Osher's 
splitting  has  been  used  with  some  success. 

-  the  construction  of  symmetric  limiters  (after  [12]):  it  is  geometrically  based  on  segments,  i.c.  triangle 
sides  in  2-D.  edges  in  3-D,  joining  adjacent  nodes  :  this  enables  one  to  derive  conservative  schemes.  Four 
values  of  a  sensor  are  then  t.o  be  computed  in  order  to  perform  a  1-D  limiting  process  :  these  values  are 
obtained  using  a  local  representation  of  the  How  variables,  derived  from  a  previous  FEM-MUSCL  scheme 
introduced  in  [G]. 

UPWIND  SCHEMES 

In  the  case  of  upwind  differencing,  the  MUSC'L  approach  of  van  Leer  [11]  is  adapted  ;  the  question 
whether  the  limiting  step  has  to  be  done  separately  in  each  direction  or  as  a  multidimensional  device  is 
studied  more  precisely: 

-  1-D  limiting  has  been  used  in  a  scheme  involving  fully  upwind  derivatives  together  with  central  ones  ; 
it  produced  nice  results  for  the  simulation  of  3-D  reentry  supersonic  flows  [10], 

-  2-D  limiting  proved  also  to  be  a  very  robust  approach  when  limitation  is  applied  to  each  cleincnt(not 
published). 
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ANALYSIS 

The  communication  will  involve  : 

-  a  theoretical  discussion  of  two  scalar  linear  multidimensional  models,  namely  the  advcction  model  : 

( 1 )  tt't  +  V  .t/railw  =  0. 

and  the  linear  conservation  law  : 

(2)  ie,  4-  dii<(  V  w)  =  0  . 

Then  a  numerical  scheme  will  he  declared  mouotoiiicity  preserving  if  it  satisfies  the  Maximum  Principle 
( case  of  (1))  or  preserves  the  positiveness  of  solutions  (case  of  (2)).  In  the  context  of  triangles,  the  study  is 
a  sequel  of  the  work  done  by  Italia  and  Tahata  [11]:  several  ways  to  extend  their  first-order  accurate  schemes 
to  TVD  quasi  second-order  accurate  schemes  will  he  presented. 

-  a  presentation  of  the  various  Euler  schemes 

-  a  comparison  of  the  schemes  with  2-D  typical  calculations;  a  recent  GAMM  workshop  [13]  presented 
several  test  eases  (airfoil,  blunt  body  flows) that  are  not  easy  to  ealeulate  from  the  point  of  view  of  robustness 
and/or  accuracy. 

-  a  few  3-D  calculations  using  some  among  the  best  schemes  presented. 

CONCLUSION 

Several  schemes  that  we  designed  are  interesting  from  the  point  of  view  of  robustness  and  accuracy.  At 
the  present,  time,  upwind  TVD  schemes  seem  to  he  more  accurate,  because  the  limiters  introduce  less  first- 
order  accurate  numerical  viscosity.  However,  since  purely  central  differencing  schemes  involve  no  numerical 
viscosity,  TVD  schemes  relying  on  these  schemes  have  a  chance  to  perform  well  in  the  future,  when,  for 
example,  they  arc  included  in  a  Navier-Stokes  solver. 
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Construction  of  a  high  shock-resolution  central-differencing  scheme  ;  Mach-8 
2-D  flow  past  a  cylinder  : 

a.  First-order  scheme  (Osher’s  splitting) 

b.  TVD  scheme,  relying  on  the  above  scheme  and  a  Richtmyer-Calerkin  one. 
The  shock  numerical  thickness  is  in  accordance  with  theoretical  predictions. 


Construction  of  a  high  shock-resolution  upwind  scheme  ;  Mach-8  2-D  flow  past 
a  cylinder  : 

MUSCL-FEM  scheme  relying  on  Osher's  splitting  and  on  2-D  element-wise 
limiters. 


MACH-LSIES 


•l  0  l 

MIN  -  (Uto  MAX  -  s  000  OLTA  -  O.Lf  O') 


3-D  calculation  of  a  flow  past  a  wing  (Mach  at  infinity  =  1.5),  pr-t formed  by 
applying  a  MUSCL-FEM  scheme  and  a  non-structured  locally  refined  tetralieariza- 
tion. 


MACH-UNES  :  MIK  »  1.120  MAX  -  l  "SO  OLTA  ■=  0.020 


Finite  Domain  Construction  of  TVD  Schemes 


Timothy  J.  Barth 
CFD  Branch,  NASA  Ames 
M.S.  202 A- 1 

Moffett  Field,  CA  USA  94035 


Introduction.  The  full  paper  will  consider  the  construction  of  numerical  solutions  of  the  scalar  initial- 
boundary-value  problem  (IBVP).  The  construction  of  total  variation  diminishing  (TVD)  schemes  in  periodic 
or  infinite  spatial  domains  with  compact  supported  data  has  been  considered  by  several  authors  in  the 
literature  (see  [1],[2],[3],[4]).  The  construction  of  these  schemes  in  finite  domains  has  not  been  addressed. 
The  proposed  paper  will  discuss  the  construction  of  such  schemes  for  the  IBVJ*.  'Die  basic  ideas  parallel 
those  used  in  the  periodic/infinite  domain  case.  The  strategy  for  the  full  paper  w:!l  lie:  (1)  show  that  II1VP 
has  an  underlying  integral  constraint  which  relates  solution  variations  in  time  and  space,  (2)  consider  this 
integral  equation  on  a  discrete  mesh  with  appropriate  Stieltjes  sums  (the  “TVD”  condition),  (3)  show  that 
this  provides  Lax-Richtmyer  stability  in  a  maximum  norm,  (4)  construct  algebraic  criteria  for  TVD  schemes 
using  standard  arguments  of  positivity.  In  the  following  paragraphs,  these  ideas  will  be  briefly  discussed. 

Preliminaries.  The  model  nonlinear  hyperbolic  equation  is  given  by 

(1.0)  u,+/(u),  =  0,  — L/2  <  *  <  L/2,  t>0 

subject  to  initial  data,  u(z,0)  =  tto(x),  and  appropriate  analytical  boundary  condition 

u(-L/2,t)  -  p(0  }’>  0,  u(L/2,t)  =  g(l)  /'<(>. 

If  u0  and  g  are  smooth,  then  unique  local  solutions  for  small  time,  0  <  t  <  t,  can  be  constructed.  This 
may  not  be  true  for  all  time,  i.e.  discontinuities  may  form  owing  to  the  nonlinearity  of  (1.0).  Whenever 
discontinuities  do  form,  the  viscous  limit  of  (1.0)  is  considered  which  leads  to  the  well-known  Lax  shock 
condition  which  provides  that  characteristics  flow  into  discontinuities.  For  smooth  initial/bouudary  data  and 
small  time  the  interior  solution  remains  smooth  and  can  be  depicted  in  the  x  —  i  plane  by  nonintersecting 
straight  characteristics  as  shown  in  fig.  1. 
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In  the  full  paper  this  will  be  shown  to  imply  that  the  total  variation  is  conserved  in  time  and  space,  i.e. 
(assuming  /'  >  0) 

/L/i  fT +AI  fL/i  ,T+At 

|du(*,r+A<)|+  /  \dn(L/2,t)\  =  \du{x,T)\  +  \du(-L/2,t)\ 

L/i  *T  J-L/i  JT 

where  J  |du|  =  ±  J  du  if  a  increasing/decreasing.  This  equation  clearly  shows  the  balance  of  inflowing  and 
outflowing  solution  variation  in  the  space-time  domain.  In  the  event  that  characteristics  intersect,  entropy 
increases,  information  is  lost  and  the  variation  must  decrease. 

/L/  i  fT+At  fL/i  ,T+At 

\du(z,T+At)\+  |du(L/2, t)|  <  /  |du(x,2')|  +  /  \du(-L/2,t)\ 

x/a  Jt  J-L/i  Jt 

Consider  evaluating  (1.2)  on  a  discrete  lattice  of  nodal  values  of  the  piecewise  constant  mesh  function 
u"  approximating  «(s,().  In  this  notation,  (],*)  denote  spatial  and  temporal  indices,  t  =  nAt,  and  j  = 
0, 1, 2, 3, ...,  J  .  Evaluating  (1.2)  produces  the  following  Stieltjes  sums: 

J  J 

(1.3a)  K+1-«5l  +  ElAi-lu,*+1l<K+1-“SI  +  ElAi-i*nl  •  f>° 

j=i  i= i  1 

The  solution  total  variation  £/=i  |Ay_|u|  is  usually  denoted  by  TV(u)  and  (1.3a)  is  rewritten 

(1.3b)  |uS+1  -  u}|  +  TV(un+1)  <  |u5+1  -  t»3|  +  rv(*") 

In  the  full  paper,  this  equation  will  be  shown  to  have  the  correct  discrete  extrema  properties  and  provides 
a  criteria  for  constructing  discrete  boundary  schemes.  For  simplicity,  in  the  next  section  stability  will  be 
demonstrated  for  the  left  quarter  plane  problem  (/'  >  0).  This  avoids  complications  present  due  to  the 
possibility  of  extrema  introduced  because  of  time  varying  inflow  conditions  which  will  be  considered  in  the 
full  paper. 

Stability  Considerations.  If  an  interior  scheme  arid  boundary  condition  valid  in  the  left  quarter  plane 
satisfy 

(1.4)  7V(u*+l)  +  |«?+1  -  u^l  <  7V(un) 

then  the  scheme  is  stable  in  the  following  maximum  norm 

(i.6)  IHMHU  +  m) 

The  resulting  norm  is  identical  to  the  periodic  domain  result.  However  consistency  with  the  conservation 
law  is  used  in  the  periodic  domain  proof.  This  bounds  the  arithmetic  mean  value  of  the  solution  (a  constant 
dependant  on  the  initial  data).  Here  we  have  no  such  estimate  and  the  balance  is  more  delicate.  Begin  by 
rewriting  (1.4)  in  terms  of  its  original  variation  and  boundary  terms 

H 

(1-6)  TV(«*+1)  <  TK(«W)  -  |u*+l  -  *?!  <  rv(«°) -  £ 1«/+1  -  *"l 

«sO 

Also  note  that  the  total  variation  of  a  function  must  be  greater  than  the  difference  between  the  maximum 
and  minimum  of  the  function  in  absolute  value. 

(1.7a)  TV(u)  >  max(|.,-|)  -  nun(|*y|)  =  )|u||»  -  m>»(M 
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Combining  and  rearranging  these  two  results 

N 

(1.7b)  H^+Mlco  <  TV^(u°)  -  £  \un/1  -  «7|  +  »yn(|«Jw+1|) 

nzzO 

Using  some  elementary  equalities/inequalities,  we  can  bound  the  maximum  norm  by  the  original  variation 
and  maximum  norm. 

N 

ll«"+1||00  <  TV(u°)  -  £  |u}+‘  -  v}|  +  mindu^’  |) 

n  — 0  3 

N 

<  TV(u°)  -  52  l“”+1  -  «"l  +  l«y +ll 

n=0 

N  N 

<  tv(u°)  -  52 1«7+1  -  »7I  +  £(M"+t  -  H 5)  +  MS 

n=0.  n  —  0 

N  AT 

<  tv(  u°)  -  52  k+i  -  «}i +52  i«s°  -  «}i  +  ms 


n=0 
,.0\  .  U.lO 


n=0 
0\  .  II..OII 


<  TV{ u°)  +  |u|°  <  TV(u°)  +  ||u°||00 
With  some  final  manipulations,  a  uniform  norm  is  obtained 

||uw+l||oc  +  TV(ttN+1)  <  TV(u°)  +  ||«°||aD  h  7T(u"+1) 

<  2TV(«*°)  +  ||«0||Do. 

<  2  [TK(«°)  +  ||«°|U 

||ttW+,|!  <  2||u°|| 


TVD  criteria:  The  development  of  sufficient  conditions  for  constructing  numerical  schemes  satisfying  (1.3) 
parallels  that  developed  for  the  periodic/infinite  domain  case.  A  simple  example  would  again  be  the  left 
quarter  plane  problem  (/'  >  0).  For  fully  upwind  schemes,  the  updating  procedure  for  outflow  boundaries 
is  trivial  since  the  interior  scheme  can  be  applied  upto  and  including  the  outflowing  boundary.  For  upwind 
biased  schemes,  this  is  not  true  and  special  boundary  condition  procedures  ate  required. 

Consider  an  explicit  scheme  in  conservative  form 

(1.8)  *r‘ +  =  0 

where  the  numerical  flux  h  could  be  a  function  of  (p  -  r  -f  1)  grid  points,  h  —  /i(u^_T,  ...,Uj,  ...iiy+r).  In 
Harten’s  analysis,  (1.8)  is  put  in  the  form 


=v?  +  C;+iA,+iv”  - 


and  shown  to  be  TVD  if 


C*  >  0 

(1  -C~  -C+)>  0 


To  illustrate  the  basic  ideas  in  constructing  sufficient  conditions  for  (1.4),  we  consider  a  simple  3-point 
numerical  boundary  scheme 


„»+t  _  „n 
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This  equation  could  represent  a  fully  upwind  form  of  (1.0)  as  well  as  various  forms  of  space-time  extrapola¬ 
tions  depending  on  the  choice  of  coefficients.  Equation  (1.10)  is  rewritten  in  the  form 


(1.11) 


s5+*  =  u7-^_1(  i 


)A  A,.**" 


To  find  sufficient  conditions  for  satisfying  (1.4),  We  follow  the  technique  used  in  the  periodic/infinite 
domain  case.  First  construct  an  interior  equation  for  the  evolution  of  spatial  increments  in  v. 

(1.12a)  A^_j»m+l  =  C;+|A,.+J>  +  (1  -  C-  -  C+),_4 A,_r*  +  Cr_f  A,_4v* 

with  boundary  equation 

(1.12b)  Ay_ji>“+1  =(l-C+-D-)/_iA/_1»’*+C7_|A^4** 

Summing  over  the.domain,  applying  the  triangle  inequality  and  requiring  the  coefficients  of  (1.12a-b)  to  be 
positive,  we  obtain 

(1.13)  TV(u»+1)  +  D;_4|A7_ j«*|  <  TV(un) 

subject  to 

C±_4  >«.  (1  -C+  -  C-),_j  >  0  for  f  # J 

and 

(l_C+-D-),_4>0 

Imposing  the  additional  condition  that  ^  >  0,  we  have  from  (1.11) 


|v7+1-*?|  =  DJ_4|A/_4v*| 


and  equation  (1.4)  is  satisfied 

TV(v“+1)  +  |»*+I  —  V/|  <  TV(v") 

which  is  the  desired  result. 

The  full  paper  will  expand  on  these  topics  and  discuss  the  construction  of  numerical  schemes  with  slope 
limiters. 
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The  recent  appearance  of  the  flux-splitting  method  [1]  |2]  used  in  solving  the  hyperbolic 
system  of  conservation  laws  Ut  4-  F(u)t  =  0  has  permitted  the  setting  up  of  a  class  of  flux¬ 
splitting  explicit  second-order  finite  difference  Jfs  schemes  that  depends  on  the  single 
parameter  a.  These  schemes  are  stable  up  to  CFL  —  2.  The  equivalent  third-order  system 
(ETOS)  of  this  family  has  been  obtained  and  the  “optimal”  value  of  a  («  =  2.5),  that 
minimizes  the  amplitude  of  the  peaks  of  the  numerical  solution  near  the  shock,  has  been 
determined  by  using  the  numerical  tests  of  shock-tube  flow  and  moving  shock  in  1-D  space 
[3].  The  STEGER- WARMING  splitting  allows  one  to  study  the  ETOS  such  as  the  ETOS 
associated  with  upwing  schemes  Jy  and  downwind  schemes  Jo  defined  in  [4].  This  study 
shows  that  the  scheme  Jfs  with  a  =  2.5  (noted  JfsOPT)  is  in  fact  more  dissipative  than 
with  a  =  1  in  the  case  of  a  compression  wave  or  a  shock.  The  scheme  Jfs  with  this 
last  value  corresponds  to  the  STEGER- WARMING  scheme  used  in  [1].  When  van  LEER 
flux  splitting  is  used,  the  study  of  the  ETOS  appears  more  difficult  because  the  jacobian 
matrices  associated  with  the  total  flux  and  the  partial  fluxes  have  not  the  same  eigenvalues 
and  in  this  case  the  method  taken  into  account  above  cannot  be  applied.  Nevertheless,  the 
ETOS  has  been  studied  for  the  one-dimensional  isothermal  flow  and  some  interesting  results 
concerning  the  dispersive  and  dissipative  properties  of  Jfs  schemes  were  brought  to  light. 

In  this  paper,  the  Jfs  schemes  are  joined  to  a  family  of  flux-splitting.  The  partial 
fluxes  F+  and  F~  of  this  family  are  defined  by  the  following  two  essential  conditions: 

(a)  F  =  F+  +  F~ 

(b)  All  eigenvalues  of  dF+  /dU  must  be  >  0 
All  eigenvalues  of  dF~  fd.U  must  be  <  0 

and  by  four  other  conditions  that  define  the  class  of  flux-splitting  that  depends  on  the  single 
parameter  e: 

(c)  F+  and  F~  must  be  continous 

with  F+  =  F  for  the  Mach  number  M  >  1 
F~  =  F  for  the  Mach  number  M  <  —  1 

(d)  must  be  continous  everywhere  only  for  M  —  0  where  it  can  be  discontinous 

(e)  must  have  one  eigenvalue  that  vanishes  for  \M\  <  1 

(f)  f*  must  be  a  polynomial  in  M  with  the  lowest  possible  degree. 

Some  van  LEER  conditions  are  taken  up  again  (see  [2])  and  some  other  conditions  are 
rewritten.  In  particular,  we  no  longer  suppose  that  dF^/dU  must  be  continous  for  AT  =  0 
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or  that  all  components  of  F+  and  F~  must  mimic  the  symmetry  of  the  components  of  F 
with  respect  to  M.  Van  LEER  has  already  shown  the  merit  of  the  continuity  of  dF^/dU 
for  M  =  dbl  at  many  times.  But  when  the  Mach  number  becomes  small  (<  0.5),  van 
LEER  splitting  does  not  always  represent  the  “optimal”  decomposition.  Respecting  these 
conditions,  we  have  sought  to  define  the  flux  splitting  with  the  greatest  number  of  worthwhile 
properties  (in  particular  near  the  sonic  point)  and  which  also  gives  a  better  representation 
of  the  numerical  solution  than  van  LEER  or  STEGER  and  WARMING  splitting  when  the 
Mach  number  vanishes.  Tb  satisfy  the  conditions  (a),  (c),  (d),  (e)  and  (f),  we  have  retained 
the  following  decomposition  when  the  one-dimensional  Euler  equations  are  considered: 


when  0  < ■  M  <  1 

(1)  J  = 


{Ff  =  Fi  -  Ff  =  pcM  -  FT 

Ft  =  F1-F,-=pci(M!  +  i)-F]- 

F}  =  Ft  -  FT  =  ^[2  +  (7  -  1)M’|  -  F,“ 


when  —  1  <  M  <  0 

fFf  =  ?(»  +  =)(« +  1)1 

(2)  |  ^  =  ^F+[2  -  h  -  DM| 

[  F?  =  ({£ y  F‘=F-i^  (i  =  1,2,3). 


In  these  expressions,  c,  p  and  7  represent  the  sound  speed,  the  density  and  the  specific 
heat-ratio.  It  is  difficult  to  show  that  the  condition  (b)  is  respected  for  the  Euler  equations 
because  of  the  complexity  of  the  calculations.  Nevertheless,  in  the  case  of  the  isothermal 
flow  (7  =  1),  it  is  possible  to  demonstrate  that  this  condition  is  respected  for  0  <  e  <  5/3.  It 
is  thought  that  this  result  can  be  extended  to  the  case  7  =  1.4.  When  e  =  0,  the  parametric 
flux  splitting  degenerates  to  van  LEER  splitting.  The  evolution  of  the  eigenvalues  is  drawn 
on  fig.  1  for  7  =  1  and  e  =  0.2.  The  figures  2,  3  and  4  show  the  evolution  of  the  components 
of  F,  F+  and  F~  with  STEGER- WARMING  and  van  LEER  decompositions  and  with  the 
parametric  splitting  (g  =  0.2), 

It  is  relatively  rare  to  have  a  Mach  number  that  reaches  the  values  -1  and  1  in  a 
flow.  Generally,  we  have  a  main  flow  where  0  <  M  <  Afiup  (Minp  can  be  greater  than 
1)  with  or  without  some  secondary  flows  where  the  Mach  number  is  limited  in  the  lower 
values  by  Mint  such  as  — 1  <  Afinj.  So,  in  a  great  number  of  applications,  it  is  not  useful 
to  impose  the  condition  of  continuity  of  dF^/dU  for  M  =  —1.  We  can  replace  it  by 
a  condition  of  continuity  of  the  same  functions  at  M  =  0  (in  this  case  dF^/dU  will  be 
continous  everywhere).  We  have  carried  out  that  by  using  only  the  flux  splitting  (1)  (1’)  for 
A4jnf  <  Af  <  1.  The  retained  decomposition  (1)  (1’)  for  the  problems  presented  below  must 
verify  the  following  conditions: 
for  Mint  <  M  <  00 
(a’)  F  =  F+  +  F~ 

(b’)  All  eigenvalues  of  dF+/dU  must  be  >  0 
All  eigenvalues  of  dF~/dU  must  be  <  0 
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a  =  1, 

e  =  0 

a  =  2.5, 

e  =  0 

a  =  2.5, 

£  =  0.3 

or 

e  =  0.2 

The  pressure  ratio 

(c’)  F+  and  F  must  be  continous 

with  F+  =  F  for  the  Mach  number  M  >  1 
(d’)  dF^/dU  must  be  continuous  everywhere 
(e’)  dF^/dU  must  have  one  eigenvalue  that  vanishes  for  M  <  1 
(f’)  F*  must  be  a  polynomial  in  M  with  the  lowest  i>ossiblc  degree. 

The  new  decomposition  (1)  (1’)  has  been  applied  to  shock-tube  problem  and  compared 
with  other  methods: 

(STEGER  WARMING  scheme  with  van  LEER  splitting) 

(JpPs  scheme  with  van  LEER  splitting) 

(CFL  =  1) 

(CFL  =  1.6)  (JpPJ  scheme  with  parametric  splitting). 

The  pressure  ratio  that  is  equal  to  13.5  makes  it  possible  to  have  a  Mach  number 
varying  between  0  and  1.14  and  thus  to  test  the  new  method  in  the  case  of  a  supersonic 
zone  included  in  subsonic  zones  with  different  acoustic  phenomena  (expansion  wave,  contact 
discontinuity  and  shock  wave).  The  figures  5  and  6  present  the  evolution  of  the  pressure  and 
the  Mach  number  with  respectively  CFL  =  1  and  CFL  =  1 .6.  The  comparison  between  the 
fig.  5a  and  5b  of  fig.  6a  and  6b  shows  that  the  JpPJ  scheme  reduced  the  spikes  at  the  shock 
appreciably.  The  solution  is  still  improved  when  e  =  0.3  ( CFL  =  1)  or  e  =  0.2  ( CFL  —  l.G), 
especially  in  the  region  where  the  Mach  number  is  weak  (in  front  of  the  expansion  wave 
and  the  shock)  (see  figs.  5c  and  Cc).  The  flux  splitting  method  creates  a  discontinuity  in 
the  expansion  wave  at  the  sonic  point.  This  phenomenon  docs  not  appear  in  the  contact 
discontinuity  that  is  spread  out  on  five  points. 

We  have  also  studied  the  shock-tube  problem  with  a  pressure  ratio  equal  to  2.8  [5].  This 
case  permits  to  have  a  contact  discontinuity  that  moves  more  slowly  and  a  Mach  number 
that  remains  relatively  weak  (0  <  M  <  0.4).  The  numerical  solution  is  presented  in  fig.  1 
with  CFL  —  1.  like  in  the  previous  problem,  on  one  hand  the  solution  is  improved  near 
the  shock  when  a  =  2.5  (figs.  7a  and  7b)  because  the  scheme  Jp$  is  more  dissipative  with 
this  value.  But  on  the  other  hand  the  solution  of  the  expansion  wave  is  lightly  damaged  for 
the  opposite  reason:  when  we  adapt  the  value  of  a  to  have  a  more  dissipative  scheme  for 
u*  <  0,  automatically  the  scheme  becomes  more  antidissipalive  when  uz  >  0.  In  the  present 
case,  we  solve  this  problem  by  using  the  couple  of  parameters  (a,e).  The  value  of  the  first 
parameter  a  is  adjusted  to  have  a  good  solution  when  ux  <  0  (shock  or  compression  wave) 
and  the  second  parameter  e  permits  to  have  a  correct  representation  of  the  expansion  wave 
(fig.  7c).  The  contact  discontinuity  is  not  affected  by  the  different  treatments  and  spreads 
out  on  five  points. 


The  conjoining  of  Jpg  scheme  with  parametric  flux-splitting  has  been  applied  to  2-D 
flows  too.  A  2-D  steady  flow  inside  a  nozzle  has  been  studied  and  the  result  obtained  with 
different  values  of  e  are  compared.  Like  in  [6],  some  problems  appear  near  the  wall  with 
e  =  0,  in  particular  strong  oscillations  of  the  numerical  solution  arise  on  the  wall  and  the 
computation  diverges  rapidly.  This  is  probably  due  to  the  strong  gradient  of  the  partial 
fluxes  near  the  wall  that  are  in  this  instance,  sensitive  to  the  different  numerical  treatments 
applied  to  the  boundary  mesh  point  and  the  following  mesh  points  close  to  the  wall.  If  the 
value  of  e  is  adjusted  so  that  the  gradients  become  weaker,  these  problems  are  eliminated 
and  the  numerical  solution  becomes  correct  (fig.  8).  This  computation  was  realized  for 
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CFL  =  2,  with  a  grid  of  131  points  over  21  points,  and  without  artificial  vscosity  since 
the  present  method  does  not  require  the  adjunction  of  such  treatment.  A  2-D  flow  past  a 
biconvex  profile  in  a  channel  with  unsteady  inlet  conditions  (sinusoidal  pulsation  of  total 
pressure  and  total  enthalpy)  has  been  also  studied.  A  movie  has  been  made.  This  example 
makes  it  possible  to  see  that  this  method  is  capable  of  understanding  complex  acoustic 
phenomena. 
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Fig.  2  -  Evolution  of  Fi*  and  Fr 

(1)  Steger-Waraing 

(2)  van  LEER 

(3)  flux-splitting  with 
parametrization  (  £  =  o,2) 


.  1  -  Eigenvalues  of  partial 
flux  derivatives  y  =»  1 
C  *  0,2 


Tig.  3  -  Evolution  of  Fz*  and  Fi¬ 
ll)  van  LEER 

(2)  with  parametrization  (  C  =  0,2) 


Fig.  4  -  Evolution  of  Fa*  and  Fa¬ 
ll)  Steger  Warning 
(2)  van  LEER 

(3)  with  paraaetrization  C  =  0,2 
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Compution  of  Inviscid  Vortical  Flows  in  Piston  Engines 


B.  Binninger,  H.  Henke,  D.  Hiinel 

Aerodynamisches  Institut,  RWIH  Aachen 

Two-  and  three-dimensional  vortical  flow  in  a  cylinder  of  a  piston  engine  is 
investigated  by  means  of  a  finite-difference  solution  of  the  Euler  equations. 

The  flow  in  a  cylinder  of  a  piston  engine  is  characterized  by  complex  vortical 
structures  of  large  and  small  scales,  resulting  in  turbulent  behaviour  in  the  shear 
layers.  Therefore  all  the  attempts  to  predict  such  flows  have  to  rely  on  simplifying 
assumptions.  A  survey  of  such  investigations  is  recently  given  by  Heywood  /!/. 

In  the  present  investigation  interest  is  focused  on  the  formation  and  development 
of  large-scale  vortices  during  the  intake  and  compression  stroke.  The  vortex 
structures  are  either  generated  by  the  jet-like  flow  when  the  air  enters  the 
cylinder,  or  by  the  shape  of  the  piston.  As  far  as  the  formation  of  the  large  vortices 
are  concerned  friction  can  be  neglected  and  a  description  of  the  flow  can  be  given 
by  the  Euler  equations  for  compressible,  time-dependent  flow. 

For  the  solution,  the  Euler  equations  are  formulated  for  contour- fitted  curvilinear, 
time-dependent  coordinates 

%  =  $  (x,y,z,t),  ti  =  q  (x,y,z,t),  |  =  l  (x,y,z,t),  t  =  t. 

The  equations  then  read 
U  T  +  F^  +  G  ||  +  H  j  =0. 

In  order  to  be  able  to  compare  with  flow  visualization  studies  through  Mach- 
Zehnder  interferometry  and  similar  techniques,  calculations  were  performed  for 
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plane  flow.  Furthermore  the  investigations  include  axisymmetric  and  more  recently 
three  dimensional  flows. 

Spatial  discretization  was  carried  out  with  central  differences.  Artificial  damping 
was  introduced  to  suppress  the  high-frequency  error  components.  The  central 
differencing  was  chosen,  because  it  seems  to  be  better  suited  for  the  present  low 
Mach  number  flows,  than  an  upwind  scheme  as  used  in  111.  The  Mach  number  is  of 
the  order  of  0.1. 

For  the  integration  in  time  two  time-consistent  solution  methods  are  used,  namely 
the  implicit  factorized  scheme  of  Beam  and  Warming  /3/  with  first  order  accuracy 
in  time,  and  the  explicit  five-step  Runge-Kutta  scheme  with  second  order  accuracy 
in  time  for  nonlinear  equations  /4/. 

The  difference  of  the  two  solutions  will  be  discussed  in  the  paper.  Numerical 
experiments  carried  out  in  the  frame  of  this  investigation  show  the  behaviour  of 
the  solution  in  the  vicinity  of  tangential  discontinuities  which,  as  a  part  of  the  flow 
problem,  are  formed  by  the  incoming  jet  flow  during  the  early  phase  of  the  intake 
stroke. 

The  spatial  and  temporal  development  of  the  vortices  in  the  cylinder  as  obtained  by 
the  solution  will  be  demonstrated  for  the  intake  stroke  and  the  compression  stroke 
for  several  conditions. 

The  computational  results  are  compared  with  experimental  results  obtained  from 
Mach-Zehnder  interferometry.  Figure  1  shows  computed  lines  of  constant  density 
with  the  corresponding  interferograms  for  plane  flow  at  different  crank  angles. 
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Paper  81*1259,  1981. 
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Fig.  1.  Comparison  of  computed  vortex  pattern  with  experimental  results  obtained  in  the 
compressible  flow  of  a  two-dimensional  model  of  a  piston  engine. 


COMPUTATION  OF  AXISYMMETRIC  WAVE  PROCESSES  IN 
VISCOPLASTIC  SOLIDS  WITH  CURVED  BOUNDARIES 


C.D.BIsbos 

Lehr-  und  Forschungsgebiet  Mechanik , Tern)  tier  graben  64 
R.W.T.H.  Aachen,  D-51  Aachen,  FRG 

Some  metals  of  technical  Interest,  exhibiting  nonlinear  behaviour,  can  be 
modelled  through  an  elasic/viscoplastic  material  law,  within  the  small  defor¬ 
mation  theory,  as  the  laws  of  PERZYNA  (/1/./2/)  and  BODNER -PARTOM 
(/3/,/4/)  on  the  basis  of  the  von  MISES  hypothesis. This  paper  presents  a 
computational  method  for  the  numerical  integration  of  the  semilinear  hyper¬ 
bolic  system  of  partial  differential  equations,  which  governs  the  propagation 
of  axisymmetric  acceleration  waves  in  these  materials  (  three  independent 
variables  :two  space  variables  r.?  and  the  time  t). 

The  presented  technique  is  based  on  the  method  of  bicharacteristics  and 
includes  weigthed  finite  difference  schemes  for  the  various  point  types  to 
treat  irregular  meshes  (Fig.1).  At  every  time  step  are  imposed  two  boundary 
conditions  as  functions  of  the  arc  length  of  the  boundary  curve  (Fig. 2).  The 
derivatives  of  these  functions  with  respect  to  the  arc  length  can  be  consid¬ 
ered  as  given  data  of  the  problem.  Through  differentiation  of  the  equations, 
connecting  the  boundary  tractionsfresp.  velocities)  with  the  stress  tensor 
(resp.the  velocity  components  along  the  coordinate  axes), two  new  equations 
for  the  boundary  schemes  are  obtained.This  way  the  boundary  curvature  x 
is  directly  incorporated  in  the  solution. FORSTER  has  proposed  a  similar 
idea  for  hyperbolic  flow  problems(/5/) . 

Denoting  by  Vi  the  velocities,  by  0ij,£i|  the  stress  ;md  strain  tensor  and  by 
Si|,6ij  the  related  deviators  we  have  the  following  system  of  partial 
differential  equations  : 

pVr  “  Orr,r  ~  Or*,*  “  (Orr  “  Oww)/r  -  0 

PV*  -  Or*,r  -  0**,*  -  0r*/r  r  0 

Oh  -  (2u+3X)eh  =  0 

(1/2|i)s,i  -  e,  -  (r/2)FU)s„  =  0 

with: 

J2  =  (1/2)si|S„ 

Fi  =  1/  fi*  h  =  (/JT/o.  -  1  )n 

F(J2)  =  F1F2  for  the  BODNER-PARTOM  material 

F(Ja)  ~  Fi<Fj)  'for  the  PERZYNA  material 

<  A  >  =  max  (  A,  0  ) . 

P,  X,  (1,  Y,  n,  0*  are  material  constants. A  comma  between  suberipts  denotes 
partial  differentiation  with  respect  to  the  following  subeript  variable  and  a 
dot  denotes  partial  diffentiation  with  respect  to  time. 

Using  the  velocity-strain  compatibility  relations  to  eliminate  the  strains  we 
obtain  the  governing  system  in  the  form: 
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L(u)=A'  u,t  +  Ar  u,r  +  A* u,*  +  b ( u )  =  Q 

with  unknown  functions  u  : 

UT=  {  Vr  ,  V*,  Okfc  /  3  ,  (Orr  “0«)/2,  (Orr_2(Jwwf‘Oii)/6,  Or*} 
i.e.  the  two  velocities. the  trace  of  the  stress  tensor  and  the  components  of 
the  stress  deviator.  The  matrices  A  ,A  ,A  are  constant  and  symmetric  and 
A'is  positive  definite. Since  only  the  last  three  components  of  b(u)  are  non¬ 
linear  functions  of  the  last  three  components  ofu.  the  system  is  partly  linear 
and  partly  nonlinear.  This  fact  is  used  later  in  the  numerical  schemes  to 
reduce  the  number  of  iterations  needed.  The  condition  of  characteristic 
surfaces  :  $(r,z.t)=const. 

=  o 

c,!  =  (X+2(x)/p  ,  c,!  =  |i/p 

and  the  corresponding  MONGE  cones  (/6/./7/,/2/.Fig.3a)  are  derived 

from  :  det(A)=0,  A=$,tA'  +$,rAr  +I(IA7 

The  left  eigenvectors  of  A  yield  the  compatibility  equations,  which  involve 
derivatives  along  bicharacteristics  and  cross-derivatives  in  the  characteristic 
surface  elements: 

lrL(u)=0,  ]T  A-0 

By  TAYLOR  expansion  and  integration  of  a)  the  compatibility  equations  along 
the  bicharacteristics  and  b)  the  equations  of  motion  along  the  pathline, 
difference  equations  of  second  order  accuracy  are  obtained  for  computing 
the  solution  at  each  mesh  point  at  time  t=t  from  data  in  the  dependency 
region  of  the  point  at  time  tK  -At.  The  data  on  the  basis  perimeters  of  the 
MONGE  cones  are  determined  from  corresponding  second  order  interpolation 
functions  over  the  points  belonging  to  the  convex  hull  of  the  dependency 
region  (CFL  criterion). The  coefficients  of  the  interpolation  functions  are 
obtained  through  a  local  weigthed  least-squares  procedure.  The  weight  of 
each  point  is  related  to  its  mass  and  to  its  distance  from  a  circle,  whose 
area  is  equal  to  the  middle  value  of  the  base  areas  of  the  P-  and  the  T-  cones 
(Fig. 3b).  The  final  finite  difference  system  has  the  form: 


Cod 

u 

Con  | 

f 

yT  =kT, 

Wht  } 

Cio 

Cnd 

K. 

Cu 

u 

(Tin  ! 

Cnn+N(yjj 

uL  =  d 

UtT  ={ui, 
V={lJ4, 

112,  U3  } 
Us,  Ue } 

where  [collects  spatial  derivatives  of  U  at  time  t  ,  Cu  are  constant  matrices 
and  N  a  3x3  matrix  nonlinearly  depending  on  the  deviator  components  UM  . 
Eliminating  [and  separating  the  linear  part  from  the  nonlinear  one  we  obtain: 

u  L=  bL  N  (  Q  :  constant  matrix) 

Id  ^  -k  (JH,  :  nonconstant  matrix) 

The  last  system  is  iteratively  solved  for  UH  by  a  NEWTON-RAPHSON 
procedure  and  then  the  first  equation  yields  U  L  .  The  bicharacteristics  used 
for  an  Inner  point  are  shown  in  Flg.3.c. 

For  boundary  points  a  part  of  the  bicharacteristics  set  is  replaced  by  the 
boundary  conditions  and  two  of  the  following  relations, selected  according  to 

?3 
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the  boundary  condition  type  (derivatives  d/ds  are  boundary  data ). 
for  boundary  tractions  5  N  (  normal),  S  T  (  tangential): 

(dSM/ds)-2xST=0.5(orr+OH),rSin{t)+0.5(orf-o*I)1rSin(icos2o 
-  0.5(<Jrr  +  Ozz),*COS<i)+0.5  ( Oft  *<)«), »C0S(«)C0S2<i) 
+0rz,rsinusin2(i)  -  o«,zCoswsin2w 

(dSr/ds) + 2x(S*-0.5(orr+o„))  = 

0.5{orr-sz*),rsin(i)sin2(i)+0.5(orr-o«),zcoswsin2(i) 
+Orz,rSinucos2w  -  0rz,2cos«r.os2ci) 

for  boundary  velocities  V^fnormal)  ,V^  (tangenti.il)  : 

-(dV* /ds)-xV?=  0.5(vf1r-vz,z)sin2(i)-0.5(vr1znr,r)cos2(i)-0.5(vr,z-v1,r) 
-(dVt  /ds)-xVN=-0.5(vr,z+v*.f)sin2(i)-0.5(Vf(r-V2,z)cos2(i)+0.5(vr,r+vI,z) 


The  used  bicharacteristics  for  various  boundary  conditions  are  shown  in  Fig. 4. 
It  is  remarkable  that  the  number  of  bicharacteristics  varies  from  4  (pure 
velocity  contitions)  to  6  (pure  traction  conditions), i.e.  every  von  NEUMANN 
condition  requires  an  addittional  bicharacteristic. Similar  schemes  are  devised 
for  corner  points  and  for  points  on  the  axis. 

Two  numerical  examples  .concerning  solids  made  from  mild  steel  and  alumi¬ 
nium, are  discussed  along  with  some  similarities  of  the  method  proposed  to 
mixed  finite  element  formulations. 
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Fig.1:Axisymmetric  solid  with  Fig.2:Conditions  at  the  boundary: 
partly  irregular  mesh  a)boundary  curve  :  r=r(s),z=z(s) 

b) Traction  conditions:Sn=SN(s),Sr=ST(s) 

c) Velocity  conditions:  Vh=V«(s),Vt=St(s) 
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Fig. 3.:  a)MONGE  cones 

^r'°Llvex  rU^  ^ePendency  region  -  mass  weiqhtinq 
cjScheme  for  inner  point  3 


Fig.4:Used  bicharacteristics  for  various  boundary  conditions 
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SOME  QUESTIONS  OF  MATHEMATICAL  SIMULATION  IN  THE 
PROBLEM  OF  SHOCK  WAVE  STABILITY 


A.  M.  Blokhin 
Novosibirsk 
USSR 


The  talk  is  a  survey  of  results  obtained  by  the  author  ([1])  in  the  problem  of  shock  wave 
structural  stability. 

In  [1]  this  problem  is  interpreted  as  the  investigation  of  correctness  of  the  mixed  problem 
for  gas  dynamics  equations  with  boundary  conditions  on  a  shock  wave.  For  a  stable  shock  wave 
this  problem  has  been  set  up  correctly,  for  the  unstable  one  it  admits  the  construction  of  the 
incorrectness  example,  like  the  Iladamard  example. 

In  the  linear  case  the  mixed  problem  is  formulated  as  follows.  For  t  >  0,a:  >  0,  |y|  <  oo  we 
search  for  the  solution  of  acoustics  system  of  equations 


'•A/1  0  0  O' 

0  M2  0  0 

0  0  10 

0  0  0  1; 


■Ut  + 


■ M 2  0  1  O' 

0  M1  0  0 

1  0  10 

0  0  0  1; 


•ff.+  - 


0  0  0  0' 
0  0  10 


o  i  o ;  i^=o, u 

0  0  0  0; 


,  (1) 


which  satisfies  the  following  boundary  conditions  for  x  =  0: 


«i  +  d  •  u3  =  0  ,  «4  +  «3  =  0  ,  «2  =  -  •  Fy  ,  Ft  =  n  •  tt3 


and  the  initial  data  for  t  =  0: 


(2) 


U(0,x,y)  =  U0(x,y). 

Here  Af(0  <  M  <  are  some  constants  ([1]). 

Using  the  results  of  paper  [2]  on  a  plane  d,  A  one  can  single  out  a  domain 

K  :  A  <  0 ,  d  +  M2 A//?2  >  0 ,  (32  =  1  -  M2  , 


(3) 


in  which  exponential  solutions  of  the  mixed  problem  (1-3)  do  not  increase  with  time.  In  [1]  it 
is  shown  that  if  a  point  ( d ,  A)  €  K,  then  the  following  a  priori  estimate 


l|P’(0llwj(u*)  ^  C(T)  ■  ||Uo||w»(fl»),  0  <  t  <  T,  (4) 

=  {(*>y)lx  >  0,h/|  <  oo) 

is  valid.  The  existence  of  the  a  priori  estimate  (4)  implies  that  the  problem  (1-3)  is  correctly 
set-up  in  the  domain  K  which  is  called  the  domain  of  the  shock  wave  stability.  All  estimates 
obtained  for  the  problem  with  constant  coefficients  were  also  obtained  for  the  case  of  variable 
coefficients.  Then,  by  means  of  rather  cumbersome  methods  the  author  managed  to  prove  the 
local  theorem  of  existence  and  uniqueness  of  the  classical  solution  for  quasilinear  solutions  of 
gas  dynamics  behind  the  curvilinear  shock  wave. 

The  talk  discusses  some  problems  of  defining  and  investigation  of  difference  schemes  for  gas 
dynamics  equations.  We  propose  to  design  and  investigate  difference  schemes  on  the  basis  of  the 
requirement  of  adequacy  of  the  difference  model  to  the  initial  differential  problem.  By  adequacy 
we  imply  the  following:  a  difference  model  is  constructed  so  that  by  means  of  it  one  could  prove 
the  theorem  of  existence  of  a  solution  for  the  initial  differential  problem.  Due  to  quasilinearity 
of  a  system  of  gas  dynamics  equations  to  prove  the  adequacy  of  a  difference  model  to  the  initial 
differential  problem  is  rather  difficult.  It  can  be  done  easily  for  the  linear  mixed  problem(l-3). 
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A  difference  model  for  obtaining  approximate  solution  of  this  problem  is  constructed  so  that 
it  could  admit  the  construction  of  difference  analogy  of  the  dissipative  energy  integral.  The 
existence  of  such  an  analogy  allows  us  to  obtain  energy  estimate  from  which  the  stability  of 
the  proposed  difference  scheme  follows.  This  would  mean  the  adequacy  of  the  difference  model 
to  the  initial  differential  problem  because  in  the  presence  of  energy  estimate  the  theorem  of 
existence  of  smooth  solution  can  be  proved  via  standard  calculations. 
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A  TV D- PROJECTION  METHOD  FOR  SOLVING  IMPUCIT  NUMERICAL  SCHEMES 
,  FOR  SCALAR  CONSERVATION  LAWS 

A.Bourgeat*  and  B.Cockburn** 

The  stability  of  Newton's  method  applied  to  implicit  numerical 
schemes  for  scalar  conservation  laws  requires,  in  the  general  case,  an 
upper  bound  on  the  size  of  the  time  steps.  We  introduce  a  simple  locally 
defined  projection  ,  called  "TVD-projection,  and  show  how  to  use  it  to 
obtain  an  always  stable  extension  of  Newton's  method. 

We  consider  the  problem  of  actually  solving  finite  difference 
implicit  schemes  for  the  following  boundary  value  problem 


(1.1a) 

9  ,u  +  3  xf(u)  =  0 

in  (  0,T)  x(0, 1)  . 

(1.1b) 

u(x=0)  =  bo 

on  ( 0,T) 

(1.1c) 

u(x=l)  =b, 

on  ( O.T) 

(l.ld) 

u(t=0)  =u0 

on  (0,1) 

* , 

where  feC1  ,bQ  and  b,  e  BV(0,T)  ,and  u0eBV(0,1).  It  is  very  well  known 

that  the  main  difficulty  concerning  the  resolution  of  an  implicit  scheme  is 
to  solve  at  each  time  step  the  nonlinear  equation  defining  the 
approximate  solution.  One  of  the  most  popular  methods  to  do  this  ,is  the 
Newton's  method.  Its  quadratic  convergence  makes  it  very  attractive; 
however  .its  lack  of  global  stability  makes  it  useful  only  if  a  suitable 
initial  guess  can  be  obtained.  A  widely  used  practice  is  to  take  the 
approximate  solution  at  time  tn,  unh  ,as  the  initial  guess  for  the 
calculation  of  un+1h  : 

(i)  . 

uh 

u T  =*(“?)  . Mn 
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But  in  this  case  the  sufficient  conditions  for  the  convergence  of  this 
method  given  by  the  classical  theorem  of  Kantorovich  .impose  an  upper 
bound  on  the  time  step  At"  =t"+1-tn  .In  this  way  .the  main  advantage  of 
using  an  implicit  scheme  is  lost. 

in  practice,  the  number  of  inner  iterations  Mn  is  usually  taken  to 
be  equal  to  1,  but  some  authors  prefer  to  do  a  few  inner  iterations  in  order 
to  improve  the  accuracy  of  the  approximate  solution.  But  it  should  be 
noted  that  in  any  case  if  the  time  step  is  too  big  the  stability  of  the 
method  is  lost.  For  instance  consider  a  problem  of  the  form  (1.1)  with 
f(u)  =  20  u3(20  u3  +  (1-  u)3)'1 
uQ(x)=0  ,x  e  (0,1 ) 

b0(t)  =1  ,te  (0,  T=0.3) 

bt  (t)  =  0  ,te  (0,T=0.3) 

and  consider  the  approximate  solution  obtained  by  discretising  (1.1)  with 
the  implicit  Godunov  scheme.  Then  .if  we  solve  it  with  no  limitation  on 
Mn,  it  becomes  unstable  as  the  time  step  become::  greater  or  equal  to  0.7 
Ax.  Note  that  the  CFL-condition  for  the  explicit  Godunov  scheme  is  in  this 
case  At  £  0.26  ax  ! 

Writing  down  the  implicit  Godunov's  implicit  scheme  for  (1.1)  and 
its  Newtonian  iterations  ,in  a  first  section  ,we  stress  the  fact  that  the 
stability  of  Newton's  iterations  depends  essentially  on  the  size  of  If" I 
rather  than  the  one  of  If' I  .  In  the  case  f  >0  we  make  these  statements 
precise  by  calculating  explicitly  the  eigenvalues  of  the  operator  grad( 
♦nh)  and  the  Kantorovitch  convergence  conditions.  We  then  display 
sufficient  conditions  of  convergence  and  a  non-linear  CFL-type  condition 
involving  only  the  quantity  : 


29 


B 


[  llfilL-][disc(llf"llL-)  3 

where  disc(.)  represents  the  maximum  ylze  of  the  discontinuities 
of  the  initial  data.  In  particular  ,it  is  shown  that  if  the  ratio 

ii  t  nL-/  ii  f  nL- 

is  big  enough  the  Newtonian  iterations  are  stable  • 

In  a  second  section  we  test  numerically  the  stability  of  the 
Newtonian  iterations  in  five  different  Riemann  problems.The  first  three  of 
them  have  a  non-decreasing  nonlinearity  ;the  last  two  have  a  non  convex  f  , 
and  their  solution  present  a  sonic  point.  Those  tests  allow  to  define  a 
function  that  mesure  the  stability  of  Newtonian  iterations  and  will  serve 
as  a  reference  for  evaluating  the  performance  of  our  proposed  TVD 
projection  method. 

In  the  last  section  we  introduce  a  new  and  very  simple  method 
for  overcoming  the  Newtonian  iteration  difficulty.  It  consists  in  replacing 
the  inner  Newtonian  iterations  by  the  followii»*j  modification 


(D  n 

uh=uh 

(m+1)  _  (m)  n  (m)  _  ,n 

U  h  =  P(U  h  )(<t>h(U  h  ))  m=1 

where  <j>h n  is  the  same  as  before, and  the  operator  P(vh),  called 

TVD-projection,  is  a  locally  defined  projection  verifying  the  stability 
property: 

IIP(v„)(wh)ll0V  £  llvhllBV 

With  this  new  inner  iterations  procedure,  no  oscillations  due  to  the 

linearization  leading  to  the  definition  of  <|>h ^  appear  anymore;  and  the 

method  is  then  always  L°°n  BV-stable  regardlens  of  the  size  of  the  time 
step.  However  the  price  that  we  have  to  pay  for  stability  is  a  loss  of  total 

amount  of  mass  ,  due  to  the  projection  P(u(m),,)  .which  is  added  to  the 

loss  of  mass  due  to  the  standard  Newtonian  itetulions.  Nevertheless  ,we 
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have  to  point  out  that  when  the  step  size  Atn  is  :  **«all  enough  our  method 
reduces  to  a  Newtonian  one.  Our  numerical  M.perience  indicates  that 
this  supplementary  loss  of  mass  tends  to  zero  with  the  number  of  inner 
iterations  and  that  once  it  becomes  zero  it  stays  equal  to  zero  ,so  that  the 
method  coincides  with  the  Newton  method  after  ;i  certain  number  of  inner 
iterations.  Once  this  happens,  convergence  is  achieved  very  quickly  and  it 
suffices  to  use  a  stopping  criterion  based  on  a  control  of  the  amount  of 
mass  lost  by  our  projection  . 

Numerical  tests,  performed  on  the  same  test  problems  as  in 
section  2,  show  that  there  is  no  more  instability  occuring  under  any  time 
step;  morover  using  the  above  stopping  criterion  allows  a  time  stepping 
at  least  two  orders  of  magnitude  bigger  than  this  one  allowed  by  the 
standard  Newtonian  iterations. 


A  STABILITY  ANALYSIS  OF  THE  GUMM  RtOE  SCHEME 


Yann  Brenier 
INRIA  France 


Let  wt  +  f(w)x  =  0  be  a  system  of  d  conservation  laws  in  on**  space  dimension.  It  is  assumed  that, 
for  each  pair  of  states  u,  v  in  a  neighborhood  W  of  the  origin  in  Rd,  there  exists  a  "Roe  matrix" 
(see  [3]  for  a  review  of  this  concept)  A(u,v)  satisfying  the  following  requirements  : 

i)  A(u,v).(v-u)  =  f(v)  -  f(u)  and  A(u,u)  =  f  (u) ; 

ii)  A(u,v)  =  X  \(u,v)  Pk(u,v) 

k=l,m 

where  A. j,...,  A.m  are  its  m  (m<d)  real  distinct  eigenvalue!,  of  respective  multiplicity  dj . dm 

(dj+...+ dm=d),  and  Pj,...,  Pm  are  the  corresponding  eigv  >iojectors: 

Pkpi  =  8kJpk  for k,l  =  l,...,m  and  Pj+...+ Pm=  Identity  ; 

iv)  and  Pj,...,  Pm  are  Lipschitz  continuous  with  respect  to  u,  v  ; 

v)  multiplicities  d,,,..f  dm  do  not  depend  on  u  and  v  ; 

vi)  the  eigenvalues  are  globally  separated  : 

Mul>vl)<  ^k+1  (u2*v2)  f°r  any  ul*vl»u2’v2  in  W  am!  k  =  l,...,m-l. 

Under  these  assumptions  (which  include  the  case  of  many  physical  hyperbolic  system  f 
conservation  laws  and  any  strictly  hyperbolic  system),  it  i;,  shown  that  there  exists  a  coni 
C=C(W)  such  that,  for  any  initial  data  wQ(x)  of  total  vaiintion  no  larger  than  C,  the  Car  v 
problem  has  a  global  weak  solution  w(t,x),  valued  in  W,  of  bounded  total  varia’1 
Unfortunately,  as  it  will  be  discussed  below,  this  solution  may  not  be  physical. 

The  proof  is  based  on  a  stability  analysis  of  the  "Glimm-R<»e"  scheme,  that  is  a  combinatic  f 
Glimm's  random  choice  method  [1]  and  Roe's  Riemann  solver  [2].  A  total  variation  estima  ,s 
obtained  in  the  same  way  as  Glimm  did  in  his  famous  paper.  '|he  analysis  is  somewhat  simpler  ac 
to  the  extreme  crudeness  of  Roe's  approximate  Riemann  solver.  Indeed,  our  estimates  only  i  .  u 
the  Lipschitz  continuity  of  the  eigenprojectors,  instead  of  (lie  properties  of  the  exact  Riem  ...n 
problem.  This  is  why  any  assumption  of  genuine  nonlinearity  #*f  linear  degeneracy  can  be  avoir  1 
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Nevertheless,  the  main  drawback  of  the  method  is  that  the  so  obtained  weak  solutions  are  not 
necessarily  physical  and  may  violate  the  entropy  conditions  bt 'cause  of  the  Roe  Riemann  solver  !  It 
would  be  very  interesting  to  prove  the  same  existence  result  when  the  well  known  entropy 
modification  of  Roe’s  method  [3]  is  used,  but  this  has  not  be  done  so  far.  A  different  way  would 
be  to  show  that  the  non  physical  shocks  created  by  the  Glimm  Roe  scheme  are  not  stable  under  Ll 
perturbations,  and  therefore  can  be  easily  removed.  Some  results  have  been  obtained  in  this 
direction,  for  the  very  simple  case  of  scalar  conservation  laws.  More  precisely,  it  can  be  shown 
that  the  solution  of  the  Cauchy  problem  is  physical,  provided  there  is  no  entropy  violating 
discontinuities  in  the  initial  data,  and  either  the  flux  function  f  is  convex,  or  the  initial  condition 
Wq(x)  is  monotone. 

Another  interest  of  the  Glimm  Roe  scheme  is  the  stability  analysis  of  LeVeque’s  large  time  step 
method  [4],  Indeed,  in  the  same  way  as  for  the  Godunov  scheme,  a  la:ge  time  step  version  of  the 
Glimm  Roe  scheme  can  be  easily  designed,  by  "allowing  waves  to  pass  through  one  another  with 
no  change  in  strength  and  speed"  [4],  This  technique  is  closely  related  to  the  concept  of  averaged 
multivalued  solutions  [5],  as  well  as  Morton's  characteristic  ( ialerkin  method  [6].  In  our  case,  it  is 
shown  that  the  large  time  step  Glimm  Roe  scheme  is  total  variation  stable,  provided  the  time  step  is 
limited  in  such  a  way  that  two  waves  of  the  same  family  cannot  pass  through  one  another.  The 
resulting  stability  condition  is  much  weaker  than  the  usual  C’FL  one  (for  which  no  waves  of  any 
kind  are  allowed  to  pass  through  one  another).  In  the  trivial  case  of  a  constant  coefficient  system, 
for  example,  the  scheme  is  mc<  ’itionaly  stable. 
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On  some  open  questions  related  to  MHD  Riemann  problem 


Prof.  Dr.  Mosley  Brio 
Department  of  Mathematic:; 

University  of  Arizona 
Tucson,  Arizona  85721  U.S.A. 


We  review  briefly  properties  of  the  MHD  equations  a:;  a  hyperbolic  system  of  conser¬ 
vation  laws  (derived  about  30  years  ago)  and  some  recent  numerical  and  analytical  results 
by  Brio  and  Wu  (1985-87)  which  are  in  contrast  with  a  popular  view  that  the  previous  work 
makes  MHD  Riemann  problem  as  well  understood  as,  for  example,  similar  problem  in  gas 
dynamics.  In  particular  we  show  that  MHD  equations,  due  to  their  nonstrict  hyperbolicity 
and  nonconvexity,  are  much  closer  to  some  systems  arising  in  combustion,  elasticity  and 
flow  in  a  porous  medium  than  they  are  to  Euler  equations  of  gas  dynamics.  We  describe 
some  techniques  found  to  be  useful  for  these  problems,  such  as  bifurcation  from  a  double 
eigenvalue,  global  bifurcation,  topological  technique  for  traveling  wave  solutions,  reductive 
perturbation  technique,  numerical  methods  and  list  open  problem  for  stability  of  wave  pat¬ 
terns,  admissibility  conditions,  wave  propagation  and  interaction  which  might  be  attacked 
by  the  above  methods. 
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Qualitative  Problems  of  Autonomous  Hyperbolic 

Systems 

M.  Burnat 
Warsaw  University 

The  qualitative  theory  of  autonomous  ordinary  systems 

<‘>  t  =  '<■> 

may  be  generalised  is  some  naturale  sense  to  hyperbolic  autonomous  P.D.S.  of  the  following 
form 

n 

(2)  ^Ai(u)dXiu  =  /(u) 

«=i 

where  -Aj(u)  are  l  x  l  matrices  and  solutions  are  mappings  u  :  D  C  IRn  *-*  IR*  of  some  region 
D. 

The  basic  facts  for  the  qualitative  theory  of  (l)  are: 

a.  Simple  available  globed  existence  theorems. 

b.  In  order  to  obtain  the  solution  of  (l)  it  is  sufficient  to  know  its  set  of  values  u(D )  , 
because  one  may  then  parametrise  it  simply. 

c.  One  may  obtain  informations  about  u(D)  (for  instance  first  integrals). 

Because  of  the  lack  of  global  existence  theorems  for  (2),  the  general  qualitative  problems 
for  the  partial  differential  case  should  be  formulated  as  follows:  1.  Assuming  the  global 
existence  of  the  required  solution  u  defined  in  some  region  D,  construct  the  image  u(D) 
of  the  solution  or  at  least  obtain  some  information  about  it.  2.  Knowing  u(D)  ask  about 
the  parametrisation  of  u(D)  by  the  variables  Xi,. . .  ,x„  giving  the  solution.  3.  Find  image 
manifolds  M  C  IK7  having  the  property,  that  for  some  infinite  class  of  solutions  we  have  if  . 

Knowing  the  image  u(D)  of  the  solution  of  a  given  boundary  problem  we  obtain  a 
number  of  qualitative  informations.  Knowing  how  to  parametrise  u(D )  we  may  construct 
the  required  solution  (the  parametrisation  may  be  simple  or  more  complicate,  for  example 
it  may  require  solutions  of  some  nonlinear  P.D.S.)  or  run  into  contradiction.  In  the  last  case 
we  obtain  a  nonexistence  theorem. 

Our  methods  represent  a  fargoing  development  of  those  used  in  (l].  In  the  space  of  the 
matrices,  we  consider  the  planes 

n,f  'l 

x(u)=lN:N=  £  A'j(u)Nij  =  /,(u),  s  = 

J 

where  Aj(u)  =  (>!*;(u))  ,  N  =  (Nai) ,  /(u)  =  (/i ,  •  •  • ,  /„)•  The  C1  -mapping  u  :  D  C  1R"  *-» 
IR*  represents  a  solution  of  (2)  if  for  x  e  D: 

Du{x)  =  (i dXiUj )  =  ( Nij )  G  y(u(x)) 


35 


6 


For  the  manifolds  M  C  E1  we  introduce  the  notion  of  the  equipment  of  M.  This  are  planes 
X'(u)  C  x(u)  satisfying  for  u  G  M  the  following  conditions 

dim  x*(u)  =  const,  for  N  G  x  (u)  N  :  IR"  *-»  TU(M)  C  IR* 

We  seek  for  solutions 

u  :  D  i — ►  M ,  D(u(x))  G  x*^1)) 

We  shall  say,  that  the  vectors  A  =  (Aj , . . . ,  An)  and  7  =  (  7i ,  •  •  ■ ,  7f)  are  adjoint  at  u,  denoted 
A  7  if  ( j2Ai(u)\i)  7  =  0.  For  the  uniform  hyperbolic  systems  (/  =  0)  we  have 

(3)  x®(«)  =  j#  :  N  =  J^7  ®  A,  q  <  +00,7  *->■  i|  =  x(«) 

(see  [2]).  This  equality  may  be  considered  as  the  most  general,  geometric  definition  of  the 
hyperbolicity.  Because  of  (3)  the  image  manifolds  are  tangent  to  vectors  7,  what  allows  us 
the  construction  of  this  manifolds.  We  shall  give  two  examples  of  concrete  results. 

EXAMPLE  1  (see  [3]).  Consider  the  hyperbolic  system  describing  the  steady  plane 
flow  of  the  ideal  plastic  material. 

dXlcr  —  2k  (cos 2#  dZxd  +  sin  2$  dz,ti)  =  0 
dXj a  -  2fc(sin2i9dI1i9  -  cos2t?3,;ji?)  =  0 
(dXiv\  +  dItv2)sm2i?  4-  (dXlvi  -  dX2v2)  cos2i9  =  0 

dZlvl  4-  dXjv2  =  0 


u  =  (ui,t;2)^)<7))  u  :  D  C  IR2  IR4 ,  n  =  2,  /  =  4. 

We  have  two  characteristic  vectors  and  the  two  corresponding  kinds  of  characteristic  curves 

t  2 

C,  C.  From  (3)  we  deduce: 

Theorem  1.  All  two  dimensional  C!-image  manifolds  M2  :  u  =  'Hf  (fii ,  fi2)  may  be 
constructed  by  solving  the  following  linear  hyperbolic  system 


dtH  v\  +  tg  i9  d(ll  v2  =  0  <9,„  t>i  -  ctg  d„7  v2  =  0 


d^o  -  2kd^d  =  0  d^o  +  2k  =  0 


Consider  the  problem  of  drawing  of  a  plate  through 

the  die.  In  the  region  D,  which  boundary  consists 

of  the  curve  T  (the  working  part)  and  characteristic 
1  j 

curves  C,  C,  we  seek  for  the  solution  satiesfying  the 
following  nonlinear  boundary  conditions 
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on  T  : 

i>i  sin  ip  —  Vi  cos  tp  =  0  <p  — 

on  C  : 

vi  sin  —  Vi  cos  0  =  —  V  sin  d 

V  =  const  >  0 

2 

h 

on  C  : 

tq  cos  i)  4-  i>i  sin  t)  =  V(l  —  e) 

e  =  1-  Jr 

in  a  :  1 9(a)  =  —  — 

4 


We  have  to  determine  the  solution  and  the  region  D  Knowing  the  curve  T  and  numbers 
V,  h,II.  The  solution  may  he  singular  in  l, in.  Let  Z  —  0  \  {l,mj  and  A(Z)  he  the  class 
of  mappings  u  :  Z  •— »  Dl.4  satisfying  the  following  conditions:  1.  u  is  in  Z  of  C]  -class  witli 
the  exception  of  some  weak  cliscontinouities  along  characteristic  curves. 


1  2 

2.  For  p  G  D  the  characteristic  curves  C  (p),  C 
(p)  coining  out  of  p  meet  the  characteristic  curves 
(m,  n),  (/,  a).  Losing  the  maximal  equipments  of  the 
image  manifolds  Mz  C  Hi  '  we  obtain,  without  any 
assumptions  about  the  singularities  at  Lin  the  fol¬ 
lowing 


Theorem  2.  For  given  0  <  e  <  1,  \'  0,  there  crisis  exactly  one  image  manifold 

M>(s,  V)  such  that  for  each  solution  of  our  problem  v  6  K(Z)  and  arbitrary  working  part 
T  :  u(z)  C  Mi  (f,  F).  If  T  i"  given,  then  under  assumption  that  the  solution  n  6  A  (Z) 
exists,  u(Z)  may  be  uniqrclv  a>trrmined. 

Tlie  uniqueness,  a  number  of  qualitative  informations,  and  some  nonexistence  theorems 
are  obtained. 

Example  2.  Consider  the  system  describing  the  plane,  non-steady  iscutropio  gas  flow. 


H) 


D,r  -f  iq  0j- ,  c  f  t’2  0l  7c  -f  /  cdiv  v  =  0 
0(V  -f-  n  0r,  v  4-  v->  Or7r  4-  -  grade  =  () 

u  =  (c,  tq,  v2) ,  u  :  D  C  HI1  IR3 ,  »»•  =  /  =  3. 


In  the  case  of  the  one  dimensional  non-steady  How  the  conical  solutions  play  an  important, 
role  (see  [4]).  For  the  uniform  hyperbolic,  systems  (2)  there  often  exist  simple  available 
conical  solutions.  Suppose  that  for  the  manifold  M j,.  C  IlCf,  k  <  »,  there  exist  functions  n\ 
Mb  t-*  m/,  i  =  1, . . . ,  it  —  k,  a  linearly  independent.  IIW(  i/ )  C  IR 1  denotes  the  plane  including 

,  so  that,  the  mapping  i<con(r)  :  Z)  C  IR"  >—*  Mk- 
y{n),  y  —  const.,  represents  in  sonic  domain  D 
the  solution.  linage  manifolds  allowing  this  simple  conical  parametrisation  we  call  conical 
image  manifolds.  Our  problem  is  to  find  for  (4)  simple  available  conical  manifolds  Mi  C  IR  - 


y  €  IR",  and  tangent  to  lin  |rr  (») ...  a  (n) 
given  ljy  the  conditions  ?/rol,  =  u  for  x  6  3 


B 


Using  (3)  we  get  the  following  answer  (see  [5], [6]): 

M2  :  u  =  ti  +  /xj7  4-  g(/i2),  0*i./‘2)  €  IR2 

where 

7  =  (70,71,72)  =  (0,7)  =  const,  (y)  -  7?  ~  72  =  0 
g(n2)  =  (0,gi(v2),ff2(M2))  =  (0,fl) 

The  functions  gi(fi2)  have  to  satisfy  the  conditions  (7, <7)  ^  0,  gi<j2  —  g\  'g2  ^  0.  Assuming 
ill  ^  0  : 


Infinitely  many  other,  more  sofisticated  conical  manifolds  may  be  constructed. 

By  means  of  our  methods  we  may  for  (4)  investigate  the  interactions  of  plane  waves 
with  and  without  shocks.  For  steady  flows  we  may  construct  a  wide  new  class  of  three 
dimensional  nozzles,  which  transform  one  uniform  flow  into  another  one  without  shocks  (see 

[7]). 
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Over  the  past  few  years,  substantial  advance  ;  have  been  made  in  the 
numerical  analysis  of  hyperbolic  partial  differential  equations,  especially 
those  governing  non-stationary  gas  dynamics.  A  popular  approach  is  to 
solve  numerically  the  time -dependent  Euler  equations  which  are  of 
hyperbolic  type.  Shock  waves  and  other  discontinuities  can  be  captured 
accurately  without  special  treatment  by  employing  a  so-called 
"time-marching"  numerical  scheme.  It  is  now  pissible  to  apply  available 
computer  codes  to  problems  which  involve  complex  physical  phenomena 
including  multiple  shock  waves,  vortex  sheets  -and  combustion  processes. 
Examples  of  methods  in  use  are  the  flux-corrected  transport  (FCT) 
algorithms  of  Boris  and  Book  (Ref.  1),  the  random  choice  method  (RCM)  of 
Chorin  (Ref.  2)  and  Glirrm  (Ref.  3)  and  the  total  variation  diminishing 
( TVD)  schemes,  of  which  Refs.  4-8  are  represents!  .v. e.  All  of  these  methods 
stem,  essentially,  from  a  widespread  dissatisfaction  with  the  highly 
diffusive  schemes  of  the  early  1970’s.  These  were  characterised  by  the 
appearance  of  non-physical  undershoots  and  overshoots  around  captured 
shock  wave  profiles  and  the  need  for  large  docs  of  artificial  viscosity 
(numerical  "smoothing")  to  ensure  stability.  ihe  addition  of  artificial 
viscosity  in  large  quantities  causes  a  mat  ked  loss  of  resolution, 
particularly  in  cases  where  complex  shock  wave  interactions  occur. 

This  abstract  concerns  the  development  and  appli'  at ion  of  a  total  variation 
diminishing  finite  volume  method  for  computational  gas  dynamics.  This 
method  employs  operator-spl itting  which  enables  a  problem  in  three  space 
dimensions  to  be  solved  by  applying  a  sequence  of  one -dimensional 
operators.  It  also  uses  discretisation  by  finite  volumes,  rattier  than 
finite  differences,  in  order  more  easily  to  m\p  the  complex  geometries 
which  arise  in  practice  (Ref.  9).  The  classical  MacCormack  method  is  put 
into  total  variation  diminishing  form  by  appenoing  to  the  right  hand  side 
of  the  corrector  step,  a  specially  devised  artii  icial  viscosity  term.  The 
ideas  behind  the  design  of  this  term  import  the  theory  of  flux  limiters 
(Refs.  4-6).  Essentially,  the  term  applies  precisely  the  correction  needed 
to  limit  overshoots  or  undershoots  at  each  mesh  cell.  That  is  to  say,  it 
is  a  form  of  artificial  viscosity  which  lias  a  spatially  varying 
coefficient.  This  is  in  strong  contrast  to  the  more  classical  methods 
which  apply  excesses  of  smoothing  through  the  use  of  art ificial  viscosity 
terms  having  globally  constant  (and  problem  dependent)  coefficients. 
Mathematically,  it  removes  from  the  modified  partial  differential  equation 
(the  p.d.e.  solved  exactly  by  the  numerical  scheme)  the  term  which  is 
responsible  for  producing  overshoots/undershoots.  The  result  is  a  scheme 
which  captures  shock  waves  with  high  resolution  and  compares  favourably 
with  alternate  schemes  based  on  approximate  Riemann  solvers  (see  e.g  Ref. 
7),  which  are  computationally  more  expensive.  Clearly,  the  many  production 
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codes  used  in  industry,  employing  the  MacCormark  method,  can  be  modified 
quickly  and  simply  to  yield  a  high  resolution  scheme. 

Various  different  flux  limiters  can  be  used,  some  of  which  are  more 
compressive  than  others  (Ref.  10,11);  or.  artificial  compression 
techniques  can  be  applied  explicitly,  in  conjunction  with  any  particular 
limiter  (Ref.  9).  The  paper  will  describe  work  which  has  been  done  to  find 
the  most  suitable  flux  limiter  for  use  within  i  he  TVD  MacCormack  scheme. 
Some  results  of  our  numerical  experiments  will  In  presented,  together  with 
results  for  practical  applications  of  the  meth.  d  to  high  speed  external 
aerodynamic  flows,  A  sample  of  computed  solutions  are  shown  in  Fig.  1. 
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1.  BV  functions.  In  193G  I  introduced  [1]  a  concept  of  BV  functions,  or  functions  of 
bounded  variation  /(x),  x  =  (xi,...,x„)  £  G  C  IR",  /  £  L\(G),  u  >  1,  in  a  domain  G  of 
It".  I  proved,  among  other  results,  that  /  is  BV  if  and  only  if  the  nonparametric  possibly 
discontinuous  surface  S  :  z  =  /(x),  x  £  G,'has  finite  generalized  Lebesgue  area  L(S). 

Krickeberg  in  1957  proved  that  /  is  BV  if  and  only  if  f  €  L\(G)  and  /  has  first  order 
partial  derivatives  in  the  sense  of  distributions  which  are  finite  measures  /cy,  j  =  1 
Thus,  a  BV  function  /(x),  x  =  (xj , . . . ,  x„ )  £  G,  has  distributional  partial  derivatives  /iy, 
j  =  1, . . . ,  i/,  which  are  finite  measures,  as  well  as  generalized  partial  derivatives  D3  f  which 
are  Id-functions. 

In  19GG  Conway  and  Smollcr  considered  the  Cauchy  problem  for  cjuasi  linear  hyperbolic 
equations  (conservation  laws) 


(0) 


u*  +  =  °. 

y=i 

u(0,y)  =  ti’(y), 


u  scalar,  x  >  0,  y  =  (»/i , . . . ,  y„)  £  H",  and  other  more  general  problems,  and  proved  that 
whenever  the  Cauchy  data  are  locally  BV  in  HI’',  then  the  equation  has  exactly  one  scalar 
weak  solution  u(x,y),  x  >  0,  y  €  Iff",  which  is  locally  BV  in  1R+  xll"  and  satisfies  a  suitable 
entropy  condition. 

2.  Calculus  of  variations  in  classes  of  BV  functions.  In  198G  Cesari,  Brandi,  and 
Salvadori  [5abc]  considered  integrals  of  the  calculus  of  variations  of  the  general  form 


(1) 


»)=  / 

Jg 


/0(x,  u(x),Du(x))<lx, 


x  =  (xi,...,x„)  €  G  C  R",  u(x)  =  («!,..., u,„),  I/>1,  m  >  1, 


and  corresponding  Serrin  type  functionals  J(u),  in  classes  of  BV  possibly  discontinuous 
vector  functions  u.  The  Serrin  functional  J(u)  is  obtained  as  usual  by  taking  lower  limits 
on  the  values  of  I  on  AC,  or  IV1,1  (G)  functions,  process  which  is  similar  to  the  one  with 
which  Lebesgue  area  is  defined.  First,  we  obtained  closure  and  lower  closure  theorems, 
hence  theorems  of  lower  semicontinuity  in  the  Zj- topology,  and  finally  existence  theorems 
of  the  absolute  minimum  of  J{u)  in  classes  of  BV  vector  functions  u(x)  =  (uj,...,um), 
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x  G  G  C  It",  whose  total  variations  V(«)  are  equibounded  [5abc].  We  proved  also  that 
7(«)  <  J(u),  and  that  J  is  a  proper  extension  of  7  in  the  sense  that  J{u)  =  7(u)  for  all  u 
which  are  AC,  or  W1,1(G). 

3. Existence  of  BV  possibly  discontinuous  absolute  minima  for  certain  integrals 
without  growth  properties.  Recently  I  considered  [4a]  multiple  integrals  of  the  form 


u(x)  — (til, . .  .  ,  Um),  G  G  (Z  H'  , 

tt(x)  =u>(x),  x  G  B  C  OG, 


and  associated  Serrin  functionals  J(u).  J.  studied  these  integrals  in  classes  of  BV  vector 
functions  u(x)  =  (uj, . . . ,  um),  x  £  G,  with  equibounded  total  variations.  Here  the  Uij  arc 
given  functions  of  class  Ci  and  the  V,  are  given  locally  Lipscliitzian  functions.  The  existence 
theorems  we  mentioned  in  no.  2  above,  and  we  had  proved  in  [5c]  do  not  apply  directly  to 
the  integrals  (2).  However,  I  proved  in  [4a]  that  the  same  integrals  /(«)  und  J(u)  can  be 
transformed  into  integrals  H(v)  and  'H(v)  to  wliidi  the  existence  theorems  in  [5c]  apply. 
Thus,  I  could  obtain  the  expected  existence  theorems  for  the  absolute  minimum  7(u)  and 
J(u)  for  BV  possibly  discontinuous  vector  functions  tz,  and  of  course  0  <  I(u)  <  jT(u). 

In  [4b]  and  in  [4c]  I  also  studied  a  number  of  variants  of  the  Serrin  functional  J(") 
associated  to  the  integral  /(«),  namely,  functionals  J*{v ),  I  proved  the  needed 

properties  of  lower  semicontinuity  in  the  topology  of  L\ ,  and  the  basic  relation  0  <  J(u)  < 
<  J*{u)  <  J(u).  It  is  clear  that  whenever  we  can  prove  that,  for  the  optimal  solution 
u  we  have  I(u)  =  0,  then  u  is  a  solution  of  the  differential  system  ,  [t^,y(x,  tt)]I.  + 
V](x,  u)  =  0,  i  =  1,. . .  ,m,  x  €  G  (a.e.) 

4.  Rankin-Hugoniot  tyjie  properties  in  terms  of  the  calculus  of  variations  and 
BV  solution 

For  m  =  1,  v  =  1,  we  are  dealing  with  the  original  integral 

(3)  7(u)  =  f  \uz  +  (F(u))„|  <lx  dy,  G  C  It2 

Jg 


x,  y,  w,  F  scalars. 

If  u  has  a  line  T  :  y  =  ?(x),  a  <  x  <  b,  of  class  Cl  and  of  jump  discontinuity,  say 

u2(x)  =  u(x,£(x)+),  «i(x)  =  tt(x,7(x)- ),  a  <  x  <  b, 

then,  under  mild  assumptions,  the  contribution  of  T  on  the  value  of  the  Serrin  type  functi'  •  >;d 
J*  is  >  0,  and  such  a  contribution  is  zero  if  and  only  if 

[u2(*)  -  ui(.t)M'(x)  =  F(u3(x))  -  F(uj(x)),  a  <  x  <  b, 


along  the  line  T  (Cesaxi  [4c]). 
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For  m  =  1,  u  >  1,  we  are  dealing  with  the  original  integral 

f  V 

(4)  I(u)  =  I  \UZ  +  ^(F,(u))„.  ilx  G  C  R*'+1»  dy  =  dyi  ... dyv , 

•'<7  >=i 

x,u  scalar,  u(x,t/)  =  u(x,  t/j, . . . ,  y„),  F(u)  =  (Ft , . . . ,  F„). 

If  u(x, y)  has  a  surface  T  :  x  =  £(y)  =  //(yj j/fD,  of  class  C1  and  of  jump 
discontinuity  for  u,  say 

tt2(y)  =  u(L(y)+,t/),  »i(y)  =  u(L(y)-,y),  y  =  {yu. .  .,y„)  £  D , 

then,  under  mild  assumptions,  the  contribution  of  T  on  the  value  of  the  same  Serrin  type 
functional  J*  is  >  0,  and  such  a  contribution  is  zero  if  and  only  if 

U 

Mv)  -  «i (y)  =  iF}(Mu))  -  ^(wi(?y))I,  v  e  d , 

j=i 

on  the  surface  T  (Cesari  [4c]). 

For  m  >  1,  v  =  1,  we  are  dealing  with  the  original  integral 

.  m 

/(?/)  =  /  V  |u,,  +  (F,(»))v|  c/.r  dy,  f/ClR2, 

(5)  Jo  fr; 

.r,y  scalars,  u(x,y)  =  u(«i, . . .  ,u,„),  F(«)  =  (F,, . . .  ,Fm), 

and  in  this  situation  we  must  use  the  Serrin  type  integral  J**.  Let  us  assume  that  for  a 
given  i  =  l,...,  m,  the  component  «,-(x,  y)  of  u  has  a  line  P  :  y  =  f(x),  a  <  x  <  b,  of  class 
C1  and  of  jump  discontinuity  for  u;,  say 

u,2(x)  =  «j(x,£(x)+),  »;i(*)  =  «,(x,  f(x)-),  a  <  x  <  b, 

while  the  remaining  components  Uh(r,  y),  h  =  l,...,m,  It  ^  t,  are  continuous  in  a  jieigli- 
borhood  of  T.  In  this  situation,  let.  us  take 

u(,’2)(x)  =(«i(x,£(x)+);ufc(x,£(x)),  It  ^  i,  h=l,...,m), 

t<(,,1)(.r)  =(u,-(x,£(x)-);  «/,(x, /?(*)),  /t  ^  i,  /?  =  1, . . .  ,m),  a  <x  <  b, 

I  proved  in  [4c],  under  mild  assumptions,  that  the  contribution  of  P  on  the  value  of  t.lie 
Serrin  type  integral  J7**  is  >  0,  and  such  a  contribution  is  zero  if  and  only  if 

[u,2(x)  -  ufi(x)]  £'(x)  =  Fi(uU’2)(x))  -  F,(u(,-')(x)),  a  <  X  <b, 

along  T  (Cesari  [4c]). 
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5.  Existence  of  BV  discontinuous  solutions  of  the  Cauchy  problem  for  certain 
hyperbolic  differential  systems. 

Let  m  >  1,  v  =  1,  let  F(u)  =  (Fi , . . . ,  Fm)  be  of  class  C1  in  Itm,  and  let  the  functions 
w(y )  =  (u>i, . . .  ,wm),  y  6  It,  be  bounded  and  locally  BV  in  II,  say  |u>,(y)|  <  M  in  H, 
and  V  [u?i(y),  —M  <  y  <  M\  <  H,  i  =  1,. . .  ,m.  Let  I  be  a  Lipschitz  constant  for  F  in 
Let  R,T  be  arbitrary  constants  with  LT  <  R,  and  let  G  =  [0  <  x  <  T,  —R  + 
Lx  <  y  <  R  —  Lx].  Then,  there  is  a  vector  function  u(x,  y)  =*  (ui , . . . ,  um),  (x,  y)  €  G,  with 
|uj(x,y)|  <  M,  V*(txj)  <  HT,  14(u»)  <  LHT ,  satisfying 

«<*  +  (Fi(u))y  =  0,  (x,y)  6  G  (a.e.),  u(x,  y)  =  (uj, . . .  ,um), 

«i(0>  y)  =  u>i(y)  a.e.  in  (—72,  i?],  i  —  1, . . . ,  m, 

x,  y  scalars  (Cesaii  and  Pucci  [6b]). 
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We  are  concerned  with  the  convergence  of  the  Lax- Friedrichs  scheme 
and  Godunov  scheme  for  the  system  of  isentropic  gas  dynamics.  The 
Cauchy  problems  in  the  Lagrangian  coordinate  and  the  Eulerian  coor¬ 
dinate  are  respectively 

f  +  p(v)x  =  0,p'(t>)  <  0 

l  vt  -  uz  =  0, 

(u,v)|t=o  =  (uo(z),t>o(x)), 

and 

f  Pt  +  (pu)z  =  0, 

l  (P«)t  +  (P“2  F  P(P))r  =  0,p'(p)>0, 

(p>«)lt=o  =  (po(*),«o(*)). 

where  p0{x),u o(z)  and  i’o(z)  are  bounded  measurabh-  functions.  For 
polytropic  gas,  p(v)  =  k2v~y ,  where  7  >  l  is  the  adiabntic  exponent. 

Nishida  [1]  established  a  global  existence  theorem  with  arbitrary  data 
of  bounded  variation  7  =  1  by  using  the  Glimm  schi-tne  [2].  To  the 
case  7  >  1  which  is  of  more  importance,  many  studies  have  been  made 
provided  the  data  satisfy  certain  mandatory  restrictions  [3-6].  In  1983, 
DiPerna  [7]  established  a  large  data  existence  theorem  for  7  =  1  f 
2 m+I » m  -  ^  integers,  by  using  the  viscosity  method  and  the  theory  of 
compensated  compactness  [8-11].  Since  technical  reasons,  the  results  all 
were  obtained  provided  that  the  initial  density  is  away  from  the  vacuum, 
namely,  po(*)  >  Co  >  0,  or  vo(x)  < 

The  Lax- Friedrichs  scheme  and  Godunov  scheme  are  finite  difference 
schemes  proposed  by  Lax  [12]  in  1954  and  Godunov  [13]  in  1959  respec¬ 
tively.  For  scalar  conservation  law,  Oleinik  [14]  and  Conway  and  Smoller 
[15]  proved  that  the  Lax- Friedrichs  difference  approximations  satisfy  the 
Helly  compactness  principle  and  obtained  the  convergence  of  the  scheme. 

For  Cauchy  problem  of  system  of  isentropic  gas  dynamics  with  the  ini¬ 
tial  density  containing  the  vacuum,  it  is  plausible  that  one  can’t  expect 
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to  prove  that  the  approximations,  especially  the  Lax- Friedrichs  and  Go¬ 
dunov  difference  approximations,  satisfy  this  compactness  frame  based 
on  the  analysis  of  Liu  and  Smoller  [16].  One  needs  to  hud  a  new  com¬ 
pactness  frame  which  is  satisfied  by  the  Lax- Friedrichs  and  Godunov  dif¬ 
ference  approximations  and  still  ensures  the  existence  of  a  subsequence 
converging  pointwise  a.e..  Recently,  Ding  Xia-Xi,  Luo  Pei  Zhu  and  I  [17- 
19]  have  found  such  a  compactness  frame  satisfied  by  the  Lax- Friedrichs 
and  Godunov  difference  approximations  for  the  Cauchy  problem  [3,  4j 
and,  for  1  <  7  <  |  and  the  initial  density  containing  the  vacuum,  still 
ensures  the  existence  of  a  subsequence  converging  pointwise  a.e.  on  the 
basis  of  the  work  of  DiPerna  [7,  20]  with  the  aid  of  the  theory  of  com¬ 
pensated  compactness  [8-11].  Therefore,  we  obtained  a  global  existence 
theorem  with  arbitrary  data.  Furthermore,  we  [21]  have  introduced  a 
generalized  Lax-Friedrichs  scheme  and  Godunov  scheme  for  the  inhomo¬ 
geneous  equations  of  gas  dynamics  (with  the  sources)  and  established 
its  convergence  theorem. 
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Aerodynamics  is  one  of  the  important  fields  of  application  of  the  theory  of  hyperbolic 
systems.  The  hyperbolic  systems  of  quasilinear  equations  are  widely  adopted  for  predicting  the 
unsteady  and  steady  supersonic  flows  of  compressible  gases. The  deriving  of  analytical  solutions  of 
these  equations  entails  insuperable  difficulties  especially  in  three-dimensional  problems.  In  this 
connection  the  use  of  numerical  methods  advances  to  the  forefront.  However,  the  construction  of 
efficient  numerical  algorithms  for  solving  the  gas  dynamics  equations  remains  an  urgent  problem 
of  computational  aerodynamics.  v 

The  present  study  is  devoted  to  the  construction  of  a  new  efficient  marching  algorithm  for 
solving  the  steady  Euler  equations. 

Consider  a  system  of  three-dimensional  equations  of  gas  dynamics  in  cartesian  coordinates 
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<  ’  ...  , c  is  the  acoustic  velocity. 

10. 


Assume  that  tq  >  c.  Then  xj  is  the  marching  coordinate  along  which  the  numerical  integration 
of  equations  (1)  is  carried  out. 

Approximate  a  system  (1)  by  an  implicit  difference  scheme 

Bf+'f—  y  J-  +£B?+iA,fn+I  =  0  ,  (2) 

11  1=2 

where  n  is  cross-section  number  in  the  x\  direction. 

For  implementing  the  nonlinear  difference  equations  (2)  we  shall  consider  an  iterative  scheme 


(•*'+ 1  _  fn  fit  _  fn 

J _ ,  nit  J  J 

Uu  hx  +Dn  hi 


-i  A,r+1  =  o. 


(3) 


1=2 


Here  v  denotes  the  iteration  number  in  the  n  +  1-th  marching  cross-section. 
Write  down  the  scheme  (3)  in  a  canonic  form 


ft+ 1  _  ft- 

Cv>- — - — —  =  -Wv  , 


(4) 
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where  Cu  =  (fl*,  +  ht  ]T  BjfA,) , 

1=2 

W'  =  {BvJV~r  +Y/DiA‘f')  ■ 

ll  1=2 

After  an  approximate  factorization  of  the  operator  C": 


CxiB^  +  hi  Bfr  A, )( B  i', ) ~ 1  ( B"n  +  ht  D!2  A2 )( B"v ) ~x  ( +  hxB^  A3 )( /*?,  )~l  ( 0?,  +  h ,  Vi'12  A3 ) 
the  scheme  (4)  is  replaced  by  a  scheme  in  fractional  spets 

(/if,  +/»,/?£,  A2)r+1/4  =  -IV" 

(i?r,  +fti^2A2)r+2/4  =  ^r1r+,/< 

+  fctUJjAa)  r+3/4  =  Bn  C+2/i  ♦  (5) 

(Bu+hiB^Ai)^'  =  B^  r+3/“ 

/"+1  =  /"  +  /i|  £l,+1 

Its  solution  at  eacli  fractional  step  is  derived  by  scalar  sweeps  or  a  scheme  of  running 
calculation. 

It  is  shown  an  absolute  stability  of  the  iterative  scheme  (5)  and  its  convergence  In  the 
solution  of  the  implicit  scheme  (2). 

It  is  proposed  a  version  of  scheme  possessing  a  conservativeness  property  and  having  a 
higher  approximation  order  in  a  j. 

The  accuracy  and  the  efficiency  of  the  proposed  numerical  method  is  examined  on  the 
problem  on  the  interaction  of  an  oblique  shock  wave  and  a  plate.  A  good  agreement  «.f  the 
numerical  solution  of  the  problem  with  an  exact  one  and  a  fast  convergence  of  iterations  is 
demonstrated. 
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Surface  water  waves  under  gravity  [Wl]  constitutes  a  hyperbolic, 
moving  boundary  problem.  For  the  solution  of  such  problems  various 
methods  are  at  disposal  [Y2]  .  In  some  of  them  Laplace's  equation  (see 
below)  is  solved  separately:  (1)  by  differential  equation  methods 
[Cl .C2 . H3 , K1 .01 , PI . Y2]  or  (2)  by  integral  equation  methods 
[D2.H3.L3.L4.L5.L7.N1.N2.N3.S3.V1.Y2].  In  [B1 .Cl ,H1 . H2.N3.01 . S2.S5]  and 
notably  in  Longuet-Hlgglns  &  Cokelet  [L7]  it  1s  reported  that  in  the 
course  of  the  computation,  when  the  equations  are  integrated  forward  in 
time,  a  smooth  surface  curve  may  develop  into  a  curve  with  a  superimposed 
saw-tooth  shape.  The  problem  has  been  overcome  by  an  artificial  smoothing 
of  the  boundary  curve.  We  shall  here  try  to  investigate  the  water  wave 
problem,  hoping  to  contribute  to  the  clarification  of  the  difficulties 
men  t ioned . 

We  consider  a  two-dimensional  water  problem,  2v-perlodlc  in  the 
(horizontal)  x-dlrectlon,  with  horizontal  bottom  y  *  0  with  the  y-axls 
pointing  upwards  (gravity  g  =  1)  and  with  moving  surface  curve  y  = 
n(x,t),  where  t  is  time.  Inside  the  region  a  2w-perlodlc  potential  4>  = 
4>(x,y.t)  satisfies  Laplace's  equation  A<)>  a  0,  while  (f’y  a  0  on  y  u  0.  On  y 

a  t)  the  potential  <{>  satisfies  well  known  boundary  conditions  [S6],  which 
make  the  problem  non-linear.  By  Introducing  *(x,t)  s  <J)(x  ,t)(x  .  t )  ,  t )  .  i.e.. 
the  potential  <j)  evaluated  on  the  moving  boundary,  the  conditions  on  he 
moving  surface  can  also  be  written 

Vt  -  4>y(x.rj.t)  -  TJx(x.t)  4>x(x.»l.t)  (1 

*t  *  H  -  n(x.t)  -  |  <t>x(x.n.t)a 

♦  5  4>y(x.n.t)  -  *Jx(x.t)  4>x(x.n.t)  <J>y(x,i7,t)  .  (»•  ) 


where  H  is  a  constant. 

For  x  s»  Xj  ■  1  2w/N;  i  ■  1,2,...,  N  (with  If  even)  the  function 
»Ij(t)  :•  »|(Xj,t)  and  f j(t)  :■  f(Xpt)  are  to  be  found.  These  functions 

T 

are  combined  Into  one  2N-vector  ♦  ■  [4>j .  . ^2N^  * 

T 

»j . .  The  potential  la  expressed  by  means  of  H 

terms,  each  2v-periodlc,  satisfying  Laplace's  equation  and  the  condi  ion 
on  y  a  0,  and  oaoh  with  an  unknown  coefficient.  These  coefficients  e.-e 


doteralned  In  tarns  of  +  by  solving  a  ayataa  of  linear  algebraic 

A* 

equations  [14],  while  the  derivative  t)x  la  approximated  In  tern*  of 

U 

{ 17 i > 1  *  bY  **tn>  o f  periodic  splines  [13].  Hereby  the  quantities  at 

the  right  hand  side  of  (1)  are  expressed  In  terns  of  and  we  wre 

therefore  led  to  a  system  of  2M  ordinary  (autonomous)  differential 
equations  (ODE's)  [L2] 

r  -  f(+)  .  (3) 

For  the  analysis  of  such  a  system  It  la  crucial  to  determine  the 
Jacobi  matrix  with  elements  Jjj  ■  .  In  the  special  cose  where 

■  i)||  •:  i|  (a  horizontal  surface  curve)  and  f j  *  w 2  “  ••• 

f|l  «:  t  (a  constant  surface  pressure)  the  2N  x  2N  matrix  J  has  the  fora 


where  each  of  the  aubmatrlces  are  N  x  N.  and  the  matrix  N  is  clrculant 
[Dl]  and  symmetric. 

The  matrix  J.  (3).  has  the  following  N  +  1  (Imaginary)  eigenvalues, 
with  ia  «  -1 . 

XtoJ  a  0  (4a) 

X<k>  «  ±  1  ;  k  «  1.  2 . (4b) 

where 


o<k>  ■  tanh(kq)  ,  (4c) 

while  j,  (3).  has  only  2N  -  1  (complex)  eigenvectors.  Indicating  that  the 

matrix  j  Is  defective  [N4]  .  It  Is  perhaps  not  surprising  that  the 

eigenvalues  are  expressed  In  terms  of  (4c),  which  also  enters  In 

the  formulas  for  infinitesimal  waves  on  a  horizontal  surface  [LI].  It  is 
more  important  that  the  absolute  largest  eigenvalues  are  the  two  with  k  a 
N/2. 

Systems  of  ODE  can  be  integrated  numerically  using  various  numerical 
methods  [L2]  [Yl];  each  method  Is  characterized  by  a  region  of  absolute 

stability  [84].  Let  X  be  an  eigenvalue  of  J  and  h  be  the  time  step,  then 

if  Xh  is  outside  the  region,  the  solution  will  develop  a  growing 
component  of  the  eigenvector  corresponding  to  X. 

In  the  present  case  the  eigenvalues  X^^^  ~  c  ±  lff(N/2)  j|aye 
eigenvectors  which  combine  to  a  saw-tooth  surface  curve,  described  by 

n 

(tJj)j  .  With  X  being  purely  Imaginary  the  Integration  methods  do  not 

create  saw  tooths,  provided  that  the  step  length  h  satisfy  0  i  |X|h  g  S. 
or 
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I 


0  5  h  i  h 


MX 


(5) 


where  S  depends  upon  the  aethod  used.  For  example: 

Adans-Bashforth-Moulton,  4th  order  (ABN4)  in  PECE  node  [Yl;  p.  -158]:  S  = 
0.92620161.  ef.  [S4;  Fig.  24]  [T 1 :  Fig.  4.2]  .(For  a  related  problem  [FI] 

it  is  found  that  At  «  (Ax)*^  .) 

Actual  nuaerlcal  calculations  have  been  carried  out  using  various 
aethoda,  in  particular  the  aethod  ABN4  (which  was  used  in  [L7]J.  with  N  * 

36.  Vlth  q  m  1  then  hMj(  ■  0.218308  according  to  (5). 

The  initial  functions 

tj  ■  1  ♦  a  slnx  (6a) 

f  ■  (e/Vtanh  1)  cosx  (6b) 

correspond  to  a  wave  of  peraanent  fora  trave 1 1 ing *  to  the  right  with  phase 

speed  c  ■  Vtanh  1  ,  provided  that  |e|  is  inf  ini tesiaal  [LI].  Froa  (6)  an 
initial  vector  can  be  derived  by  aeans  of  a  saapllng  in  x. 

The  value  a  =  0.01  is  saall  enough  so  that  the  nuaerlcal ly  coaputed 
results  follow  what  could  be  expected  froa  the  linear  theory  for  a 
horizontal  surface  curve:  If  h  *  0.24  >  h  saw  tooths  will  becose 

visible  with  an  aaplitude  which  is  independent  of  x,  but  grows  with  the 
nuaber  of  tlaesteps  as  predicted,  while  for  h  •  0.18  <  h _  saw  tooths 

BlftX 

apparently  do  not  develop. 

The  value  e  a  0.1  is  so  large  that  the  above  results  are  not 
applicable:  If  h  ■  0.24  the  saw  tooths  again  become  visible,  but  now  with 
a  large  aaplitude  near  the  crest  and  a  small  aaplitude  near  the  trough. 
This  sane  feature  is  noticed  from  Figure  4  in  Longuet-Higgins  &  Cokelet 
[L7].  From  this  coincidence  it  is  -  of  course  -  not  possible  to  conclude 
with  certainty  whether  the  saw  tooths  observed  by  Longuet-Higgins  & 
Cokelet.  and  others,  simply  are  due  to  an  integration  with  a  time  step 
which  is  too  large.  (Professor  Jean-Marc  Yanden-Br oeck ,  Math.  Res. 

Center,  Madison.  VI,  U.S.A.,  is  thanked  for  discussions  relating  to  that 
conclusion. ) 

The  numerically  computed  evolution  of  a  boundary  curve  may  depend 
upon  which  integration  rule  is  used,  whereby  some  aspects  of  the  problem 
under  consideration  may  be  blurred.  Therefore  it  nay  be  advantageous 
directly  to  compute  the  Jacobi  matrix  by  numerical  differentiation  (e.g. 
by  means  of  [II])  at  a  prescribed  boundary  curve  and  boundary  potential, 
and  subsequently  determine  numerically  [12]  the  eigenvalues  and 
eigenvectors  for  J.  (For  a  somewhat  related  problem  [Rl].  where  Laplace's 

equation  is  solved  by  means  of  a  certain  Integral  equation,  a  similar 
computation  has  been  carried  out.) 

Actual  nuaerlcal  calculations  can  reproduce,  with  high  accuracy,  the 
results  (4),  including  the  double  eigenvalues.  For  other  boundary  curves 
and/or  boundary  potentials,  than  those  leading  to  (4),  it  is  observed 
that  two  opposite,  double,  purely  imaginary  oigenvalues  are  split  into  a 
quadruple  of  simple  eigenvalues,  X  a  ±  a  ±  ip  ,  l.e.  two  with  positive, 
and  two  with  negative  real  part.  (A  similar  splitting  is  reported  in 
[Rl].) 

The  theory  for  two-dimensional  water  wave  problems  states  that  waves 
can  travel  with  a  permanent  fora  vlth  a  certain  phase  speed,  and  that  the 
waves  are  stable  to  superharmonlc  perturbations  provided  that  the  waves 
are  not  too  high  compared  to  the  wave  length  [L6,M1,81,Z1].  The  permanent 
fora  corresponds  to  certain  functions  q  and  r,  for  t  ■  0.  If  however,  for 
t  >  0,  such  functions  q  and  t  are  chosen,  which  do  not  correspond  to  a 
permanent  form,  there  will  be  a  change  of  form,  which  may  be  obtained 
when  some  components  are  growing,  corresponding  to  eigenvalues  vlth 
positive  real  part.  At  a  later  stage  the  growing  components  nay  turn  into 
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decaying  components.  Therefore,  when  waves  of  non-permanent  fori*  evolves, 
it  aay  be  aeeoapanied  by  eigenvalues  with  positive  real  part.  (Itr.  Ulla 
Ir Inch-Ill el sen  is  thanked  for  discussions  leading  to  that  conclusion.) 

Therefore  the  following  questions  arise  concerning  the  eigenvalues 
with  positive  real  part: 

(1)  Do  these  eigenvalues  indicate  a  genuine  instability  inherent  In  the 
systea  of  ODE'sT 

(2)  Do  the  original  systea  of  PDE‘s  possess  instabilities? 
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NONLINEAR  CONSERVATION  LAWS 
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Solutions  of  scalar  nonlinear  conservation  laws  are  calculated  by  using  discontinuous  finite 
elements.  First  order  schemes  are  obtained  with  piecewise  constant  approximations,  while  higher 
degree  piecewise  polynomial  approximations  give  higher  order  schemes.  On  the  boundary  of  the 
discretization  cells,  numerical  fluxes  are  calculated  by  using  one-dimensional  Riemann  solvers. 
Special  attention  is  given  to  the  piecewise  linear  case  for  which  trueiy  multidimensional  slope 
limiters  are  defined. 

1.  Intcftdtfjction 

Recently  there  has  been  a  large  activity  to  design  and  analyze  "high  resolution"  schemes 
for  nonlinear  hyperbolic  conservation  laws  and  one  can  find  many  references  in  the  proceedings  of 
this  conference.  In  this  paper  we  propose  to  use  the  discontinuous  finite  element  method  for  such  a 
purpose. 

It  is  a  finite  volume  method  where  the  volumes  considered  for  mass  balance  are  the  cells 
of  the  discretization  themselves.  Inside  a  cell  polynomials  of  arbitrary  degree  can  be  used,  and  on 
the  boundary  the  numerical  flux  is  calculated  by  using  Riemann  solvers  in  the  normal  direction. 
Actually  we  consider  only  the  case  of  piecewise  constant  and  piecewise  linear  approximations.  The 
latter  yields  a  higher  order  scheme  which  has  to  be  stabilized  by  a  slope  limiter  that  is  a 
multidimensional  extension  of  Van  Leer's  one  [10]. 

The  linear  version  of  the  discontinuous  finite  element  method  have  been  first  analyzed  in 
[8]  and  more  recently  in  [7].  The  nonlinear  version  has  been  used  in  reservoir  simulation  [2],  [3] 
and  is  presented  and  analyzed  in  the  one  dimensional  case  in  [1],[4].  It  is  also  closely  related  to  the 
MUSCL  scheme  analyzed  in  [9]. 

We  consider  here  the  scalar  nonlinear  conservation  law 

(1.1a)  du/dt  +  div  f(u)  =  0,  x  €  Rn, 

(1.1b)  u(x,0)  =  uq(x),  x  e  Rn, 

given  f-[0, 1  ]  -»  Rn  and  uQ:  Rn  -*  [0, 1 3.  The  extension  of  the  method  to  the  Euler  equation  is  under 
way  using  a  field  by  field  decomposition. 

2.  One-dimensional  space  approximation 


Let  us  denote  by  ...  <  Xj-i/2  <  xM/2  <  —  “dby  =  1  xi-l/2'x1+l/2  t 
the  points  and  the  intervals  of  the  discretization  of  R.  The  measure  of  K(f)  is  h(  -  x1+ ,  /2~X)- 1  /2- 
We  introduce  the  approximation  space  of  functions  which  are  discontinuous  at  the  discretization 
points  and  restrict  to  polynomials  of  degree  k  on  each  interval  K(1)  and  vLj+ 1/2,  yfV  1  /2  ^  V1 
denote  respectively  the  left-handed  and  the  right-handed  limits  at  xf+ ,  /2,  and  the  mean  value  over 
K(l)  of  a  function  v  in  vk. 

The  approximation  equation  is  obtained  by  multiplying  equation  (1.1)  by  test  functions 
in  V*S  by  integrating  over  the  intervals  and  by  integrating  by  parts  the  tenn  containing  the  derivative 
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with  respect  to  space.  Hius  the  approximate  problem  consists  of  seeking  uh  c  solution  of 


(2.1)  (duh/dt)  v  dx  ~/k(d  f(uh)  (dv/dx)  dx  + 

FM/2  vLM/2  “  F1-1/2  vR1-1/2  "  °-  for  V€vk  •  l€Z-  1  >  °' 

The  numbers  Fjt  |  /2,  are  numerical  fluxes  which  are  functions  of  the  two  limit 
values  at  the  discretization  points  and  are  calculated  by  means  of  exact  or  approximate  Riemann 
solvers  [5],  [6]. 

Note  that  for  k  =  0  scheme  (2.1)  reduces  to  the  first  order  finite  difference  scheme 
du,/dt  ♦  (Fi+1/2  -  F1_1/2)  /  *  0,  1eZ,  t  >  0. 

and  that,  for  k  >  0,  conservation  equations  are  obtained  by  taking  for  v  in  (2.1)  the  characteristic 
functions  of  the  intervals. 

For  k  )  1  scheme  (2.1)  does  not  have  good  stability  properties  and  the  calculated 
solution  oscillates.  To  stabilize  them,  we  extend  to  the  discontinuous  finite  element  method  the 
notion  of  slope  limiters  already  introduced  by  Van  Leer  [10]  for  finite  difference  schemes.  We  now 
denote  by  u*h(t)  the  function  satisfying  (2.1)  and  we  impose  on  uh(t)  to  satisfy 

(2.2)  (/K(1)  uh(t)  dx)  /  h,  =  u,(t)  =  u*t(t), 
in  order  to  preserve  mass  balance,  and 

(2.3a)  ( I  -a)Uj(t)  *  aMln(Uj_ ,  (t),u"j(t))  <  uRj_  1  /2(t)  <  ( 1  -oOujCt)  ♦  aNax(iJj_  |  (t),u j(t)), 
(2.3b) ( 1  -a)Uj(t)  +  aM1n(u,(t),u)+ 1  (t))  <  uL1+]/2(t)  <  (l-oc)uj(t)  +  aMax(Uj(t),u’),  |(t)), 
(2.3c)  0  <  a  <  ! , 

(2.4)  uh(x)  5  Uj  for  x  e  K(t)  if  U|  )  Max(Uj_  j  ,u1+  ^ )  or  Uj  <  M1n(U|_ ,  ,iTj+ , ), 

to  limit  the  slope  of  uh.  Since  uh(t)  is  not  uniquely  defined  by  (2.2-4),  one  can  also  impose  for 
instance  that  uh(t)  be  as  close  as  possible  to  u*h(t)  with  respect  to  the  norm. 

The  parameter  a  controls  the  slope  limitations  and  the  corresponding  added  numerical 
diffusion.  In  the  case  of  a  piecewise  linear  approximation  (k=  1 ),  when  a  -  0  the  slope  limited 
solution  is  piecewise  constant  so  it  is  the  strongest  possible  slope  limitation;  then  we  are  taken  back 
to  a  first  order  finite  difference  scheme  and  the  added  numerical  diffusion  is  maximum.  On  the  other 
hand,  the  larger  a  is  the  looser  is  the  slope  limitation  and  the  smaller  is  the  added  numerical 
diffusion. 

Note  that  in  such  a  formulation,  the  slope  limiting  process  is  a  step  distinct  from  the 
finite  element  calculation.  This  makes  it  easier  to  design  various  time  steppings  -  explicit,  implicit, 
higher  order  [4],[11]  -  since  they  will  affect  only  the  latter,  and  to  extend  the  method  to  the 
multidimensional  case. 

A  crucial  point  for  the  method  to  be  computationally  efficient  is  to  choose  the  adequate 
integration  formulas  in  eq.  (2.1).  For  example,  in  the  case  k-1  and  of  first  order  backward 
differencing  in  time,  numerical  experiments  have  shown  that  the  trapezoidal  rule  for  die  integral 
containing  the  derivative  with  respect  to  time  and  the  midpoint  rule  for  the  integral  containing  the 
derivative  with  respect  to  space  is  the  best  choice  while  more  precise  formulas  give  more  cosdy  and 
not  as  nice  results. 
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3.  Multidimensional  space  approximation 


We  consider  a  regular  discretization  of  the  domain  Q  with  n-simplices  and  n  rectangles 
K  e  rhof  diameter  less  than  or  equal  to  h  and  we  define  the  approximation  space  V  *  of  functions 
which  are  discontinuous  across  the  interelement  boundaries  and  which  restrict  to  P 1  polynomials  on 
the  n-simplices  or  Q '  polynomials  on  the  n-rectangles.  The  degrees  of  freedom  of  functions  of  v ' 
are,  element  by  element,  their  values  at  the  vertices.  We  denote  them  vK  A  with  Ke  /  h  and  A  a 
vertex  of  K. 

Another  choice  is  possible  in  case  of  a  structured  mesh  of  rectangles:  one  can  still  take 
P  1  polynomials  (instead  of  Q  ’ )  in  the  definition  of  V  ' .  A  convenient  choice  of  the  degrees  of 
freedom  is  the  average  value  of  the  function  in  the  element  and  its  slopfes  in  the  directions  parallel  to 
the  axes.  Then  a  multidimensional  scheme  is  obtained  by  writing  the  one-dimensional  scheme  in  the 
directions  parallel  to  the  axes.  This  is  what  is  done  usually  in  higher  order  finite  difference  schemes 
but  this  is  not  what  we  can  call  a  truely  multidimensional  scheme. 

As  in  one  dimension,  we  calculate  uh  e  V '  in  two  steps:  a  finite  element  calculation 

giving  a  predicted  solution  u*h  e  V 1  followed  by  a  slope  limitation  yielding  u^.  The  finite  element 
calculation  consists  in  solving  the  following  equation: 

(3.1)  /«•  (du*h/dt)  v  dx  -/K  f(uh)  gradv  dx  +  /dK  F  v  dtr  =  0,  for  veV1  ,  K 

where  the  numerical  flux  F  defined  on  the  edges  of  the  mesh  is  calculated  as  follows. 

First  we  note  that  the  integral  over  dK  is  the  sum  of  integrals  over  three  or  lour  edges. 
Any  integral  over  an  edge  E  will  be  calculated  by  means  of  an  integration  formula 

yE  r  v  d*  -  St.^npf  P,  F(P,>  vCP,), 

where  npl,  p j,  P(  denote  respectively  the  number  of  integration  points,  the  weights  and  the  points 
of  the  integration  formula. 

Then  we  note  that  the  numerical  flux  F  is  an  approximation  on  the  edge  E  of  the  quantity 
F.v  where  v  is  a  unit  normal  to  the  edge  E.  Therefore  it  is  legitimate  to  calculate  F(P()  by  solving 
the  one-dimensional  Riemann  problem  in  the  direction  of  v,  relative  to  the  function  F(Pj).v  and  to 
the  initial  data  the  two  limit  values  u(Pj)+,  u(Pj)“  of  at  the  points  Pj.  Thus  F(Pj)  is  calculated 
by  the  same  formulas  as  described  in  section  2.2  for  the  one-dimensional  case  with  u(Pj)-, 
u(Pj)+,  F.v  replacing  respectively  ul1+j/2>  uR1+ 1 /2*  f- 

We  formulate  now  a  multidimensional  extension  of  the  one-dimensional  slope  limiter 
(2.2-4).  For  any  element  Ke  and  any  veV '  we  introduce  the  following  notations: 

nv(K)  *  number  of  vertices  of  K, 

n  A) »  (  Ke  7k  1  A  is  a  vertex  of  K ), 
nv(K) 

vK-  [  2^  vK  A)]  /  nv(K)  -  average  of  v  over  K, 

VK"(  VK,A|}  M,nv(K)' 
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jK(vK)  = 


nv(K)  w 

[  j?|  (VK,A,-  u  K,A 


,)2  ]  /  2  . 


JK  measures  the  distance  between  v  and  u*h  inside  the  element  K. 

The  slope  limited  function  uh  must  have  the  same  cell  averages  as  u*h  to  preserve  mass 
balance  and  its  degrees  of  freedom  will  satisfy  inequalities  similar  to  (2.3), (2.4).  This  can  be 
achieved  in  the  following  way.  Given  u*h  obtained  from  (3.1),  we  calculate  for  any  veil  ex  A  of  the 
discretization  the  minimum  and  the  maximum  of  the  averages  in  the  cells  surrounding  A 


UM,N<A>.KMJnA)U*K  .  UHAX(A)  VJJR, 

Then  uh  is  obtained  by  solving  the  series  of  minimization  problems: 


Find  uh  €  V 1  such  that  for  all  Ke  7"h  UKe  PKnQK  an<* 

jk(Uk)  =  vK^KnoJKK(VK)' 


where  PK  and  0K  are  respectively  the  following  hyperplane  and  hypercube  in  Rnv(K' 

,  v  nV(K) 

PK  =  1  xeRnv(K^  I  .2  Xj  =  nv(K)  u*K  ), 
nv(K) 

0K  -  n  [( 1  -a)  u  K  ♦  a  UMIN(Aj) ,  ( 1  -a)  u  K  ♦  a  UMAX(A()  ]. 


It  is  easy  to  check  that  each  minimization  problem  in  K  has  a  unique  solution  which  can  be 

calculated  by  dualizing  the  constraint  VKeP«  and  solving  the  associated  saddle  point  problem  |2]. 
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A  METHOD  TO  GET  CORRECT  JUMP  CONDITIONS  FROM  SYSTEMS  IN 

NONCONSERVATIVE  FORM 

by  J . F .  Col ombeau 

Engineers  use  systems  in  nonconservative  form  to 
represent  shock  waves.  Numerical  experiments  show  that  these 
systems  have  indeed  such  solutions;  however, from  the  theoretical 
viewpoint , they  do  not  have  discontinuous  solutions  in  the  sense 
of  distribution  theory. 

A  theory  of  generalized  functions  which  was  developed  to 
give  a  meaning  to  all  products  of  distributions  ([ 1 , 2] ,  and  [3,4] 
for  more  recent  presentations) ,  can  be  used  to  master 
mathematically  discontinuous  solutions  of  such  systems.  The 
equations  have  to  be  formulated  in  this  theory.  If  one  adopts 
the  weakest  formulation  (corresponding  to  the  concept  of  a  weak 
solution  in  the  distributional  sense  )then,in  contrast  with  the 
conservative  case, one  gets  in  general  an  infinite  number  of 
possible  jump  conditions , depending  on  a  parameter  which  has  a 
physical  significance. 

To  resolve  the  ambiguity  this  theory  suggests  to  state 
the  equations  of  physics  in  a  way  more  precise  than  usual  on  the 
shocks : one  postulates  that  the  basic  laws  of  physics  still  hold 
in  a  strong  sense  even  in  the  infinitesimal  space-time  region 
in  which  the  jump  takes  place, while  the  constitutive  equations 
are  not  assumed  to  hold  in  this  region. In  basic  cases  this 
method  gives  nonambiguous  jump  conditions  and  then  they  agree 
with  the  results  of  experiments. 

Unexpectedly  this  method  can  also  be  used  for  a  new 
insight  (offering  new  numerical  methods) into  classical 
conservative  systems  such  as  fluid  dynamics: one  can  -within  this 
mathematical  theory-  transform  systems  from  a  conservative  form 
into  an  equivalent  nonconservative  form, whose  numerical 
treatment  can  be  easier  (recall  the  well  known  fact  that  formal 
manipulations,  which  are  valid  in  the  case  of  smooth  flows, can 
alter  the  jump  conditions  in  the  case  of  shocks  ; therefore  these 
transformations  are  not  obvious). 

The  aim  of  this  talk  is  to  present  this  method  very 
clearly  on  four  examples:  elasticity  (system  with  density- 
velocity-  stress  given  in  nonconservative  form),  fluid  dynamics 
(system  with  density-  velocity  -  pressure-  energy  given  in 
conservative  form) ,  elastoplasticity  and  shock  waves  in  viscous 
media  . 
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Formulas  such  as  "  Y5=  (1/2)5  "  (Y  =  Heaviside  function) 
have  been  used  since  long  time  by  physicists  and 
mathematicians . They  give  correct  results  in  some  basic 
circumstances  (in  fact  the  simplest  ,  and  so  ,the  more  important 
ones  ).  The  genuine  difficulty  lies  precisely  in  finding  the 
situations  in  which  these  formulas  hold  and,  in  general  ,  in 
finding  the  correct  conditions. 

1  J . F . Co  1 ombeau :  New  generalized  functions  and  multiplication  of 
distributions.  North-Hoi  land  1984. 

2  J . F . Co  1 ombeau :  Elementary  introduction  to  new  generalized 

functions . Nor th-Hol land  1985.  % 

3  E . E . Rosinger :  Generalized  solutions  of  nonlinear  PDE . 

Nor th-Hol land  (Math.  Studies  1 44) , november  1987. 

4  H . A . Biagioni :  Introduction  to  a  nonlinear  theory  of 

generalized  functions  (200  p.)  Preprint  series  Notas  de 

Matematica  .State  University  of  Campinas  UNICAMP,  Campinas, 
Sao-Paulo  .Brazil. 

Some  results  in  the  talk  can  be  found  in: 

5  J . F . Co  1 ombeau , A . Y . LeRoux :  Multiplications  of  distributions  in 
elasticity  and  hydrodynamics . J . of  Mathematical  Physics  , to 
appear  in  february  1988. 


Two  related  trends  of  works  not  developed  in  this  talk: 

This  theoretical  method  leads  to  numerical  methods; some 
of  them  are  to  be  found  in 

J . F . Co  1 ombeau , A . Y . LeRoux : Nume r i cal  techniques  in  elastodynamics . 
Lecture  Notes  in  Math. 1270.  Springer,  1987,  p.103-114. 

- :Numerical  methods  for  hyperbolic  systems 

in  non-  conservative  form  .Advances  in  computer  methods  6.IMACS 
1987, p.28-37  . 

This  mathematical  context  provides  solutions  of  the 
Cauchy  problem  in  cases  in  which  there  is  no  distribution 
solution: 

J.J.Cauret.J.F .Col ombeau ,A.Y.LeRoux:Disconti nuous  general ized 

solutions  of  nonlinear  nonconservative  hyperbolic  equations.  J. 
of  Math.  Ana.  and  Appl.In  press. 
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J . F . Co  1 ombeau , M . Ober guggenberger : Hy per bol i c  systems  wilh  a 

compatible  quadratic  term  :  generalized  solutions,  delta  waves, 
and  multiplication  of  distributions. 

M . Ober guggenberger : General i zed  solutions  to  semilinear  hyperbolic 
systems.  Monatshefte  fur  Math . 1 03 , 1 987 , p . 1 33- 1 44 . 

- :Hyperbolic  systems  with  discontinuous 

coefficients;  examples . Proceedings  GFCA  1987.  Plenum  Pub.  Comp, 
in  press  . 


- ;  generalized  solutions  and  a  transmission  prob) em  in 

acoustics  . 


U.E.R.  de  Mathemat 1 ques  et  d’  Inf ormati que ,  Univei site  de 
Bordeaux  1,  33405  TALENCE  ,  PRANCE. 
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UNIFORMLY  HIGH  ORDER  CONVERGENT  SCHEMES 
FOR  HYPERBOLIC  CONSERVATION  LAWS. 

F.  COQUEL  &  J.  CAHOUET 
Research  Group 

Laboratoiie  National  d'Hydraulique,  E.D.F. 

6,  quai  Warier  78400  CHATOU  FRANCE. 


Some  years  ago,  Leonard  ([1],[2J)  derived  a  difference  scheme  using  an  original  technique 
in  order  to  combine  monotonicy  and  high  order  accuracy.  Based  upon  the  attractive  5-point  linear 
scheme  Quick  [3]  without  real  theoretical  frame,  this  scheme  gives  however  remarkably  sharp 
profile  for  the  linear  advecrion  equation.  It  was  the  investigation  o’  this  scheme  and  associated  ones 
(I4J)  which  prompted  this  work. 

We  consider  numerical  approximation  of  the  weak  entropy  solution  of  the  scalar  equation : 


u,  +  f  ( u  )x  =  0 
.  u(x,  0)  =  Uq  (  x  ) 


0  £  t  <1  T 


We  present  a  systematic  procedure  to  modify  5-points  linear  schemes  such  that  convergence 
towards  the  weak  entropy  solution  of  (1)  can  be  established  while  high  order  spatial  accuracy  is 
achieved  even  at  non  sonic  critical  points.  Our  method  might  be  described  as  a  simple  modification 
of  T.V.D.  schemes  which  preserves  BV  n  L°°  stability,  entropy  stability  being  achieved  following 
Vila's  ideas  ([5],[6]).  Having  developed  a  suited  procedure  to  check  T.V.D.  correction,  we  will 
state  in  a  second  part ,  precise  results  concerning  the  construction  of  uniformly  high  order  accurate 
convergent  schemes.  Then,  we  derive  several  schemes  based  upon  the  Quick  scheme  which 
enligthen,  in  some  extents,  Leonard's  approach.  Details  v.f  orcofs  are  provided  in  [12] . 

1.  T.V.D.  AND  ENTROPY  CORRECTIONS  OF  5-POINT  LINEAR  SCHEMES. 

Let  denote  the  numerical  flux  associated  with  a  5-point  linear  scheme.  Restn  -ting 
ourselves  to  E-schemes  ([7])  which  behave  like  the  first  order  upwind  scheme  away  from  >onic 
points,  we  may  write,  before  T.V.D.  correction  : 

J,n  _  En  .  n 

"j+1/2  ~  &j+l/2  +  aj+l/2 

In  order  to  achieve  BV  n  L°°  stability,  we  must  "limit"  the  antidiffusive  flux 

n 

n  1  I  "  |  9j+l/2  A  n 

aj+l/2  =  T  Vj+l/2  ^  Auj+l/2 

'*  *•  i M 


where 


^j+,/2  - 


A  fj+l/2 


hjVi/2  -  *£i> 


A  *j+3/2 


with  die  usual  notation 


n 

a$ib 

if 

n 

rj+l/2 

A  *1+1/2 

V 

j +1/2 

n 

AfT+ 1/2 

if 

n 

rj+l/2 

A  *j+3/2 

Vj+l/2 

W 


AfT+l/2 


The  reduced  flux  thanks  to  the  consistancy  of  h"^^  with  f(u),  only  depend  on 
r*1^.!^  through  a  linear  relation.  This  suggests  to  replace  ^+1/2  by  a  suited  function  e(r)  whose 
restriction  to  "smooth  regions"  is  ^1/2  •  Owing  to  the  set  of  sufficient  conditions  deriv  d  by 
Harten  ([8])  and  Vila,  ensuring  the  BV  and  L“  norms  decay,  we  can  prove : 


Theorem  1 :  Assume  that  <p(r)  satisfies  : 

(  3 ( M , )  e  R*  x  [-1,0]  )/(Vr  e  R  ,  |i  £  <p(  r )  £  M  and  -M <,  <  1  +  p.  ) 

Then  the  corrected  flux 


There  is  therefore,  as  the  mesh  size  Ax  tends  to  0,  a  subsequence  in  lJ|0C  converging 
towards  a  weak  solution  of  (l).To  achieve  a  good  entropy  production  for  the  limit  solution,  we 
slightly  modify  the  correc  tive  antidiffusive  flux  according  to  Vila's  ideas  (|5],|6J).  Thus  if  one 
enforces  anj+l/2  to  vanish  with  the  mesh  size,  we  obtain 

Theorem  2  :  The  following  correction  of  the  antidiffusive  flux 

aj"+i/2  *  s8n  (  a",  !/2  )  Min  (  C  Ax“ ,  I  a"+,/2 1  )  with  (  C  ,  a  )  e  R*  x  ]  0 , 1  | 

ensures  the  entropy  convergence  I 

Notice  that 


(  VA>0)  (3C>0)  /(  a"+ia  =  a"+1/2  in  any  region  where  lAu"+1/2l  <  A  Ax) 

so  that  the  resulting  scheme  is  still  high  order  accurate  everywhere  except  at  the  critical  points 
where  T.V.D.  property  makes  it  necessarily  degenerate  into  first  order  accuracy  fl7]).Thi‘;  perpetual 
damping  of  local  extrema  leads  the  error  to  be  O(Ax)  in  L“  norm. 

2.  UNIFORMLY  IIICII  ORDER  CONVERGENT  SCHEMES. 


To  overcome  this  main  drawback,  Harten  and  al  ([9],  1 10])  have  introduced  the  E.N.O. 
schemes  of  globally  high  order  accuracy  in  smooth  regions.  At  this  time,  convergence  estimates  are 
unavailable  but  numerical  experiments  enlighten  their  extreme  stability.  Quite  recently,  Shu  ([  1 1 J ) 
has  proposed  a  Total  Variation  Bounded  (T.V.B.)  modification  of  some  existing  T.V.D.  schemes 
involving  the  classical  min-mod  function  in  such  a  way  that  high  order  spatial  accuracy  is  achieved 
including  at  critical  points. 

We  present  here  a  systematic  procedure  to  convert  5-point  linear  schemes  into  convergent 
schemes(  i.e.  BV  n  L°°  and  entropy  stable)  of  uniformly  high  order  accuracy  in  space.  As  for  Shu's 
approach,  there  is  a  price  to  pay  for  this  extra-accuracy  ;  namely  the  loss  of  the  monotonicity 
preserving  property.  However,  the  following  estimates  can  be  performed  : 

II  u"  II  S  II  “oil  .  +  Of4*2) 

•  L  L  for  OSnAtST 

TV(  u" )  !S  TV(  u0 )  +  CK  Ax  ) 


Theorem  3  :  Assume  that  there  exists  ( a,b )  e  R*+2  such  that  the  reduced  flux  <p0>0(  r  )  (  Fig.l  ) 
provides  a  scheme  which  preserves  BV  and  L0*  norm  under  the  C.F.L.  condition  : 

Max|vnj+W|  <5  p 

Then  for  any  M'  and  M"  >  0  ,  the  scheme  associated  with  the  reduced  flux  <pMM-  (l;ig.  2  )  is 
BVnL**  stable  in  0<t$T  under  the  same  C.F.L.  condition  i 
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The  main  idea  underlying  the  proof  is  to  obtain ,  as  Shu  did ,  the  following  key  estimate  : 
hM\M*j+i/2  =  ho,o j+1/2  +  dj+i/2  where  I d"+1/2 1  £  BAx2  fnranyn.j. 

Then  we  ensure  entropy  stability  as  previously  pointed  out . 

Theorem  4  :  For  any  D  >  0  ,  there  exist  M'  and  M"  >  0  such  that  the  scheme  is  high  order 
spatial  accurate  in  any  region  where  derivatives  of  u  are  bounded  by  D  (except  at  sonic  ]>oints)  ■ 


3.APPLICATION  TO  QUICK  SCHEME  AND  NUMERICAL  RESULTS. 

Under  the  latter  guidelines,  we  present  several  convergent  corrections  of  the  attractive  third 
order  accurate  Quick  scheme  ( [3]  ).The  formal  extension  of  modified  Exquisite  scheme  ([4  j)  to 
nonlinear  hyperbolic  scalar  equations  is  shown  to  be  T.V.D.  Since  its  reduced  flux  suffers  horn 

9(r)  1 

a  lack  of  symmetry  {  -j-  *  <p(— )  }  ,  another  T.  V.D.  correction  is  designed  to  get  this  property. 

Actually ,  Quick  is  modified  in  order  to  give  a  uniformly  high  order  accurate  scheme  which  justifies 
in  some  extent  the  Euler-Quick  scheme  ([1],[2]). 

For  steady-state  computations,  a  delta  formulation  ([13])  is  used  to  speed  up  the 
convergence  process.  The  implicit  operator  is  discretized  in  space  with  the  full  Donor-Cell  scheme 
and  the  explicit  part  uses  previous  schemes. 

Theorem  5  :  This  implicit  procedure  preserves  the  total  variation  behaviour  (  decay  or 
boundedness )  of  the  underlying  high  order  scheme  I 

Numerical  experiments  are  performed  in  order  to  compare  the  uniformly  high 
order  convergent  correction  of  the  Quick  scheme  to  the  T.V.D.  one.  Numerical  simulations  of 
unsteady  and  steady  fluid  flows  containing  shocks  will  be  shown  at  the  conference.  An  approach 
allowing  an  easy  extension  to  multidimensional  system  is  described  in  ref  [14]  and  applied  to 
multiphase  flow  simulations. 


-  NOMENCLATURE  . 


Ayj.1/2  -  !>1  -  Vi  ■  f&n  -  <<u”*i  •“">  :  A&m-  « -  f(“") 

,  At 

A  x  :  Mesh  size  ;  At:  Time  step  ;  A.  =  — 

A  x 
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Reduced  flux  of  the  5 -point  linear  scheme 


Reduced  flux  of  the  5 -point  linear  scheme 
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A  method  for  applying  a  hyperbolic  grid  generation  scheme  to  the  construction  of  meshes  in  general  2-d 
regions  has  been  developed.  This  approach  is  similar  to  that  developed  by  Steger  and  Chaussee  (1980)  and 
represents  a  generalisation  of  their  work.  The  equations  used  by  Steger  and  Chaussee  arise  from  imposing  the 
constraints  of  orthogonality  and  volume  distribution  on  the  computed  grid.  These  constraints  can  be  relaxed 
by  introducing  an  angle  control  source  term  and  this  leads  to  methods  for  solving  the  standard  problems 
of  hyperbolic  grid  generation.  Novel  applications  of  this  approach  include  controlling  the  propogation  of 
singularities,  preventing  shock  formation  (crossing  grid  lines),  and  the  generation  of  internal  grills. 

INTRODUCTION 

Over  the  past  decade,  the  scope  of  finite  difference  methods  has  been  extended  to  include  equation  sets 
posed  on  arbitrary  geometries.  This  has  been  accomplished  through  the  process  of  numerical  grid  generation 
wherein  the  geometry  is  mapped  onto  a  simpler  domain  and  the  transformed  equations  solved  them.  For  finite 
difference  methods,  the  simplest  domain  is  an  n-rectangle  (n  =  space  dimension)  and  the  grid  generation 
problem  consists  of  mapping  an  n-rectangle  onto  the  domain  of  the  equation  set.  Thus,  the  geometry  is 
represented  as  a  deformed  n-rectangle  and  the  numerically  generated  grid  as  a  deformed  n-lattice. 

A  variety  of  algorithms  have  been  developed  for  numerical  grid  generation.  Among  these  are  algebraic 
methods,  schemes  based  on  solving  partial  differential  equations  and,  optimisation  techniques.  Many  of  the 
methods  currently  in  use  an  documented  in  Thompson  (1985).  The  discussion  here  will  center  on  -ing 
hyperbolic  equations  to  generate  two  dimensional  grids. 

The  notion  of  using  hyperbolic  equations  to  construct  grids  was  first  proposed  by  Steger  and  Cb  vjssee 
(1980).  In  this  approach,  an  initial  surface  is  propogated  outward  subject  to  spacing  and  or t hog  -olity 
constraints.  In  practice,  this  technique  suffers  from  three  limitations:  (1)  discontinuities  in  the  initi .:  data 
are  propogated,  (2)  shocks  (crossing  grid  lines)  may  form  and,  (3)  boundaries  other  than  an  initial  surfi  oay 
not  be  specified.  The  first  two  of  these  may  be  overcome  by  strictly  numerical  techniques  as  demon,  ited 
by  Kinsey  and  Barth  (1984).  The  contributions  of  this  research  are  to  show  how  (3)  may  be  overco  _  and 
to  give  another  method  for  preventing  (2).  Both  results  follow  as  a  consequence  of  including  an  angle  ontiol 
source  term  in  the  hyperbolic  equations. 

ANALYSIS 

Let  (tiV)  — *  (*i  y)  denote  the  mapping  from  computational  space  to  the  domain  of  interest  (F.g.  1). 
This  mapping  will  be  generated  based  on  the  following  equations: 
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M|r’|  =C°t0‘  {U) 

kc  *  rnl  =  v-  (lb) 

Hete,  r  =  (*,  y)‘  and  0,  V  are  user  specified  angle  and  volume  source  terms  respectively.  These  equations 
reduce  to  the  Steger-Chaussee  equations  when  eo*0  =  0. 

The  structure  of  these  equations  is  obtained  from  a  local  linearisation  about  a  known  state  v°,  y°.  This 
results  in  the  following  2x2  system: 

Art  +  Brn  =  f  (2) 


=  rw  isr +  riri  , 

V  «2  -*2  / 


+  "RT  +  RIRl), 

f  =  {cosO  -  co *6°,  V  +  V°y. 

A  brute  force  calculation  shows  that  B~l  exists  when  tinB  0  and  that 

det  (B~lA)  ss  —  L  a  —aspect  ratio  squared 
Tt  (B~lA)  =  0. 

It  follows  that  the  eigenvalues  of  E  are  ±  aspect  ratio.  Hence,  the  system 

rn  +  B~lAxt  =  B'x  f  (3) 

is  hyperbolic  and  the  local  solution  consists  of  left  and  right  running  waves. 

The  mixed  problem  for  this  set  of  equations  consists  of  specifying  initial  data  on  rj  =  0  and  boundary 
data  on  (  =  0  and  £  =  (ml .  For  the  Steger-Chausse  equations  ( co»9  =  0),  this  problem  is  typically  ill- 
posed  because  the  boundary  curves  tj  — ♦  [*((,  v|),  y(£,  q)] ,  £  =  0  or  (m«,  need  not  intersect  the  initial  curve 
orthogonally.  From  the  geometrical  nature  of  this  problem,  it  is  clear  that  angle  terms  can  be  chosen  so  that 
Eq.  (1)  is  well-posed.  An  important  detail  in  this  matter  concerns  the  specification  of  boundary  conditions. 
As  the  solution  is  locally  characterised  by  a  left  and  right  running  wave,  only  one  piece  of  data  may  be 
speeiflced  oa  a  (  =  constant  boundary.  The  second  condition  is  constrained  to  satisfy  the  characteristic 
relations. 

ALGORITHM  DEVELOPMENT 

Following  Kinsey  and  Barth  (1984),  we  consider  a  one-parameter  family  of  two-level  methods  for  inte¬ 
grating  Eq.  (3),  vis 

=  (4) 
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where  r*  =  r(hAfj).  For  a  =  0,  j,  and  1  this  produces  an  Euler  explicit,  trapezoidal  rule,  and  Euler  implicit 
integration  respectively.  Substitution  of  Eq.  (3)  into  Eq.  (4)  leads  to 

r*+i  -  r*  =  (1  -  a)  (B'»(f  -  Art)]4  +  «  [fl-*(f  -  Ar{)]4+1  (5) 

where  B~l,A,  and  /  are  evaluated  at  the  known  k  level.  Rewriting  this  in  delta  law  form  and  adding 
fourth-order  smoothing  in  (  results  in 

(/  +  a(B~'  A)h6(  -  «(VA)|}  <r»+l  -  r»)  =  [B;*(f  -  A6()  +  e(VA)|]  r*  (6) 

This  discretisation  differs  from  that  presented  by  Steger  and  Chaussee  in  that  a  delta  formulation  is 
employed,  implicit  dissipation  is  added,  and  a  variable  integration  scheme  is  used.  The  latter  option  is  used 
to  control  shock  formation  while  the  other  options  are  important  in  smoothing  initial  discontinuities.  In 
each  situation,  a  bad  solution  is  avoided  by  introducing  extra  smoothing  at  the  cost  of  losing  orthogonality. 
This  tradeoff  between  smoothing  and  orthogonality  can  be' unacceptable  for  severe  geometries.  In  that  case, 
a  better  strategy  is  to  control  local  departure  from  orthogonality  via  angle  specification.  For  example,  this 
technique  prevents  shock  formation  by  forcing  initial  fronts  straddling  a  concavity  in  the  data  to  propogate 
away  from  each  other.  A  more  detailed  analysis  of  these  features  as  well  as  formulas  for  the  source  terms  is 
given  in  the  full  paper. 

The  boundary  conditions  for  the  mixed  problem  are  theoretically  obtainable  from  the  characteristic  re¬ 
lations.  In  practice,  these  proved  to  be  too  complicated  and  were  replaced  by  boundary  conditions  consistent 
with  the  local  form  of  the  solution.  For  a  left  boundary  these  are 

t-  (ArJ=i  -  2ArJ=j  +  Aty-s)  =  0  (7a) 

An  =  0  (76) 

here  f  is  a  unit  vector  tangent  to  the  boundary  curve  and  Ar  j.  is  the  vector  perpendicular  to  Ar.  Note  that 
these  boundary  conditions  are  exact  on  linear  data. 

APPLICATIONS 

Three  applications  are  presented  to  demonstrate  the  algorithm  described  above.  Other  applications  as 
well  as  a  more  detailed  discussion  are  presented  in  the  full  paper.  The  first  example  demonstrates  the  use  of 
smoothing  and  angle  specification  to  control  the  propogation  of  initial  singularities.  In  the  second  example, 
grid  lines  are  prevented  from  crossing  by  adjusting  angle  source  terms  at  the  initial  surface.  The  last  example 
shows  an  internal  grid.  This  was  generated  by  solving  a  mixed  problem  and  shooting  to  the  outer  boundary. 

CONCLUSIONS 

A  grid  generation  algorithm  based  on  a  2x2  hyperbolic  system  of  equations  has  been  developed  for 
constructing  meshes  in  two  dimensions.  By  adding  an  angle  source  term  to  the  Steger-Chaussee  equations 
and  following  the  Kinsey-Barth  algorithm,  the  standard  objections  to  using  hyperbolic  systems  for  mesh 
generaton  have  been  overcome.  Novel  applic&tions  of  this  approach  include  controlling  the  propogation  of 
initial  singularities,  preventing  shock  formation  (crossing  grid  lines),  and  the  generation  of  internal  grids. 
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A  QUADRATURE  APPROXIMATION  OF  THE  BOLTZMANN  COLLISION  OPERATOR 
IN  AXISYMMETRIC  GEOMETRY  AND  ITS  APPLICATION  TO  PARTICLE  METHODS 
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This  paper  Is  devoted  to  a  presentation  of  a  new  numerical  method  for  the 
approximation  of  the  non-linear  Boltzmann  equation. 

In  a  first  part,  we  present  an  explicit  expression  of  the  two-particle 
Boltzmann  collision  operator  in  an  axisymmetric  geometry  (for 
distributions  functions  which  are  invariant  under  the  group  of  rotations 
about  a  fixed  axis),  cf.  [Ij.  Indeed,  In  numerous  situations  (study  of  shock 
layers  In  gas  dynamics,  homogeneous  field  formalism  in  semiconductor 
physics),  such  a  geometric  invariance  is  presented  and  seldom  used  to 
reduce  the  computational  cost  of  the  simulation.  Our  reduced  expression  of 
the  collision  operator  in  axisymmetric  geometry  Involves  an  Integral 
operator.  The  integration  domain  of  which  has  a  lower  dimensionality  than 
for  the  general  Boltzmann  operator. 

We  take  advantage  of  this  feature  to  propose  a  direct  evaluation  of  the 
collision  operator  by  quadrature  formulae.  This  is  in  contrast  to  the  usual 
numerical  methods  which  always  rely  on  a  Monte-Carlo  procedure  [2]  We 
couple  this  new  approximation  method  of  the  collision  operator  to  a 
particle  method  for  the  approximation  of  the  differential  part  of  the 
Boltzmann  equation,  using  the  general  ideas  of  P.A.  Raviart  and  S. 
Mas-Gallic  (3,4). 

This  numerical  scheme  has  been  applied  to  different  test  cases,  with  an 
emphasis  on  the  verification  of  the  momentum  and  energy  conservation  by 
the  approximate  collision  operator  (cf.  figures).  It  has  also  been  employed 
for  a  real  case  arising  In  semiconductor  physics.  Other  tests  are  in 
progress.  The  conclusions  of  the  tests  are  encouraging  for  the 
applicability  of  the  method  to  other  problems,  cf  (5). 
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fonctlon  df*  dHtrlbtitlon 
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Fig.  1  Solution  of  the  equation  (df/at)  ♦  (qE/mXdf/dvj)  ■  0(f)  where 

Q(f)  ts  the  two  particle  Boltzmann  collision  operator.  The 
initial  data  (dashed  line)  is  a  Maxwellian  distribution.  The 
solid  line  Is  the  solution  after  200  time  steps.  We  obtain  a 
displaced  Maxwellian  by  the  action  of  the  electric  field  (E  ■ 
10s  vm‘ 1 )  with  a  relative  error  about  5  %  on  the  maximum. 


-4.  o.  4.  e.  i?. 

K  (  x  10®  1  > 


74 


Temps  (ps) 


Temps  (ps) 


Mean  velocity  (figure  a)  and  relative  error  (figure  b)  versus  time 
for  the  equation  (df/dt)  ♦  (qE/m)(df/dv,) «  0(f)  where  0(f)  is 

the  two  particle  Boltzmann  collision  operator  and  the  initial 
data  is  a  Maxwellian  distribution  We  obtain  after  200  time 
steps  a  relative  error  lower  than  0,001  % 
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A  'IYoatmo.nt  of  Discontinuities  in  Shock  Capturing 
Finite  Difference  Methods 
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1.  The  partial  differential  equation 

We  consider  the  following  nonlinear  hyperbolic  equation  of  scalar  conservation  law 

«»  +  /r(«)  =  0  (1) 

with  initial  value  t/(x,0)  =  tto(x).  Here  /  is  a  twice  differentiable,  convex  function%i.e.  /"  >  0.  We  would  like 
to  mention  bore  that  the  treatment  presented  in  this  artical  can  be  extended  to  the  system  of  conservation 
laws.  We  have  already  applied  this  method  to  the  system  of  isentropic  flow  (refer  to  [1]). 


2.  The  principle  idea 

As  we  know,  the  so-called  weak  solution  of  (1)  is  a  bounded  measurable  function  u(x,t )  which  satisfies 


j  J  («<!>,  +  {(u)<Pt)<lrdl  +  J  u0(r)'l>(x,0)clx  =  0 


(2) 


rtx  jo, 7t 


for  all  €  C?,(R  x  [0,T[).  (2)  means  that  the  equality  (1)  is  correct  only  in  distribution  sense.  Hence  if  u  6 
HV  space,  equation  (1)  is  allowed  to  be  nonvalid  on  a  set  of  measure  zero.  In  fact,  such  a  measure  zero  set 
often  corresponds  to  the  discontinuities  of  solution. 


T=  approximate  equation  (1),  we  can  use  a  type  of  difference  schemes 


Lkuk  =  0.  (:i) 

Corresponding  the  fact  thatjequation  (1)  can  be  nonvalid  on  a  set  of  measure  zero,  we  can  add  a  grid  function 
/?4  to  the  right-side  of  (3),  which  can  be  nonzero  on  some  grids.  But  in  order  to  keep  the  consistency  ol 
discrete  equation  (3)  with  (1),  we  must  make  Ilh  approach  zero  in  distribution  sense  as  h,r  tends  (>>  zero. 
Here  /»  and  r  are  mesh  sizes.  We  shall  call  R/,  the  artificial  terms. 


3.  The  construction  of  artificial  terms 


For  convenience  we  only  consider  (3)  a  general  three  point  scheme 


u?+1  ~  ui  +  **?+i/>  ~hi-i/2) 


here  /i”+1/ 2  =  h(n"+1,n"),  h(u,u)  =  /(«),  a  =  r/h  is  the  mesh  ratio.  For  cleanly  of  the  approach  \\v  st  l 
with  a  very  special  case,  i.e.  a  Riemann  problem  which  involves  a  shock  facing  to  the  right.  Obviously,  if  is 
the  simplest  case  of  discontinuity.  We  consider  in  this  case  how  to  construct  the  artificial  terms  propei  .  ., 
and  then  extend  the  idea  here  to  general  case. 


Riemann  problem:  The  initial  value  is 


*  <  0 
*  >  0 
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It*  O'  III  >  ur,  it  ml  s  —  {/(!/()  —  /('<r))/l»l  -  »r)  >  0  The  slmek  .ll  vi'lcs  flu*  i  .  1  ’  ■!  «!■'*  info  l.uri  |  >  h  l  Is.  ill 

t lif*  pnrl.  »(./•,/)  =  i//  <iixl  in  fix*  ritflit  on»’  i/( j: , / )  =  nr 


N"W  Irl.  us  ;m  ni'iifirial  Irrm  lo  (ho  mim»*riral  flux  in  srlx'ini*  (  I). 

to 


»  i  i  u  *  n  <  ,  »i  u 

-  ")  ~  "O'j  t-l/2  —  _  1  /a)  d l'j+l/2  ~  I’j-l/'J 


ll.  is  I  lien  r<  ■< I iic«' < I 


(•r>) 


H'-i.iii'i  111--  weak  s  uiiifn  <  I'  I! i > - 1 1 1 : 1 1 1 1 >  j ‘ i< •( >l-i 1 1  Iris  (lie  properl ies  described  above,  naturally  we  consider 
must  i  in  i  mu  lie  ai  i  i  f  i  ■ '  i :  ■  I  terms  lo  make  I  lie  solution  also  has  a  similar  const  met  ii  m .  W'e  try  lo  |e|,  (lie 
unmei  n  d  •  i .Ini i> ai  a i,  i ii v. live  i >n I;,  one  discrete  shock,  which  on  every  lime  level  is  a  jump  off n ping  only  I  v.< i 
meshes  I  In  its  hit  in,  -  iij.  and  "ii  ils  rinht  m,  ~  ll  leads  ns  lo  consider  I  lie  following  problem:  suppose 
that,  on  n  level  the  numerical  solution  n"  lias  just  a  jump  which  is  located  on  j*  —  l  ~  j*  4  1.  then  how  lo 
construct  l  In  arlilicial  lei  ms  lo  make  «j' 1  1  keep  the  same  properties,  i  e.  its  jump  is  only  over  two  meshes 


lu  older  to  make  l  lie  arlilicial  t-rms  local,  we  only  t  ake and  to  be  nonzero.  Considering  that 

the  shock  should  Ini  e  lo  light,  we  have  two  choices- 


I)  l  ie-  jump  of  immein  al  solution  oil  »  I  1  level  is  located  on  j*  —  1  ~  |  I  (as  shown  in  Fig.  I)  Wide 

the  difference  e.piatmns  at.  points  j*  —  I,  j‘,  and  j*  +  I  respectively  we  get 


u,  =  -  /(»i))  + 

'<”.+  l  —  fly2  —  lij._ip)  4-  ;>/.  +  i/2  -  ;y_i/2  (d) 

>‘r  —  "r  ~  a(f(l'r)  ~  !’]•  +  l/n)  ~  /;*  +  l/2 


Solve*  thru i  lo  obtain 

«".+1  -<r(/(„r)  -/(„,)) 

/'/•-  t/2  ~  i/j  —  Or / ) ) 

r  i/:>  —  ~n(f  I  ">•)  ~  41/2) 


1 


j*-1  J*  j*+1 


(T) 


n  + 1 


n 


rig.  1 

)  I  In-  jump  on  11  4  |  level  is  located  on  j*  ~  j’  4  2  (also  a.s  shown  in  fig.  I).  This  case  is  (rented  in  a 
fashion  analogue  !•>  the  above  situation. 


Ilonee.  lln  re  are  essentially  two  dilleceiil  ways  to  construct  the  arl.ilh'ial  terms.  W'e  cannot  use  only  one  way 
from  1  In-  beginning  to  the  eiul.  So  in  a  correct  algorithm  the  two  ways  must  fe  taken  appropriately,  d  lien 
a  >pievii(,u  arises:  when  should  the  first,  or  second  way  fe  taken?  We  now  consider  it  at  a  difloronl  angle. 
Multiplying  c/pmlion  (a)  fy  'V- ll  =  i]'(jh,iir)h,  .summing  them  hy  parts  with  o  sped  to  j  and  «.  we  arrive 
at 


V 

t»  -  j  r.  —  *>; 


£ 


M  _  «!>n  *v  _  »h’.> 

) _ i(1nH  _J _ l_z 


M')ui 


=  £  £ 

ft  -O  j—  r> 


rf»n 


■  J  - 1 


(*) 
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When  h,r  tend  to  0,  the  left  side  of  (8)  approaches  to  the  left  side  of  (2).  In  order  that  the  approximate 
solution  tends  to  the  weak  solution,  the  right  side  of  (8)  must  approach  to  aero  as  h,r  0.  Notice  that  the 
numerical  solution  has  only  one  jump  on  every  time  level.  Assume  that  it  is  located  on  j”  -  1  se  jn  +  1. 
Also  notice  that  at  every  time  level  only  two  artificial  terms,  and  p?.+1/2  are  nonzero.  Therefore, 

the  right  side  of  (8)  is  reduced  to  1 


°°  A"  _ 

jr1  p?*-  1/2+ ' >m  +  l — ~Pj*+»/*)Ar<r_1 


If  o  >  6  >  0,  and  p"«_j/2,  P"»+i/2  are  uniformly  bounded  with  respect  to  h,  r  and  n,  we  can  easily  see 
that  (9)  tends  to  zero  as  h,r  — *  0.  The  main  consideration  of  our  method  is  to  keep  the  artificial  terms 
P"»- 1/2  a,,d  Py*+ 1/2  uniformly  bounded.  One  finds  that  they  will  be  uniformly  bounded  if  u"„,  the  value  of 
numerical  solution  at  the  middle  point  of  the  jump,  is  uniformly  bounded. 

We  now  still  assume  that  the  jump  on  n  level  is  located  on  j*  -  1  ~  j *  +  1  (i.e.  j*  =  jn).  From  (7)  we  find 
that  in  the  first  case,  «".+l ,  the  value  at  middle  point  on  n  +  1  level,  increases  by  <t(«i  —  ur)  over  ti". .  In  the 
second  case,  one  finds  that  also  the  value  at  middle  point  on  n+1  level,  decreases  by  (1  —  <rs)(ui  —  ur) 

down  u”. ,  if  CFL-condition,  |<r/'(u)j  <  1  holds.  It  is  then  easy  to  see  that  in  order  to  keep  u"„  uniformly 
bounded  we  should  make  the  algorithm  as  follows:  When  u”.  becomes  too  small,  the  first  way  is  taken, 
otherwise  the  second  way  is  taken.  In  my  papers  I  do  this  as  follows:  When 


+  ^(/(U/)  ~  /(Ur))  (10) 

is  true  the  first  way  is  taken,  otherwise  the  second  way.  In  doing  so,  not  only  the  artificial  terms  are  kept 
uniformly  bounded,  but  also  the  value  of  numerical  solution  at  middle  point,  u"„ ,  varies  only  between  «/ 
and  ur .  ' 


4.  General  case 

In  general  case  we  cannot  apply  this  technique  to  all  the  meshes  on  which  u?  decreases  with  respect  to  j. 
Because  if  doing  so,  we  cannot  make  the  artificial  terms  only  exist  locally.  Therefore  we  choose  u  positive 
parameter  a  >  0,  and  only  apply  the  technique  to  the  mesh  sections  on  which  the  u"  decreases,  and  its  jump 
is  greater  than  «.  We  call  these  mesh  sections  on  which  the  technique  is  applied  the  ’generated  sections’. 
The  generated  section  occupies  at  least  two  meshes.  Then  the  computation  on  generated  sections  proceeds 
as  follows:  If,  for  example,  the  generated  section  occupies  two  meshes  j*  —  1  ~  j*  +  1,  then  we  us.*  formula 
(5)  to  compute  the  u"+l,  with  the  artificial  terms  P?-_i/2,  P?*+ Mi  defined  by  (7)  only  in  which  «i  is  replaced 
by  «"•_!  and  ur  by  u".+1 . 

The  exact  weak  solution  may  involve  many  interactions  of  shocks.  These  cases  may  also  occur  in  the 
numerical  computation,  i.e.  discrete  shocks  meet  and  merge  in  a  proper  way.  The  algorithm  handles  all 
these  cases. 


5.  The  main  theoretical  results 

a)  Under  certain  conditions  one  can  choose  a  convergent  subsequence  from  the  numerical  solutions,  and  its 
limit  is  a  weak  solution  of  (1). 

The  so-called  ’certain  conditions’  mentioned  above  contain  mainly' two  parts.  One  is  that  the  numerical 
solution  Uj  and  its  total  variation  respect  to  j  are  uniformly  bounded.  Tire  other  implies  that  the  artificial 
terms  exist  only  locally. 

b)  If  we  take  the  original  scheme  (4)  to  be  TVD  scheme  (so-called  after  Iiarten  (2j),  i.e. 

«,n+I  =  «;■  +  <4j+i/3(«"+1  -  «")  -  -  «"-i)  (”) 
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here 

r±>4./2>0.  "<<";j+1/:.  +  (  -.j+1/,  <  1 

lli<-h  the  'certain  conditions'  in  a)  can  lie  satisfied  I  tv  (lie  algoril  Inn.  In  fart  we  can  prove  llte  algorithm  in 
this  rase  also  TVI>  in  a  sliglil.lv  dilfercnt  sense. 

c)  II  make  some  furl  her  improvement  to  the  algorithm,  then  under  certain  romlitions  we  ran  prove  that  the 
above  weak  solution  satisfies  entropy  comlition  for  any  convex  entropy  l(u),  i.e. 


J  f  (’M '(»«)  4  *rl'(n))HxM  >  0  (12) 

0 

lor  all  test,  funrtions  «I>  £  '!>  >  0,  with  bounded  support,  lh're  /•'(«)  =  f  \  '( it) f'(tt)</ti. 

As  we  know  that  the  entropy  violation  in  computation  often  oernrs  in  the  case  when  numerical  solution 
increases  with  a  great,  jump.  In  this  case  the  numerical  result  may  he  not  a  rarefcrctiou  wave,  hut.  rmefaction 
shock.  I  lie  above  so-called  some  further  improvement’  is  applied  to  these  sections  of  numerical  solution  to 
avoid  the  entropy  violation. 

d)  Also  the  certain  conditions'  can  lie  satisfied  hv  the  algorithm  iT  the  original  scheme  (1)  is  taken  to  he 
TVI) 


(>.  High  resolution  treatment  of  iliscontimiitios 

I  rom  tin'  previous  discussion  we  see  that  the  evohil  ion  of  a  discrete  shock  is  mainly  determined  hy  I  In'  value 
o|  numerical  solution  at  the  middle  point,  of  a  generated  section.  Hence  lb  r1'  must  be  some  irlation  between 
the  value  at  the  middle  point  and  the  shock  position  at  every  time  lew  I  We  therefore  use  this  •  nine  to 
del  outline  still  further  the  shock  position  in  the  generated  section  at  every  time  level.  If  the  generated  section 
occupies  only  two  grids  j "  —  1  ~  j "  f  I,  we  use  llte  following  formula 

it".  -  it".  ,  , 

•s/’es"  ~  ji>  -  ()o/l  4  h  — * - -  fid) 

"r+t  -  «;*-! 

to  compiiie  the  coordinate  of  shock  position  s/ioi" .  F(>r  generaied  sections  of  m-ue  then  two  gtids.  we  also 
have  t  similar  formular.  In  fact,  iT  we  use  the  above  formula  in  prev  ious  fln'innim  problem  involving  a  shock, 
we  .an  find  that  the  shock  is  just,  at  the  same  position  as  I  he  exact  solution  at  every  ;'M,0  )..\c!. 


7.  Numerical  experiment 

We  lake  the  /(»)  =  ^  if .  the  original  scheme  to  lie  Lnx-W'endrofr  scheme  with  a  numerical  viscosity  which 
is  very  much  like  that,  of  Majda  ([.'•]),  and  we  use  the  algorithm  to  compute  many  examples.  Here  we  only 
present  two  of  them. 


Example  1.  The  initial  value  is 


x  <  0.205 
r.  >  0.205 


This  problem  involves  a  shock  with  speed  of  1.  bet.  rr  —  0.5,  h  =  0.01,  <r  =  0  45. 
presented  in  Fig.  2. 


4f 

f  o.*r 


/ 


) 
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The  numerical  result  is 


flrilfci. 


Fig.  2 


Fig.  2-a  shows  a  shock  curve  which  is  drawn  by  connecting  all  the  spoan  on  every  time  level  successively. 
Fig.  2-b  shows  the  discrete  shock.  Fig.  2-e  shows  the  numerical  solution  on  the  lOfllh  level.  Fig.  2  indicates 
that  the  numerical  solution  obtained  is  almost  an  exact  solution. 

Example  2.  The  initial  value  is 

/  I  x  <  0.185 

,  ,  _  -1  0.185  <*<0.2 

«°(*J  -  z=M  0.3  <  *  <  0.8 
.1  0.8  <  x  <  1 

This  problem  involves  a  shock  with  speed  of  0,  and  a  rarefaction  wave.  Let  a  =  0.1,  h  =  0.01,  <r  =  0.9.  The 
numerical  result  is  presented  in  Fig.  3. 


Fig.  3 

Fig.  3-a  shows  the  shock  curve,  Fig.  3-b  shows  the  discrete  shock,  Fig.  3-c  shows  the  numerical  solulio  . 
the  100th  level. 
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1 .  Introduction 

We  study  initial -boundary  value  problems  for  non-linear 
hyperbolic  systems  of  conservation  laws.  Recall  that  with  strong  Dirichlet 
boundary  conditions  the  associated  problem  is  not  well  posed.  Generally 
there  is  neither  existence  nor  uniqueness.  Thus  weaker  conditions  are 
necessary  ;  in  the  linear  case  by  example  we  know  that  data  are  given  only 
on  incoming  characteristics. 

We  consider  two  formulations  of  boundary  conditions.  A  first 
approach  is  based  on  vanishing  viscosity  method  and  a  second  one  is  related 
to  the  Riemann  problem. 

Equivalence  between  these  conditions  Is  studied.  The  latter 
formulation  is  extended  to  treat  numerically  physically  relevant  boundary 
conditions.  Monodimensional  experiments  will  be  presented. 


2.  Boundary  entropy  Inequality  (first  formulation! 

We  consider  a  non-linear  hyperbolic  system  of  conservation  laws 
in  one  space  dimension  : 
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(1) 


3u  9 

m  +  h  m 


i  u(X|t)  €  R"  ,  f(u)  e  R° . 


and  we  suppose  that  there  exists  at  least  a  pair  (ij,q)  of  entropy-flux.  The 
initial  boundary  value  problem  obtained  by  the  viscosity  method  (£  >  0) 


(2) 


3u£  a  aV 

n  +  iif(u  )  ■  ‘S7 

x  >  0 

uc  (  x,0) 

-  v0(x) 

x  >  0 

uc(0,t) 

-  V*) 

t  >  0 

admits  a  unique  solution  u£  and  we  study  the  behaviour  of  ur  at  the 
boundary  as  e  tends  to  zero.  We  have 


Theorem  1  Suppose  that  u'  is  bounded  In  W‘^(R+  xR‘,  Rn)  and  converges 

in  *-ioc  t0  u  as  e  4  F°r  eac^  admissible  pair  (q,q)  of  entropy-flux  we 
have  : 

(3)  q(u(0\t))  -  q(u0(t))  -  n'(u0  (t)) .  (f(u(0+  ,t))  -  f(u0(t)))  <  0 

between  the  taken  value  u(0+,t)  and  the  prescribed  value  utf(t)  at  the 
boundary. 


This  result  was  obtained  in  [4]  and  the  Inequality  (3)  was 
independently  proposed  in  [1,6]  by  other  methods.  Then  given  a  state  u0,  we 
may  define  a  (first)  set  of  admissible  values  at  the  boundary  : 

F(u0)  ■  |  v  6  R"  ,  q(v)  -  q(u0)  -  T}'  (uQ).  (f(v)  -  f(uQ))  <  0 

V(q,q)  pair  of  entropy  -  flux  } 

Therefore  the  boundary  condition  is  : 

u(o\t)  €  f(u0(t))  ,  t  >  0. 

The  set  £(u0)  Is  described  In  [4]  in  the  cases  of  both  linear  systems  and 
(non  necessarily  convex)  scalar  conservation  laws.  For  Instance,  In  the 
case  of  Burgers1  equation  we  have  : 


A? 


WfT 


-r  -4=3  fe ■!**'>  « 


£(«„)  -  3- 

£<u0)  -  3- 


U  €  F  ,  f{u) 

»  '  «03  u  M 

,  0] 


*  2 
-  tr 


V  i  o 
u«  s  o 


We  enphasize  that  by  the  lack  of  entropy  functions,  there  is  no 
sufficiently  information  to  explicit  the  f-sets  in  general  cases. 


For  the  second  formulation  of  the  boundary  condition  [3,4]  we 
suppose  that  each  Riemann  problem  R(ul,ur)  associated  with  (1)  admits  a 

unique  entropy  solution  denoted  by  w  |  ^  ;  uL  ,  uR j .  We  define  a  second 

set  of  admissible  values  : 

VK)  M  •{  «(0+  ;  U0  ,  UR),  uR  varying  in  F"  }■ 


we  have  the  following  result  : 


Theorem  2  Let  vfl  u0  be  constant  states.  The  problem 


du  d 

Vt  +  ^ f{u)  -  ° 


u(x,0) 

u(o,t) 


x  >  0,  t  >  0 


x  >  0 


e  V[u0) 


t  >  0 


Is  well  posed  In  the  class  of  functions  which  consist  of  constant  states 
separated  by  at  most  n  elementary  waves  (rarefactions,  shocks,  contacts). 


Proposition  2  In  particular  cases  of  strictly  hyperbolic  linear  systems 
and  (non  necessarily  convex)  scalar  conservation  laws,  we  have 


-  P(u0) 


■ 


0 


The  advantage  of  the  second  formulation  Is  that  V  can  be  easily  coaiputed. 
for  the  p-system,  V(u0 )  Is  exactly  the  1-wave  containing  u„.  And,  in 
[3,4]  we  have  given  details  on  the  V-sets  In  the  case  of  barotropic  Euler 
equations. 


4.  Nonlinear  numerical  boundary  conditions  for  Euler  equations 

Classical  boundary  conditions  for  Euler  equations  are  related 
to  the  theory  of characteristics.  As  usual,  we  distinguish  between  four 
cases  :  the  fluid  nay  be  sub  or  super- sonic  at  the  In  or  out- flow  and 

physical  parameters  can  be  associated  with  each  case  ([7])  : 

(I)  supersonic  Inflow  :  a  given  state  u0 

(II)  subsonic  Inflow  :  total  enthalpy  and  physical  entropy 

(Hi)  subsonic  outflow  :  static  pressure 

(1v)  supersonic  outflow  :  none  data. 

We  review  briefly  the  main  ideas  of  [2).  In  a  Godunov-type 
scheme  the  computation  of  a  numerical  flux  $  at  the  boundary  Is  just 
necessary  to  define  the  numerical  evolution.  In  each  case  (1)  -  (1v)  a 

partial  Riemann  problem  P  (M,  z)  can  be  posed  between  the  above  described 
manifold  M  associated  with  each  condition,  and  the  taken  value  near  the 
boundary  z  .  The  flux  $  is  then  computed  thanks  to  3  ;  2  ;  1  ;  1  or  0  waves 
respectively  between  H  and  z.  Numerical  ID  test  cases  on  shock  tube  ard 
nozzles  involving  the  first  order  Osher  scheme  will  b^  presented  at  tl.e 

conference,  showing  the  attractive  convergence  properties  of  the  boundary 

conditions  in  evolution  towards  steady  state. 
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ON  GODUNOV  TYPE  METHODS 
by  B.  Einfeldt 

RWTH  Aachen,  West  Germany 


In  the  last  several  years  Godunov-type  methods  have  been  applied  successfully 
for  the  calculation  of  inviscid  compressible  flow.  In  practice  these  methods  are 
characterized  by  their  robustness  and  their  possibility  of  computing  Hows  with 
very  complicated  shock  structures. 

Godunov  [7]  used  the  nonlinear  Riemann  problem  as  “building  block”  for  his 
numerical  method.  This  allows  a  self  operating  treatment  of  weak  and  strong  shock 
waves.  The  numerical  solution  represents  shocks  nearly  optimally  thin,  typical 
is  a  monotone  profile  over  one  to  three  computational  cells  without  unphysical 
oscillations.  From  the  theoretical  point  of  view  Godunov’s  method  is  an  extension 
of  the  classical  Courant-Isaacson-Rees  scheme  [8].  The  underlying  physical  picture 
of  Godunov’s  method  is  useful  for  the  interpretation  of  certain  schemes  and  to 
construct  new  ones. 

The  recent  interest  in  Godunov-type  methods  was  engendered  by  van  Leer, 
who  realized  the  importance  of  Godunov’s  method  and  invented  a  second-order  ex¬ 
tension.  Further  development  along  this  line  were  made  by  Colclla  and  Woodward 
(lj,  Colella  (2j,  and  Fryxell,  Woodward,  Colella,  and  Winkler  |16|.  A  comparison 
of  some  of  these  Godunov-type  methods  with  more  classical  methods  can  be  found 
in  (17). 

The  disadvantage  of  Godunov’s  method  and  its  higher-order  extensions  is 
the  difficulty  of  solving  the  nonlinear  Riemann  problem  exactly,  especially  for 
materials  with  complex  equations  of  state.  The  exact  solution  of  the  Riemann 
problem  requires  an  iterative  procedure,  which  leads  to  relatively  complex  and  time 
consuming  numerical  codes.  Since  computational  efficiency  is  a  major  requirement 
for  applied  numerical  methods,  this  has  restricted  the  extensive  applications  of 
Godunov-type  methods. 

To  overcome  this  drawback,  several  approximations  to  the  Riemann  problem 
have  been  developed.  For  the  ideal  equation  of  state  there  are  by  now  particular 
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approximate  “Riemann  solver”  available,  among  them  are  the  methods  developed 
by  Osher  and  Solomon  (9j,  Roe  {12]  and  PandoIR  [10].  These  linear  approximations 
are  also  of  interest  for  the  aerodynamic  field  where  they  provide  a  foundation  for 
the  construction  of  more  elaborate  schemes  [13],  (14).  More  analytical  effort  is 
required  if  a  general  equation  of  state  is  considered.  So  far,  only  two  Riemann 
solvers  have  been  developed  in  this  case.  One  iterative  method  by  Colella  and 
Glaz  (3]  and  a  second  explicit  method  by  Dukowicz  [5]. 

In  the  presentation  we  describe  a  new  approximate  Riemann  solver  |5]  for 
compressible  gas  flow.  In  contrast  to  previous  Riemann  solvers,  where  numerical 
approximations  for  the  pressure  and  the  velocity  at  the  contact  discontinuity  are 
computed,  we  derive  a  numerical  approximation  for  the  largest  and  smallest  signal 
velocities  in  the  Riemann  problem.  Having  obtained  the  numerical  signal  velocities 
we  use  theoretical  results  by  Harten,  Lax,  and  van  Leer  [8]  to  obtain  the  full 
approximation.  A  stability  condition  for  the  numerical  signal  velocities  is  given. 
We  show  that  the  addition  of  an  artificial  shock  viscosity  term  of  the  van  Neumann 
type  is  equivalent  to  the  spreading  of  the  numerical  signal  velocities.  Thus  we 
obtain  a  close  relationship  to  artificial  shock  viscosity  methods  [11].  The  great 
advantage  of  the  Riemann  solver  is  its  simplicity.  The  approximation  substantially 
reduces  the  program's  complexity  while  retaining  essential  features  of  Godunov’s 
method,  especially  the  accurate  approximation  of  shock  waves.  The  computation 
of  the  signal  velocities  for  a  general  equation  of  state  will  be  discussed.  We  show 
a  relation  to  the  recent  generalized  Roe  Average  of  Vinokur  |15). 

Numerical  results  for  the  focussing  of  a  plane  shock  wave  in  air  qr  =  1.4  and 
a  typical  shock  tube  problem  for  some  specimen  equations  of  state  are  shown. 
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Time-Marching  Method  to  Solve  Steady 
Incompressible  Navier  Stokes  Equations  for 
Laminar  and  Turbulent  Flow 


by 
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FFA  The  Aeronautical  Research  Institute  of  Sweden 
1G1  11  Bromma,  Sweden 

and  V 

H.I.  Andersson 

Norwegian  Institute  of  Technology 
Trondheim,  Norway 


1  INTRODUCTION 

Recently  Muller  and  Rizzi  developed  a  Navier  Stokes  solver  based  on  an  explicit 
Runge-Kutta  finite  volume  method  to  simulate  laminar  compressible  flows  over  wings 
(1).  In  this  paper  we  arc  concerned  with  incompressible  flow.  If  we  were  to  simply 
apply  the  compressible  code  to  this  problem  we  would  find  that  it  would  not  converge 
well  at  all  because  with  decreasing  Mach  number  sound  waves  travel  at  a  speed  much 
larger  than  the  speed  of  convection  and  they  dominate  the  system  making  it  stilT. 
This  increasing  disparity  in  wave  speeds  causes  the  governing  system  of  equations 
to  be  poorly  conditioned,  and  the  stability  of  the  computation  is  greatly  impaired. 
If,  however,  the  interest  is  only  the  steady  flow,  artificial  compressibility  is  one  way 
round  the  difficulty,  because  this  approach  removes  the  sound  waves  from  the  system 
by  prescribing  a  pscudotcmporal  evolution  for  the  pressure  through  the  continuity 
equation  which  is  hyperbolic  and  which  converges  to  the  true  steady  state  value. 

Our  purpose  here  is  to  prescribe  a  rather  general  numerical  method  that  takes 
the  artificial  compressibility  approach  for  solving  the  steady  incompressible  Navier 
Stokes  equations.  We  show  how  it  leads  to  a  hyperbolic /parabolic  system,  carry 
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out  a  numerical  study  of  its  condition,  set  forth  the  CFL  stability  limit  for  the  time 
integration,  and  develop  a  k  —  e  turbulence  model.  Appropriate  numerical  far-ficld 
and  solid- wall  boundary  conditions  are  formulated  also. 


2  MATHEMATICAL  MODEL 


Since  the  continuity  equation  for  incompressible  flow  contains  no  time  dependent 
term,  an  artificial  time  dependent  term  is  added  to  the  continuity  equation.  This 
is  done  by  using  the  method  proposed  by  Chorin  [1].  The  Navier-Stokes  equations 
governing  an  incompressible  flow,  using  the  above  method  for  the  continuity  equation, 
can  be  stated  in  the  following  way: 


J_Op  Uj 

po  dt  C  dxi 


(1) 


du{  OujUj  1  dp  p  d  duj  =  . 

dt  dxj  po  dx  {  p0  dxj  dxj 

where  p0  is  the  constant  density,  u{  arc  the  velocity  components,  //  is  the  viscosity 
coefficient  and  p  the  pressure.  The  viscosity  coefficient  p  is  supposed  to  be  constant, 
and  e  is  an  arbitrary  parameter  for  optimal  convergence.  These  equations  have  no 
physical  meaning  until  steady  state  is  obtained. 

The  incompressible  Navicr  Stokes  equations  are  spatially  discretized  by  the  finite- 
volume  technique.  The  velocity  gradients  of  the  stress  tensor  are  cell  averaged  [1]. 
Applying  the  gradient  theorem,  the  volume  integrals  over  the  gradients  are  expressed 
by  surface  integrals  over  the  cell  boundary.  At  a  cell  interface,  the  velocity  is  ap¬ 
proximated  by  the  arithmetic  average  of  their  values  in  the  two  adjacent  cells.  Once 
the  flux  tensor  is  determined  in  each  cell,  its  value  at  a  cell  interface  is  approximated 
similarly  by  aritlmiatic  averaging.  On  a  Cartesian  grid,  the  present  finite-volume 
approximation  is  equivalent  to  a  second-order  accurate  central  difference  discretiza¬ 
tion  involving  13  points  opposed  to  the  conventional  9  .ones.  For  the  viscous  terms, 
the  latter  compact  differencing  is  more  accurate  than  the  present  approach,  but  our 
scheme  offers  a  larger  stability  bound. 

A  linear  stability  condition  is  derived  for  explicit  Rungc-Kutta  methods  applied 
to  the  Navier  Stokes  equations.  The  condition  is  bused  on  the  scalar  model  equation 
obtained  by  linearizing  the  equations.  The  geometrical  interpretation  of  the  metric 
expression  in  transformed  coordinates  is  used  to  apply  the  von  Neumann  analysis  for 
finite-differences  to  finite-volumes.  The  resulting  stability  condition  determines  the 
local  time  steps  of  the  present  Runge-Kutta  time  integration  scheme. 

The  k  —  f.  turbulence  model  requires  two  extra  equations  to  be  solved.  These 
equations  are  spatially  discretized  by  the  same  finite  volume  technique,  and  a  similar 


stability  condition  is  derived  for  the  determination  of  the  local  time  step. 


3  RESULTS 


Results  have  been  obtained  for  both  external  and  internal  flows.  Results  for  the 
external  flow  were  obtained  over  a  NACA0012  airfoil,  and  over  a  backward  facing 
step  for  the  internal  flow. 

The  results  for -flow  around  the  NACA0012  airfoil,  Re=28S0000,  o=0  arc  shown 
on  the  129  x  33  O-mesh  after  3000  time  steps.  The  flow  becomes  turbulent  after 
the  transition  at  x/X  =  0.5  according  to  existing  experimental  data.  In  the  pres¬ 
sure  coefficient  diagram  (Fig.  1)  there  are  comparisons  between  the  incompressible 
Navier-Stokcs  solution,  an  Euler  solution  and  the  experimental  data  available.  The 
two  numerical  results  are  almost  identical,  as  they  should  be  for  such  a  high  Reynolds 
number,  except  at  a  small  region  at  the  leading  edge.  The  agreement  between  numer¬ 
ical  prediction  and  experimental  data  for  the  pressure  coefficient  is  very  good  even 
after  the  transition. 

Results  have  also  been  obtained  for  internal  flow,  RE=50,  2:3  expansion,  over 
a  backward  facing  step,  the  problem  of  a  19S4  GAMM  workshop.  The  point  of 
reattachment  can  be  seen  in  the  streamline  plot  (Fig.  2)  and  the  wall  shear  stress 
plot  (Fig.  3).  It  was  calculated  to  x/(H  —  h)  =  2.83  .  The  experiments  state  3.0  for 
the  point  of  rcattachment,  though  most  of  the  participants  of  the  workshop  managed 
to  predict  the  rcattachment  point  between  2.7  and  2.9.  The  agreement  between 
numerical  results  and  experimental  data  is  quite  satisfying  in  the  wall  shear  stress 
plot.  The  evolution  of  the  maximum  velocity  (the  maximum  velocity  along  the  - 
axis  in  x-dircction,  Fig.  4)  also  shows  a  good  agreement  between  numerical  and 
experimental  data.  ' 

Further  details  will  be  discussed  and  additional  cases,  both  laminar  and  turbulent, 
will  be  computed  in  the  complete  paper. 
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Figure  2:  Streamline  pattern,  He=50 
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Figure  3:  Wall  shear  stress  distribution  compared  to  experiments,  Re=50 
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Figure  4:  Evolution  of  maximum  velocity  compared  to  experiments,  Re=50  and 
Re =150,  expansion  2:3  and  1:2 
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ON  THE  FINITE  VELOCITY  OF  WAVE  MOTION 
MODELLED  BY  NONLINEAR  EVOLUTION  EQUATIONS 

J.  Engelbrecht 

The  Institute  of  Cybernetics,  Estonian  Academy  of  Sciences, 
Akadeemia  tee  21,  Tallinn  200108,  Estonia,  USSR 

Nonlinear  evolution  equations  (EEs)  used  for  describing  the 
wave  motion  play  am  important  role  in  contemporary  mathematical 
physics.  As  a  rule,  the  EEs  give  am  approximate  description  of  a 
process  and  their  direct  correspondence  to  the  initial  systems  is 
quite  often  neglected.  In  the  present  talk,  an  attempt  is  made  to 
amalyse  this  correspondence. 

The  initial  systems  themselves  may  be  divided  into  two  classes 
[1]s  hyperbolic  and  dispersive  systems.  It  is  clear  that  only  the 
hyperbolic  systems  are  directly  based  on  the  physics  of  wave  motion, 
i.e.  on  the  finite  velocities.  However,  quite  often  the  dispersive 
systems  are  derived  from  basic  conservation  laws  by  using  certain 
asymptotic  methods  in  order  to  emphasize  certain  physical  effects 
and  the  concept  of  finite  velocities  may  be  lost.  This  way  or 
another,  the  EEs  are  used  for  both  cases.  As  shown  by  many  authors 
[2-4],  the  moving  frame  used  for  deriving  EEs,  needs  a  finite 
velocity  which  is  determined  beforehand  from  the  initial  system. 

That  is  why  the  procedures  of  deriving  EEs  require  full  attention. 

The  details  of  general  procedures  are  to  be  found  elsewhere 
[5],  here  we  shall  outline  only  the  general  idea  of  the  asymptotic 
method  which  is  suitable  to  explain  the  problem  of  velocities. 

Suppose  a  general  system  describing  a  certain  wave  motion  is 
written  in  a  form 

3U  .  3U  _  3P  3q 

L  *  —  +  A  -  +  b" - U  =  0  (1) 

3xk  3 ( x  ) p  3tq 

In 

with  appropriate  initial  and  boundary  conditions.  Here  U  is  a 


94 


n-vector  of  field  quantities.  System  (1)  may  beside  the  higher 
derivatives  contain  also  the  integral  terms.  An  associated 
system  to  the  Lg  =  0  may  be  derived  by  using  perturbation  theory 
Suppose  it  takes  the  form 

30  •  3U 

L  *  —  +  An  -  +  f(U)  =  0.  (2) 

a  3t  3xk 

If  this  associated  system  (2)  is  hyperbolic  [2,  5],  then  the 
eigenvalues  of  Aq  are  real  and  in  the  physical  terms  we  have 
a  set  of  velocities  (for  every  wave  n  =  1,  2,  ...)  .  If  the 
associated  system  describes  dispersive  waves  then  the  corre¬ 
spondent  group  or  phase  velocities  should  be  determined  13 J. 

The  EEs  for  every  single  wave  €  U  are  derived  using 
several  approaches  (2-5 J  in  the  form 

3 

—  R(u. )  =  G(u. )  (3) 

3£  1  1 

written  in  a  moving  frame 
K  -  t  -  Ci'PfXfc) 

where  c.^  is  a  certain  finite  velocity  determined  from  the 
associated  system  (2).  Notice  that  in  many  cases  G(ui)  =  0 
which  may  yield 

Rfu^  =  0.  (5) 

This  corresponds  preferably  to  one-dimensional  problems.  The 
operator  R(u^)  itself  is  usually  of  the  form 

2 

3Ui  3u^  3  u± 

R(u. )  «  -  +  u.  -  +  -  +  ...  (6) 

3xj  35  3?2 

where  denotes  the  direction  of  the  wave  beam. 

Beside  the  problems  of  distortion  an  important  question 
arises  -  what  is  the  real  wave  velocity  (signal  velocity)  and 
how  to  determine  it.  In  other  words,  the  relation  between  the 
eigenvalues  (or  phase  and  group  velocities)  determined  from  the 
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associated  hyperbolic  (dispersive)  system  (2)  and  the  real 
finite  velocities  of  wave  motion  should  be  clearly  stated  for 
non-conservative  processes. 

Further,  several  specific  cases  are  analysed,  including  the 
following: 

(i)  some  rather  well-known  examples  are  briefly  described 
in  order  to  demonstrate  various  approaches;  these  examples  in¬ 
clude  nonlinear  waves  in  dispersive,  thermoelastic  and  relaxing 
media; 

(ii)  a  special  non-conservative  problem  of  wave  motion  in 
a  dissipative  medium  with  energy  influx  (an  active  medium)  is 
analysed  in  more  detail;  the  example  under  consideration  is  the 
nerve  pulse  propagation  and  two  models  -  the  classical  one  based 
on  the  diffusion  equation  as  well  as  the  evolution  equation 
derived  recently  by  the  author  -  are  compared. 

As  a  conclusion,  the  full  preference  in  analysis  should  be 
given  to  models  based  on  the  concept  of  finite  velocities.  The 
final  governing  equation,  say  EE  written  in  a  moving  frame  may 
not  be  strictly  hyperbolic  but  then  the  real  velocity,  and/or 
the  real  wave  number  and  frequency  should  be  restored  through 
a  suitable  transf ormation. 

Numerical  examples  illustrating  the  talk  are  obtained  by 
using  an  algorithm  based  on  the  FFT  technique  together  with 
the  leap-frog  method  [6]. 
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IMPLICIT  UNFACTORED  SCHEME  FOR  WEAK  SOLUTIONS  OF  THE  EULER  EQUATIONS 
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University  di  Roma  "  La  Sapiensa",  Rom 


A  new  non-linear  finite  difference  scheme  for  the  numerical  approximation 
the  weak  solutions  of  the  Euler  equations  has  been  proposed  in  /I, If,  The 
f  ux  vector  of  the  Euler  equations  are  homogeneous  functions  of  degree  one  with 
spect  to  the  cdnserved  variables/3/.  This  property  enables  us  to  devise  a  non- 
••  near  scheme  with  shock-capturing  property,  but  written  in  quasil inear  form 
'  erywhere  the  solution  is  smooth.  Let  us  consider  for  simplicity  the  one-dimen¬ 
sional  case: 


with 


w  +  F(w)  •  0 
— t  —  —  x 


(1) 


w  -  {  p  ,  pu  ,  e  }  and  F(w)  ■  {  pu  ,  pu2  ,  u(e+p)  } 

As  n  consequence  of  the  homogeneous  property  the  flux  vector  is  equal  to 
the  product  of  Che  iacobian  matrix  time  the  vector  of  the  conserved  variables: 

F(w)  -  Aw  where  A  ■  3  F(w)/  (2) 

When  the  solution  is  smooth  the  system  of  equations  (1)  can  be  written  in 
quasilinear  form: 


w  ♦  A  w  "0  (3) 

-t  -x 

Consider  now  the  discrete  approximation  of  the  flux  derivative,  for  the 
homogeneous  property: 

A  A 

A  F  ■  d(Aw)  ■  A  iw  +  4A  w  (A) 

where  the  hat  means  a  suitable  definition,  e.g.  the  average  value.  If  the  solu¬ 
tion  is  smooth  the  divergence  and  the  quasilinear  lorms  are  equivalent,  while 
if  there  is  a  discontinuity  only  the  divergence  form  (1)  is  able  to  compute  the 
correct  weak  solutions  of  the  Euler  equations  /4/.The  analysis  of  the  expression 


I  i  * 

(4)  shows  that  the  second  tens  in  the  right  hand  side  is  responsible  of  the 
shock  capturing  property  of  conservative  schemes.  But  this  term  is  also  respon¬ 
sible  of  the  great  amount  of  numerical  dissipation  that  affects  the  conservative 
schemes.  Therefore  when  the  solution  is  smooth  the  equations  are  discretized  in 
quasilinear  form,  while,  when  a  discontinuity  is  detected  inside  the  field  the 
divergence  fdrm  is  restored  by  simply  adding  the  second  term  in  the  right  hand 
side  of  expression  (4). 

By  means  of  minor  modification  these  technique  can  be  incorporated  in  a 
non-conservative  scheme  to  compute  the  correct  weak  solutions  without  the  use 
of  a  shock-fitting  procedure. 

The  technique  has  been  tested  by  means  of  several  one  and  two  dimensional 
problems  .  The  integration  in  time  has  been  performed  with  a  two-step  explicit 
procedure.  The  space  discretization  is  consistent  with  the  sign  of  the  characte¬ 
ristic  and  is  second  order  accurate  everywhere,  except  across  a  discontinuity 
where  the  first  order  accuracy  is  required  to  maintain  the  monotonicity  of  the 
solution. 

In  the  present  work  we  want  improve  the  computational  efficiency  of  the  pro¬ 
posed  scheme  by  the  use  of  an  implicit  technique.  The  system  of  equations  (1)  is 
discretized  in  time  by  means  of  a  two  level  implicit  backward  Euler  scheme.  The 
equation  written  in  incremental  form  / 5/,  and  linearized  in  time  by  neglecting 
terms  of  order  A2,  are: 

{l+0A(AA*+A  An*  )  }  6v?n  ^  =  -(1-0)  A  (  An&w  t  ftA  w"  )  (5) 

where  A=At/Ax,  and  the  relation  (4)  has  been  substitute  in  (1).  The  left  hand 
side  operator  is  discretized  in  space  by  means  a  two  point  characteristic  biased 
scheme.  Therefore  the  incremental  quantity  6w  is  computed  with  a  first  order  ac¬ 
curacy  in  time  and  space.  Instead  the  right  hand  side  is  disertized  by  means  a 
three  point  characteristic  biased  scheme  so  that  the  final  steady  state  solution 
is  second  order  accurate.  For  the  one-dimensional  case  a  block  tri-diagonal  matrix 
is  obtained  and  a  direct  inversion  can  been  performed  very  efficiently. 

In  the  two-dimensional  case  the  raatri  results  block  penta-diagonal .  In  the 
present  work  the  inversion  of  the  matrix  will  be  obtained  by  means  of  a  n  itera 
tive  procedure/6/.  In  fact  the  use  of  an  approximate  factorization  imposes  a  li¬ 
mitation  on  the  size  of  the  time  step  in  order  to  reduce  the  numerical  error  in¬ 
troduced  by  the  mixed  derivative,  whiwh  is  proportional  to  At2.  The  parameter  O 
enables  us  to  vary  from  a  fully  implicit  to  a  fully  explicit  formulation.  The  ac¬ 
curacy  and  the  convergence  velocity  of  the  scheme  will  be  verified  by  means  of 
one  and  two  dimensional  test  cases. 
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‘ig.  1  -  Mach  distribution* 


Fig.  2  -  Entropy  distribution. 


Time  history  of  the  isoMach  lines. 


Fig.  4  -  IsoMach  lines. 
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>  -  Constant  entropy  lines.  Fig.  6  -  Pressure  coefficient  distribution. 
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Viscosity  method  in  nonlinear  systems  of  conservation  laws  for 

transonic  flows 


Miloslav  Feistauer  and  Jindrich  Necas 
Charles  University  Prague 
Sokolovska  83 
18600  Praha  8 
Czechoslovakia 


VV'e  prove  that  the  solution  of  a  compressible  generally  transonic  flow  of  an  ideal  fluid  can 
be  obtained  as  a  limit  of  viscous  solutions,  if  the  viscosity  and  heat  conductivity  tend  to  zero. 

Let  us  consider  a  weak  solution  of  a  stationary,  compressible,  perfect,  viscous,  conductive 
gas  flow  in  a  bounded  domain  fi  C  RN  (N  =  2  or  3)  with  a  Lipschitz-continuous  boundary  Oil, 
satisfying  the  conditions 


(!)  0  €  IV1’2 (11),  0  <  Q0  <  e(x)  <  0i  <  +oo, 

(2)  U6IP1’2  (ft,  ft"),  M<A‘, 


(3)  !J  €  //°°(tlS2),  h  g  L'(dll),  ||<7l|L“(0n).  H^IUqan)  <  A’, 

(1)  T  €  lPl,2(ft),  0  <  Tn  <  7'(x), 

(5)  |  /  ptlx |  <  A'  p  =  Rq  T,  R  =  const  >  0 

Ju 

with  constants  A, 7'o,  R  independent  of  the  viscosity  p  and  heat  conductivity  k,  and  the 

equations 


(7)  (  0  ^  4—  dr  =  f  gif  ds  Vy?  €  H/,,2(ft) 

J  o  (,x<  Jon 

(continuity  equation) 

2Cij{v)  =  +  it,'  VV’  =  («Pi,-..,V>v)GH'-,’2(Si,A"), 

nn  ft  IPll3(«,  ltN )  n  /,"°(H,  Rn ),  on  Oil, 

ll,^lltv».*(n,n«*)  +  l|t’°||j^(ii,i?N)  <  K 

(Navier-Slokes  equations), 


F 


(9) 

where 

(10) 
and 
(11) 


/  TgSvij^-  dx  +  /  TSg<pds-  f  ~-gviSipdx 
J n  ox {  Jon  ja  {fit 

■  —k  I  VT  •  Vtpdx  +  k  f  htpds  +  f  E(v)tpds  V<p  G  W,'l,2(fl)n  L'x>(il) 
•/n  Jq  o  7n 

(energy  equation), 

E(u)  =  2/teij(t,)eij(«)-?,t^y 

'T 

5  =  c„  In 


v  ka*  • 
qk  1 


Here,  we  denote  v-  velocity,  q~  density,  p-  pressure,  T-  temperature,  S-  entropy,  E-  dissi¬ 
pation;  cv  >  0  and  k  >  1  are  constants. 

Further,  we  consider  the  entropy  control  on  the  boundary 


(12) 


1_ 


<  A' 


V/i  >  0 


and  assume  that  k  -  /?/«  with  f)  >  0  independent  of  p,jfc. 

Let  us  consider  a  sequence  {p„},  \  0,  k„  =  (3,in  and  a  corresponding  sequence  of 

solutions  {gn,pn,vn,Tn,Sn}  to  (7)-(9)  with  properties  (l)-(5).  We  derive  estimates  which 
allow  to  choose  a  subsequence  (denoted  again  pn,pn  etc.)  such  that 


en  —  0  weakly  in  A2(17), 

T„-7’  in  TS(il)  Vp€|l,2), 

I'n  — 1 k  T  almost  everywhere  in  11, 
weakly  in  Wl,4^3(ft,  liN), 

A  fJ 

Vn->V  in  7/(17)  VpG(l,  -^), 
vn  — ^  »  almost  everywhere  in  11. 

The  ninin  results  [I]  ,  [2]  : 

a)  o„  -+  q  in  L2(17). 

b)  If  Sn  —*  So  in  L  (#17),  then  Q,T,p  =  Rgl  ,v  and  5  =  cwln-^n  form  a  weak  solution  of  the 

conservation  law  equations  of  a  uonviscous  gas.  1 

Under  some  special  assumptions  and  with  the  use  of  the  method  of  characteristics  we  prove 
that  the  limit  flow  iR  isentropic,  adiabatic  and  potential. 

lhe  conditions  (1)  (5)  which  lead  in  the  limit  to  flows  without  strong  shocks  can  be 
weakened  in  such  a  way  that  instead  of  (1)  and  (5)  we  consider  ([2]) 

(14)  0  <  p  <  <>,  <  -foo,  g  G  IF,'2(fl),||lnp||LJ(n)  <  c  <  +oo,  ||T|U.(n)  <  c  <  +oo. 


Then 

Qn  e 

in  A2(l 7), 

(15) 

r„  —  v 

♦  -weakly  in  7H'(17,  llN), 

On  —  \/^\^  0 

in  7/(17)  Vq  €  (1,2), 

Sn-*S 

in  7/(17)  Vq€  (1,2), 
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and  the  limit  satisfies  again  the  conservation  laws  for  a  nonviscous  gas  in  a  weak  sense.  The 
fact  that  v  €  llN )  permits  also  strong  shocks  in  the  (low. 

Finally,  if  instead  of  (1)  and  (5)  we  assume  that 

(lfi)  0  <  c(/i,fc)  <  q(x)  <  pi  <  +oo,  q  6 

and 

(17  )  /  ln£  ds  <  K, 

Ja  n  to 

then  the  limit  (low  can  have  cavitations  on  a  set  of  positive  measure  ([3]). 
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1  Introduction 

Our  purpose  is  to  build  efficient  conservative  schemes  for  the  computation  of  mnlti-species 
(possibly  reactive)  flows.  On  this  way  we  consider  simplified  models  in  which  the  governing  equa¬ 
tions  include  Euler’s  hyperbolic  terms  for  several  species.  Even  in  the  case  where  the  different 
species  have  different  molecular  weights  and  specific  heat  ratios,  the  model  is  shown  to  remain 
hyperbolic.  We  present  several  preliminary  numerical  results  obtained  by  extending  to  this  multi- 
component  Euler  system  some  classical  flux-splitting  schemes. 


2  Multi-component  Euler  equations 


For  sake  of  simplicity,  we  first  write  the  model  in  one  space  dimension,  with  only  two  species 
El  and  E2.  Neglecting  diffusive  and  reactive  terms  in  a  first  step,  we  consider  the  following 
“multi-component  Euler  equations”: 

Wt  +  F,  =  0,  (1) 


with: 


F  = 


pu  \ 
pu2  +  p  \ 
u{E  +  p)  I 
puY  ) 


The  notations  for  the  density  p,  velocity  u,  pressure  p  and  total  energy  E  are  classical;  mor  v*r, 
Y  is  the  mass  fraction  of  the  first  component  Ei  [i.e.  pY  (resp:  p(  1  —  Y))  is  the  separate  de-«ity 
of  Ei  (resp:  E2)].  To  close  the  system  (1),  we  need  to  express  the  pressure  as  a  functi  i  of 
the  dependent  variables  Wi-  Assuming  that  the  two  species  behave  as  constant  gases,  and  ng 
classical  thermodynamical  relations,  such  as  Dalton’s  law  and  Mayer’s  relation,  we  get: 


P~  (T  -1)(£-  ^P«2)  , 


with: 

_  Yai~ii  +  (1  -  Y)anl2  _  +  (^l  ~ 

7  Yat  +  (1  -  Y)<x7  W<ai  +  (Wi  -  WA)a,  ’ 

where  1  =  A/i(qi  —  1),  atj  1  =  —  1);  the  subscripts  1  and  2  refer  to  the  two  specie?  md 

M  denotes  the  molar  weight. 


104 


F 


Thus  7  =  i(W)  is  an  homogeneous  function  of  degree  0,  and  F  —  F(W)  is  homogeneous  of 
degree  1,  as  in  the  single  component  case.  Setting  F(W)  =  F{W,~j{W)),  we  can  write  the  Jacobian 
matrix  as: 

i{W\  -  *L-  0L  +  57  37 

(  l  ~  dw  ~  dw  d-i  aw‘ 


with  the  properties: 


A[W)W  =  F(W)  ,  |£w  =  0. 


A  remarkable  result  is  that  the  matrices  A  and  have  the  same  real  eigenvalues: 

Ai  =  u  ,  Aj  =  u  +  e  ,  >3  =  o-c  ,  >4  =  «  .  (5) 

where  the  sound  speed  still  has  the  classical  expression  e  =  The  corresponding  eigenvectors 


«1  = 

(  1  ^ 

u 

S' 

II 

(  1  ^ 
u  +  e 

S' 

II 

f  1  > 

u-c 

,  ?4  = 

f0\ 
0  1 

£-x  1 

H  +  ue 

H  —  uc 

x 

V  0  ) 

I  • 

\  Y  ) 

1  1 

l  Y  J 

\y) 

with  H  =  X  =  |--f;  fj  ,  are  linearly  independant,  which  shows  that  the  system  (l)-(4)  is 

hyperbolic  (although  non  strictly  hyperbolic  since  At  =  A4). 

There  is  no  difficulty  in  checking  that  these  results  also  hold  in  several  space  dimensions  or  if 
the  number  of  species  is  greater  than  two. 


3  Numerical  approach 

Following  previous  studies  on  the  numerical  simulation  of  perfect  gas  flow  or  reactive  gas  flow, 
we  use  for  the  approximation  of  system  (1)  a  finite-volume  approach  on  a  (possibly  unstructured) 
finite-element  mesh  (see  [l],  (3|).  Our  goal  is  therefore  to  investigate  how  the  classical  flux-splitting 
hyperbolic  schemes  perform  when  applied  to  the  full  system  (1)  with  the  species  equations  added. 

The  numerical  results  presented  below  have  been  obtained  with  Roe’s  numerical  flux  function 
(written  here  for  the  one-dimensional  system  (l)): 

W,  W2)  =  ~[W^]  \  I  A(W)  (  (Wt  -  W2)  (6) 


where  W  is  defined  by: 

/T  y/Pl  +  y/pi  ,  y/Rnx  +  yfp2U2  fT  y/plHy  +  y/piHl  y/PlYl  +  y/PlYi 

Vp“  2  ’  W"  2 Vp  '  2 Vp  ' 

Concerning  this  last  scheme,  it  is  of  interest  to  notice  that  the  fundamental  property  of  Roe’s 
scheme  F[Wi )  —  /(W  j)  =  A(W)(Wi  —  W3)  is  still  satisfied  when  7j  =  72  =  7,  but  no  longer  holds 
if  7i  f4  72- 

Figure  1  shows  how  the  above  scheme  performs  when  applied  to  a  Riemann  problem  for  system 
(l).  We  consider  Sod’s  shock  tube  problem,  with  two  different  components  on  both  sides  of  the 
discontinuity  at  t  =  0,  and  with  71  —  72  =  1.4.  The  species  profile  obtained  with  the  scheme 
(6)  can  be  compared  to  the  profile  obtained  by  combining  the  usual  Roe’s  scheme  for  the  Euler 
equations  with  a  donor-cell  approximation  of  the  species  equation  [pY)t  +  (puY)x  =  0. 


V, 


Figure  2  represents  mass  fraction  profiles  across  a  planar  premised  flame  with  one-step  chem¬ 
istry  (in  this  case,  diffusive  and  reactive  terms  are  added  to  the  energy  and  species  equations  in 

(1) ).  The  scheme  (6)  is  now  compared  to  a  scheme  combining  Roe’s  scheme  for  the  Euler  equations 
and  a  centered  approximation  for  the  species  equation  (see  [2|).  Using  as  a  reference  the  results 
obtained  with  the  “combined  scheme*  and  401  mesh  points,  we  observe  that  the  error  in  the  flame 
location  obtained  with  the  “combined  scheme*  operating  on  a  coarse  grid  is  considerably  reduced 
with  the  global  flux-splitting  (6). 

Lastly,  we  show  in  Figure  3  the  two-dimensional  interaction  of  two  supersonic  gaseous  jets; 
the  impinging  jets  are  made  up  of  two  different  species,  with  M i  ^  M?  and  £  72;  the  system 
of  governing  equations  simply  is  the  two-dimensional  analogue  of  (l)-(4),  with  no  diffusive  and 
reactive  terms.  Although  the  diffusive  effect  0/  the  scheme  clearly  appears  when  observing  the 
mass  fraction  contours  (obtained  on  a  uniform  non  adaptive  mesh),  the  scheme  behaves  in  a  very 
promising  fashion. 

4  Conclusion 

For  the  solution  of  (possibly  reactive)  systems  including  the  multi-component  Euler  equa¬ 
tions,  it  appears  that  the  results  of  calculations  in  which  the  usual  Euler  terms  and  the  added 
continuity  equations  are  treated  separately  can  be  substantially  improved  by  using  a  global  flux¬ 
splitting  approach  similar  to  (6). 
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Figure  1:  Density,  pressure,  velocity  and  mass  fraction  profiles  for  a  two-component  shock  tube 
problem. 


Figure  2:  Mass  fraction  profiles  across  a  planar  premixed  flame  (the  dashed  curve  and  the  dotted 
curve  coincide  on  the  figure). 


Figure  S:  Gaseous  jets  interaction:  velocity  field  and  mass  fraction  contours. 
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Multigrid  Methods  for  the  Solution  of 
Porous  Media  Multiphase  Flow  Equations 

by 

T.  W.  Fogwell  and  F.  Brakhagen  * 

For  flow  in  a  porous  medium  Darcy  discovered  that  a  good  method  to  calculate  the  superficial  velocity  was  to 
ise  the  pressure  gradient  as  the  driving  force  and  regard  the  properties  of  the  medium  as  a  transmission  factor, 
.'he  velocity  was  inversely  proportional  to  the  viscosity  and  the  pressure  could  be  due  to  gravity  effects.  For  each 
<hase  l,  then,  we  have  the  velocity 

Pt  =  -K£(VPt  +  ptg)  (1) 

Pi 

/here  p  is  the  viscosity, if  is  the  permeability, P  is  the  pressure,  p  is  the  density,  and  g  is  the  gravity  vector. 

The  volumetric  fraction  (saturation)  of  phase  t  is  denoted  by  St,  so  that  S<  =  1.  It  was  discovered  that  for 
nultiphase  flow  the  permeability  tensor  could  be  mote  accurately  split  into  two  parts  so  that  Kt  =  kr(K  where 
ft  is  a  scalar  depending  on  the  saturations  and  A1  is  a  tensor  depending  on  the  spatially  varying  structure  of  the 
.tedium.  Mass  conservation  is  represented  by  the  continuity  equation 


9(4ptSt) 


=  -V  •  (ptvt)  -  qt 


where  qt  is  a  production  (sink)  term  and  $  is  porosity  (fraction  void  space). 

In  order  to  solve  the  equations  boundary  and  initial  conditions  must  be  specified  together  with  the  parameters 
•n  the  equation.  Usually  the  boundary  conditions  are  no-flow  Neumann  type  conditions.  For  constant  temperature, 
:he  following  are  specified:  Pt{Pt),  Pt(Pt),  and  kTt(S\ -,S„).  Another  relationship  is  then  needed.  This 

is  usually  taken  to  be  the  capillary  pressure  Pe  defined  to  be  the  difference  in  pressure  between  a  wetting  and  a 
non-wetting  phase,  and  is  considered  an  emperieal  function  of  the  saturations. 

The  Darcy’s  law  equation  is  combined  with  the  continuity  equation  to  eliminate  the  velocity  and  gives 

*4g*!  =  -v-(  ^(ve, +  *»)]-,,.  (3) 

The  unknowns  are  then  the  Pi  and  St.  For  incompressible  flow  this  becomes 

4>^  =  V[—(VPi  +  Ptg)]~Qt  (4) 

at  tn 

where  Qt  =  qt! Pi-  In  order  to  eliminate  the  saturations  we  can  sum  the  above  equations  to  give 

— (VPr  +  Prp)l-Q«  =  0  (5) 

i  * 

where  Qt  is  the  total  production.  This  is  an  elliptic  equation  and  demonstrates  why  one  might  expect  multigrid 
methods  to  work. 

If  just  two  phases,  o  and  w,  are  present,  then  capillary  pressure  Pc  —  P0  —  P„.  If  the  capillary  pressure  is 
taken  to  be  sero,  then  P0  =  Pm  =  P.  If  the  flow  is  horisontal,  then  ptg  —  0,  and  we  have  vt  =  ~(krlK  [  pt)V P  for 
each  phase  l.  Also,  vw  =  (kT^Po/K oP*)vo-  bet  r,  =  v0  +  t>„  and  ft  =  (fcr//f<{)/(Arw/Pv  +  kro/p0)  for  l  —  o  or 
w.  Then  v/  =  ftv ,  and  the  equation  for  phase  l  becomes 

'  If  we  look  at  the  places  where  there  is  no  source  or  sink  term,  then  Qt  =  0.  Expanding  the  right  side,  we  get 


For  incompressible  flow  this  becomes 


4-^.  =  -ftVvt-vtVft. 


^^r  =  ~v*ir'VSt 

dt  dSt 


which  has  the  form  of  a  first  order  hyperbolic  equation.  The  discontinuities  in  th"  initial  conditions  are  then 
propagated.  This  is  why  one  might  expect  multigrid  methods  not  to  work  so  well. 

The  discontinuities  in  the  solution  are  not  the  only  problems.  There  are  large  discontinuities  in  the  coefficients 
as  well.  K  can  have  discontinuous  jumps  of  several  orders  of  magnitude  due  to  changes  m  the  medium’s  geological 
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features.  These  are  aggravated  by  large  discontiinout  changes  in  fc,j  as  a  result  of  the  sudden  changes  in  the 
saturations. 

The  equations  we  solve  are  those  for  incompressible  two  phase  flow  in  two  dimensions.  We  use  two  general 
techniques,  both  using  multigrid,  one  called  IMPES  (implicit  pressure,  explicit  saturation)  and  the  other  called 
the  simultaneous  solution  (SS)  method.  The  general  equations  for  both  methods  are 

4>~-  =  V  ■  (^(vp.  +  **)]  -  <?.  (6) 

For  the  IMPES  method  we  add  the  two  above  equations  to  obtain  a  “pressure  equation,”  as  follows, 

V  •  [(A.  +  A. ) VP.  -  A „  VPe  -  (A,p.  +  A.*, )g]  ss  Q.  +  Q.  (8) 


where  A/  =  kriK/m  for  /  =  o  or  w.  This  equation  is  elliptic.  All  saturation  related  terms  sure  taken  at  the  old 
time  level  and  equation  (8)  is  solved  for  P0  at  the  new  time.  Once  Pa  is  known,  equation  (7)  is  solved  explicitly 
for  the  new  saturation  5„ .  From  this  Pe  is  known  and  the  process  is  started  again. 

The  problem  is  discretised  by  the  standard  Unite  difference  method  with  reflection  boundary  conditions.  The 
standard  multigrid  method  will  foil  because  of  the  large  jump  discontinuities  in  the  coefficients  A/.  The  difference 
operator  itself  is  used  for  the  interpolation  operator  as  originally  proposed  by  Alcouffe,  Brandt,  Dendy,  and 
Painter.  This  more  closely  follows  the  continuity  of  the  A tVPt  terms  rather  than  attempting  to  interpolate  the 
discontinuous  V Pi  terms.  The  restriction  operator  is  taken  to  be  the  transpose  of  the  interpolation  operator.  The 
coarse  grid  operator  is  taken  to  be  the  Galerkin  approximation  derived  from  the  fine  grid  operator  together  with 
the  restriction  and  interpolation  operators.  If  Lk~l  is  the  coarse  grid  operator,  Lk  is  the  fine  grid  operator,  and  I 
is  the  interpolation  operator,  then  Lk~x  —  LkI.  Although  the  finite  difference  operator  on  the  finest  grid  has  a 
five  point  star,  the  operators  on  the  coarser  grids  all  have  nine  point  stars. 

For  relaxation  steps  we  use  point,  line  and  alternating  line  Gauss  Seidel  methods.  With  the  W-cycles  we  use, 
the  algorithm  exhibits  the  usual  multigrid  efficiency.  The  average  reduction  factor  per  work  unit  ranges  from  0.25 
to  0.6,  where  one  work  unit  is  the  work  required  for  one  relaxation  step  on  the  finest  grid.  Because  of  the  explicity 
treatment  of  saturation,  the  following  restriction  on  the  sise  of  the  time  step,  as  was  given  by  Asis  and  Settari,  is 


imposed  for  stability: 


At  <  min 
« 


A*Ayd 

- t— - —  min 

*•&  +  *»  If  <  s- 


Wl 


If  the  mesh  sises  are  very  small  or  P't  is  very  large,  then  the  vises  of  the  time  steps  required  for  stability  are 
unacceptably  small.  In  this  case  the  simultaneous  solution  method  preferable. 

The  system  we  use  in  the  simultaneous  solution  method  is  symmetric.  The  equations  (6)  and  (7)  are  transformed 


v  •  [A0(VP0  -  M)]  =  -^-)  +  Qo 


V  •  (A»(VP„  -  M)]  =  -  -£)  +  <?- 


(10) 


by  taking  S(,  =  dSw/dPe,  on  the  assumption  that  Pe{Sw)  is  invertible  and  5^  exists.  The  equations  are  solved 
simultaneously  for  Pe  and  Pm.  The  new  saturations  are  then  found  by  5W(PC).  The  finite  difference  discretisation 
of  the  system  leads  to  a  symmetric,  block-pentadiagonal  system  where  the  blocks  are  2x2  submatrices.  The  off- 
diagonal  blocks  are  diagonal  matrices.  The  discretisation  is  backward  in  time  with  explicit  mobilities  A„  and  \m . 
The  scheme  is  unconditionally  stable. 

Again  the  difficulties  in  a  multigrid  scheme  are  the  discontinuities  in  thr  coefficients  A*-  We  use  a  generalisation 
of  the  interpolation  procedure  we  use  for  the  IMPES  method  applied  to  systems,  which  was  originally  proposed 
by  Dendy.  The  coarse  grid  operator  is  still  the  Galerkin  approximation  derived  from  the  interpolation  operator 
L 1-1  =  I7 Lk  I .  The  interpolation  and  restriction  operators,  however,  consist  of  submatrices.  The  relaxation  is 
done  by  collective  point,  line  or  alternating  line  Gauss  Seidel  methods.  The  convergence  of  this  multigrid  method 
seems  to  be  about  the  same  as  for  the  IMPES  method.  Because  of  the  large  accumulation  term  which  appears 
on  the  coarser  grids  (not  found  with  the  IMPES  method),  the  coarsest  grid  must  be  taken  fine  enough  to  assure 
that  the  operator  equation  is  nonsiagular.  This  seems  to  impose  no  practical  restriction  on  the  method.  We  are 
currently  testing  different  more  efficient  methods  of  obtaining  the  coarse  grid  operators.  These  promise  to  save 
much  computational  effort  over  the  Galerkin  approximation,  particularly  in  three  dimensions. 
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CENTRAL  DEGENERACY  OF  ROTATIONALLY  SYMMETRIC  HYPERBOLIC  SYSTEMS  OF 
CONSERVATION  LAWS 

H.Freistiihler 

Institut  flir  Mathematik,  RWTH  Aachen 

1.  Outline 

Theorem;  Assume  the  flux  function  of  a  hyperbolic  system  of  con¬ 
servation  laws  displays  a  generic  rotational  symmetry.  Then,  loc¬ 
ally  near  any  point  that  belongs  to  the  center  of  symmetry,  the 
Riemann  problem  has  a  unique  stable  solution,  which  depends  con¬ 
tinuously  on  the  data.  - 

The  assumption  is  wide  enough  to  cover  interesting  cases  from 
continuum  mechanics,  so  nonlinear  elasticity  of  an  isotropic  body 
near  the  ground  state  and  magnetohydrodynamics  with  magnetic 
field  nearly  parallel  to  the  direction  of  wave  propagation. 

The  difficulty  lies  in  a  loss  of  strictness  at  the  center:  the 
usual  construction  of  Lax  and  Liu  is  not  directly  applicable; 
we  adapt  it  to  the  degenerate  situation  by  giving  an  appropriate 
less  (but  enough)  regular  parametrization  of  the  elementary 
waves . 

There  are  many  interesting  papers  on  non-strictly  hyperbolic  sys¬ 
tems  (see  Key fi t  z '  s  survey)  that  do  however  not  touch  the  rather 
natural  problem  considered  here.  E.g.  the  classification  by 
Schaeffer  «  Shearer  in  the  frequently  useful  model  class  of  2*2 
systems  accidentally  avoids  rotational  symmetry  by  its  restrict¬ 
ion  to  quadratic  flux  functions.  The  only  rotationally  symmetric 
systems  whose  RP  has  been  studied  rigorosly  in  previous  literat¬ 
ure,  that  of  the  elastic  string  and  intimately  related  models 
(Keyfitz  &  Kranzer,  Liu  &  Hang,  Shearer) ,  have  their  state  space 
bounded  away  from  the  center,  so  that  the  central  degeneracy 
does  not  appear  there.  Examples  of  centrally  degenerate  rotation- 
ally  symmetric  2*2  and  3x3  systems  have  recently  been  given  by 
FreistiithLer . 

2.  Details 

2.1.  Stable  solutions  of  Riemann  problems 

As  usual  we  look  for  weak  solutions  that  are  centered,  piecewise 

smooth  and  have  discrete  discontinuities.  Let  f  ;U-»lRn  describe  the 

system.  For  (u,s) €U*2R  , write  R*(u,s)j*»  £  ker (Df  (u) -A) . 

X*s 
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Def  1 .  (u  ,u+,s)€U*U*3R  represents  a  linearly  stable  discontinuity 

(RH)  f(u+)-f(u  )=s(u+-u  )  and 

(LS)  R+(u”,s)+R”(u+,s)  c  R_(u”,s)©R+(u+,s)©IR  (u+-u~)  . 

Def  2.  A  linearly  stable  solution  of  a  RP  is  one  with  all  its  dis¬ 
continuities  linearly  stable;  any  weak  limit  of  linearly  stable 
solutions  is  called  a  stable  solution.  - 

Actually,  with  rotationally  symmetric  systems,  weakly  (=  not 
linearly)  stable  solutions  occur  naturally.  Some  of  these  are 
associated  by  a  continuous  version  of  structural  lability  in  the 
sense  of  discontinuous  changes  of  constant  states  in  solutions. 

For  this  concept  of  stability  compare  Jeffrey  &  Tanluti  and 
Majda . 


2.2.  Rotational  symmetry 

Def  3.  For  m,k,n=m+k€lN  ,  decompose  u€TRn  as  u=  (x,y ) €3Rm  xlR^ 


to 


any  oefl'tm)  define  oeCln)  by  0(x,y)  =  (0x,y) .  f:U-»3Rn  is  rotational¬ 
ly  symmetric  (with  respect  to  x)  :«♦  f  oq=qo  f  for  all  OfO'fm)  .  - 

^  k 

Cor,.  ,  1  ♦  Then  f=(X,Y)  with  X (x,y) =X ( | x | ,y) x  ,  X:  IR  *1R  -*1R  , 


D5(x,y) = 


A  i 

X$|x|  xx 


Y(x,y)=Y(|x|,y) 

T+$I  xX 
m  y 


,  Y:3R  xlRk  -*IRk 

X(0,y) I 


-1  T 


A 

Y. 


at  ( | x | ,y) ;  Df(0,y)= 


m 


Yy(°,y)/ 


3  M 

X  :=X( I . I ,.)  is  an  eigenvalue  of  Df.  - 

A  A  a  A 

Cor,  2.  For  the  corresponding  radial  system  f:=(Xx,Y), 


x^ft+x 


£x 


A 

Y. 


A  A 

has  a  continuous  eigenvalue  A  with  A(0,y)=  0,y) 


,.)  is  an  eigenvalue  of  Df.  - 


Def  4.  Let  u0=(OfyQ)  €&  =  {  (0,y) €U) .  f  is  generic  at  uq  :*» 

(i)  $  is  strictly  hyperbolic  and 

(ii)  DfUo,y0)*0  and 

(iii)  Each  eigenvalue  of  D$  different  from  £  is  genuinely  non¬ 
linear  or  linearly  degenerate.  - 
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2.3.  Parametrization  of  the  stable  transverse  waves 


Def.  5.  Near  u  :  transverse  waves  :♦*  elementary  waves  with 
-  oA  - 

speeds  s  near  X(0,yQ).  - 

Main  lemma:  Near  uQ,  all  combinations  of  stable  transverse  waves 

can  be  parametrized  by  a  map  St,  defined  in  U*IRm  near  (u  ,0), 
t  t 

where  S  (u^,e  )=ur  means  that  u^,ur  are  left  and  right  hand  sta¬ 
tes  of  a  sequence  of  stable  transverse  waves  of  increasing  speeds. 
Sfcis  continuous  and  piecewise  smooth  and  fulfils 

(i)  Sfc(.,0)=id 

(ii)  D  tSt(u/et)  =  (I  +A)  (I, (I  ,0)T)  with  A=0(;|.a-u  |  +  |  efc| )  .  - 

Uf  t  n  n  m  »  u 
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ON  A  HOOOGRAPH-LIKE  TRANSFORMATION  FOR  QUASILINEAR  HYPERBOLIC  NON  REDUCIBLE 

SYSTEMS  OF  FIRST  ORDER 


D.  FUSCO 

Dipartimento  di  Matematica  e  Applicazioni 
Universita  di  Napoli ,  Via  Mezzocannone  8 
80134  Napoli,  Italy 


Let  us  consider  a  quasi  linear  nonhomogeneous  hyperbolic  system  of  first 
order 

U  +  A(U)  U  =  B(U)  (1) 

“ t  —  — x - 

where  x  and  t  are,  respectively,  space  and  time  coordinates  and 

lb 


u  = 

U 

;  A(U)= 

ail 

ai2 

V 

a21 

a22 

B(U)  = 


U 

— t  3t 


u  =  ai 

“X  3X 


The  hodograph  transformation  is  no  longer  useful  to  reduce  the  governing  mode] 
to  linear  form.  However,  along  with  the  lines  suggested  in  [1]  ,  we  introduce  the 
following  variable  transformation 


X  =  X  -  S(u,v)  t  =  t  -  t  (u, v) 

where  £(u,v)  and  t(u,v)  are  differentiable  functions  such  that 
and  satisfying  the  pair  of  equations 


(2) 


3U,t) 

3(u,v) 


/  0 


+  A(U) 


au.t) 

3(u,v) 


B(U) . 


(3) 


Hence  the  transformation  (2)  can  be  considered  hodograph-like. 

Under  tire  change  of  variables  (2)  the  system  (1)  transforms  into  a  similar 
system  of  the  form 

U-  +  A(U)  U_  =  B(U).  (4) 

— t  —  -x - 


The  transformation  (2)  can  be  useful  to  solving  physical  problems  only  wfien 

the  transformed  system  is  in  a  form  whose  properties  are  well  known. 
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Occasionally,  the  transformation  (2)  may  lx?  used  also  to  link  certain  quasi linear 
systems  like  (l)  to  linear  canonical  forms. 

We  characterize  the  most  general  class  of  models  of  the  form  (1)  which  can  be 
linearized  directly  through  the  use  of  (2). 

More  general  than  the  direct  requirement  of  linearity  to  the  transformed  s^ 
stem  is  the  case  where  the  model  (4)  can  be  reduced  to  linear  canonical  form 
via  a  further  Backlund  transformation. 

Apart  from  its  own  theoretical  value,  the  afore-mentioned  reduction  procedure 
either  to  linear  or  to  nonlinear  canonical  forms  can  be  used  also  as  a  mathema 
tical  vehicle  for  characterizing  functional  forms  to  the  material  response  functions 
involved  in  the  basic  governing  system  ( 1 )  (model  constitutive  laws) . 

Physical  contexts  where  the  present  approach  can  be  applied  are  given,  for 
instance,  by  hyperbolic  models  for  heat  conduction,  river  flows,  nonlinear  tran 
smission  lines. 

Such  an  analysis  can  be  used: 

i)  for  solving  certain  classes  of  nonlinear  hyperbolic  boundary  value  problems ; 

ii)  for  constructing  exact  progressive  wave  solutions; 

iii)  for  investigating  simple  wave  interactions  in  nonlinear  hyperbolic  dissi_ 

*  pative  media. 
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Algebraic  Solutions  of  Benney’s  Equations 
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The  first  two  equations  of  the  Benney  hierarchy  [1], 
dAn  dAn+x  t  A  OAi 

~xr~  —  — x. —  +  n  An—i  -rj— 

ut^  dt\  dt\ 

dAn  dAn+2  ,  dAn  ,  ,  ,  ^  A  dA0  ,  dAx 

+  A0 -Jr-  +  («  +  1)  An  +  n  A„_j  - 


(D 


dt3 


dt  j 


dt  i 


dt  i 


dt\ 


are  the  simplest  members  of  an  infinite  family  of  commuting  flows  [2],  the  n-th  of  which  is 
parameterised  by  a  ’time’  t„.  They  possess  an  infinite  number  of  conserved  densities,  which 
are  polynomial  in  the  ’moments’  An . 

One  of  the  mosc  interesting  physical  applications  of  these  equations  arises  from  the  f'  t 
that  Ao  satisfies  the  autonomous  equation  [3]: 

&A0  _  d2A0  1  d2  (Ag) 

dt3dti  dt%  2  dt f 

which  arises  in  the  theories  of  transonic  flow  [4]  and  nonlinear  acoustics  |5].  Some  spe  ;al 
solutions  of  this  equation  can  be  found  by  looking  for  solutions  independent  of  1 2  01  1: 

in  these  cases,  respectively,  only  one  and  two  of  the  moments  A„  are  independent.  :3y 
restricting  to  solutions  invariant  under  higher  equations  of  the  hierarchy,  we  obtain  nonli  car 
systems  of  higher  order,  which  lead  to  solutions  of  (2).  Algebraic  solutions  of  these  h  th 
order  systems  can  be  found  by  looking  for  expressions  for  the  times  t\ n  as  polynon  als 
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in  the  variables  Aq,  . . . ,  An- i,  a  procedure  which  can  be  carried  out  systematically.  This 
procedure  is  the  natural  generalisation  of  the  hodograph  transformation  [G]. 

The  transformation  is  carried  out  by  first  writing  down  the  equations  for  the  dependence 
of  Aq  . . .  An-i  on  the  variables  ar,<2,^3  ••  •  f«i  where  all  the  .4,  are  required  to  be  invariant 
under  <„+i  translation.  Then  we  write  theses  equations  in  terms  of  differential  forms,  and 
obtain  a  consistency  condition  between  them,  which  is  a  /inear  p.d.e.  for  the  minors  of  the 
Jacobian  matrix  d{t j, . . .  ,tn)/3(.Ao, . . . ,  An- i).  Solving  this  linear  equation,  we  then  may 
integrate  once,  to  obtain  equations  for  differential  forms  of  order  one  less;  this  gives  an 
over-determined  system  in  general,  but  for  these  equations  we  have  found  (at  least  for  n=3) 
a  construction  for  the  solutions.  It  is  then  possible  to  continue  the  process,  until  explicit 
formulae  for  the  f,  as  functions  of  the  A(  are  obtained  [7]. 

There  seems  to  be  a  remarkable  and  largely  unexplained  relationship  between  these 
functions  and  the  conservation  laws  of  the  restricted  system;  it  seems  that  the  polynomial 
for  tn  is  always  a  conserved  density  of  (1),  provided  =  while  the  other  t,  are  the 

corresponding  fluxes.  It  is  expected  that  these  techniques  can  be  extended  to  other  systems 
of  completely  integrable  dispersionless  p.d.e. ’s,  of  which  the  most  important  examples  are 
perhaps  the  modulation  equations  for  slowly  varying  KdV  wavetrabis  of  genus  g  [8,9].  These 
have  a  similar  structure  to  Denney’s  equations,  although  they  are  much  more  complicated; 
for  instance,  the  conserved  densities  are  no  longer  polynomials,  but  may  be  expressed  as 
hyperelliptic  integrals  (elliptic  if  g  —  1).  Since  even  the  genus  1  case  has  not  been  solved 
explicitly,  this  problem  is  well  worth  pursuing. 
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We  investigate  the  numerical  resolution  of  problems  modelized  by  conservation 
laws  of  mixed  type.  Many  phenomena  in  elasticity  are  governed  by  such  equations;  i.e. : 

A)  Longitudinal  (or  pure  shearing)  motions  of  a  material  admitting  phase  changes: 

=  °(ux)x 

u(x,t) :  !R  x  IR+ - >  IR 

1-1  • 

with  o'(u)  >0  if  u  t£  [a,PJ 
.and  a'( u)  :£  0  if  u  e  [a,p] 

One  phase  of  the  material  can  be  distinguished  from  another  using  intervals  where 
a'(ux)  stays  of  constant  sign. 

System  1-1  is  hyperbolic  if  o'  <  0  and  elliptic  if  <r‘  >  0.  The  same  basic  system  is  obtained 
when  we  study  the  motion  of  an  isentropic  Van  der  Waals  gas  [HS]. 
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B)  The  motion  of  an  elastic  string : 


1-2  ytt 


=KhiM 


y(s,t)  :  R2  x  IR+ - >  IR2  is  the  location  at  time  t  of  the  string  at  rest's  point 


of  reference  s.  The  stress  T  satisfies : 


1-3-a 


T(1)  =  0 

T(r)  >0  forr>0 

and  for  sake  of  simplicity,  we  will  assume  : 
either  T^r)  >  0 

or T*(r) < 0  and  r(r)>rT(r)  Vr>0 


1-3-b 


The  system  1-2  is  strictly  hyperbolic  if  y  €  H  =  {  y  /  r  =  |  y,  |  >1}  and  of  mixed  type  if  r  <  1. 
It  has  been  studied  in  [Sh],  [KK]  and  [CRS]. 


The  difficulty  of  the  numerical  approximation  of  such  systems  arises  from  : 

I)  Classical  schemes  (Godunov,  Glimm,  Van  Leer  ...)  are  mainlybased  on  solving  Riemann 
problems,  resolution  which  is  not  always  possible  if  the  solution  leaves  the  hyperbolic  domain. 

II)  These  systems  are  ill-posed  when  the  solution  leaves  the  hyperbolic  domain  and 
numerical  approximations  are  very  unstable  (Hadamard  instabilities). 

Our  goal  is  not  to  predict  unstable  states,  but  the  search  of  stable  states,  particularly  when  the 
solution  comes  back  in  the  hyperbolic  domain  after  having  left  it 

For  system  1-1  and  system  1-2  under  assumptions  1-3,  it  has  been  proved  ([Sh], 
[CRS])  that  the  hyperbolic  domain  is  stable  by  Riemann  problem  solution  and  therefore  by 
Glimm's  scheme.  A  theoretical  study  of  approximated  solutions  of  1-1  and  1-2  by  Glimm's 
scheme  [Gl]  has  been  done  in  [PS]  and  it  is  proved  that  weak  convergence  and  hence  strong 
convergence  cannot  occur  in  some  cases  where  the  solution  leaves  the  hyperbolic  domain. 

We  restrict  our  investigation  to  system  1-2  because  it  is  too  expensive  to  solve  the 
Riemann  problem  for  system  1-1.  We  show  in  this  talk  that  the  original  version  of  Glimm's 
scheme  [Gl]  is  sufficiently  robust  to  allow  computations  even  when  the  solution  leaves  the 
hyperbolic  domain. 
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An  elastic  string  which  is  a  circle  and  for  which  the  exact  solution  is  known,  is 
analysed  as  a  two-dimensional  (2D)  test-case  and  we  investigate  numerical  approximations  of 
system  1-2  computed  using  two  versions  of  Glimm's  scheme.  According  to  the  results  of  [PS], 
the  first  version  of  Glimm's  scheme  does  not  allow  the  computation  of  the  solution  when  it 
leaves  the  hyperbolic  domain  to  enter  the  mixed  one  because  the  numerical  solution  is  not 
kinematically  admissible.  The  second  version  of  Glimm's  scheme  (the  original  one)  allows  to 
reconstruct  a  numerical  solution  which  is  kinematically  admissible  and  dynamically  admissible 
on  an  average  but  not  locally. 

The  presentation  is  organised  as  follows.  In  the  first  section,  the  test-problem  is  analysed  and 
we  define  the  numerical  cases  studied.  In  the  second  section,  we  summarize  the  two  versions  of 
Glimm's  scheme  and  we  recall  a  result  given  in  [PS].  The  numerical  solutions  obtained  with  the 
first  version  of  Glimm’s  scheme  are  presented  in  section  3  and  those  obtained  with  the  original 
version  in  section  4;  the  section  S  is  devoted  to  a  discussion  about  the  results. 
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The  general  system  of  hyperbolic  conservation  laws 
governing  multiphase  flow  in  one  spatial  dimension  : 


fi<ul,x 


0  ;  i  =  1 , 2  ,  ,  ,N 


is  modified  in  the  following  way  : 

We  assume  that  the  function  f^  is  a  function  of  the 


components  u1  ,  u^ 
equation  system  : 


u^  only.  Hence  we  obtain  the 


f1(u1>,x  ' 

f2(u1'u2,,x 


UN  ,t  +  fN,U1'U2""V(x  =  0 

Existence  and  uniqueness  of  the  solution  of  this  kind  of 
equation  system  (where  the  derivative  of  the  flux  function 
df  ,  is  a  lower  triangular  matrix)  is  recently  shown  by 
Holden  and  H0egh-Krohn  (HH) .  In  their  proof  they  bring 
forth  ideas  of  a  method  for  constructing  the  solution 
explicitly.  These  ideas  are  here  developed  as  a  numerical 
method.  They  are  closely  related  to  concepts  of  polygonal 
approximations  (e.g.  Dafermos  (Da))  and  convex-envelope 
tracking  (as  presented  in  (HHH ) ) . 

With  assumptions  of  3-phase  flow  (  N=2  )  of  oil, gas  and 
water,  we  also  obtain  stability  and  convergence  results 
for  the  numerical  method. 

The  equations  (*)  are  solved  by  solving  one  equation  at 
the  time,  starting  out  with  the  first  equation,  which  is, 
of  course,  an  ordinary  scalar  equation.  The  solution,  for 
any  initial  value  function,  gives  us,  by  the  methods  men¬ 
tioned  above,  a  finite  number  of  shocks,  that  is,  a  finite 
number  of  -  values  to  be  considered  in  equation  nr.  2. 

These  values  of  u^  give  rise  to  fjlu^,  *  “  functions, 

upon  which  the  solution  of  eq.2  is  constructed.  Passing 
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from  one  function  )  till  another  ) 

should  be  shocks  coinciding  with  the  u. -shock  from  u  *  to 
u,  .  In  between  these  shocks  we  use  the  simple  scalar  al- 

■  i 

gorithm  for  a  single  equation  s  u2  t  4  *2*ul  '  u2^  *  °* 

Then,  the  solution  of  equations  no.  T  and  2  gives  us  a  finite 
number  of  u2  -shocks  -  some  of  them  coinciding  with  u^  -shocks. 
All  these  shocks  give  a  sequence  of  f^  -  functions  which  should 
be  treated  as  the  previous  f2  -  sequence  and  so  pn. 

Turning  away  from  the  general  system  of  equations,  we  now  con¬ 
sider  a  system  for  three-phase  flow  : 

ut  ♦  f(u)x  n  0 

(**> 

vt  ♦  g(u,v)x  «=  0 

If  u  is  the  gas-saturation,  v  the  oil-saturation  then  the 
water-saturation  is  determined  by  w=1-u-v.  The  simpli¬ 
fication  from  a  general  2x2-system  is  based  upon  an  assumption 
that  the  gas-flow  (Eq.1)  is  independent  of  whatever  it  takes 
place  in  oil  or  water,  while  the  oil-flow  (Eq.2)  is  sensitive 
to  the  amount  of  gas  present. 


With  no  gravitational  effects  involved  we  may  assume  (as  is 
commonly  done)  that  the  flux-functions  f  and  g  have  an  S-shaped 


if  u1  <  u2  . 

Treating  the  Riemann-problem  for  (**)  (a  general  initial 
value  problem  is  decomposed  into  a  finite  number  of  Riemann- 
problems  ) ,  that  is  » 
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f|u_  ,  v_>  if  X  <  0 
|U4  ,  v~)  if  X  >  0 

where  u  , v_,u+  and  are  constants. 

We  develope  a  numerical  method  that  is  well-defined  (the  solution 
is  inside  the  phase-space  :  u  ♦  v  <  1 ) ,  and  stable.  By  stability 
we  will  mean  that  by  making  the  polygonal  approximation  better 
than  a  certain  limit,  no  additional  information  is  gained,  nor 
does  variation  increase  (as  has  been  a  problem  with  finite 
difference  methods,  e.g.  (Te ) > . 

The  solution  (as  a  curve  in  phase-space)  also  depends  - 
continuosly  upon  the  initial  data. 

Numerical  examples  are  shown,  also  with  some  comparision  to 
finite  difference  methods. 
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THE  INTERACTION  OF  NONLINEAR  WAVES 

J.  Glimm 
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Nonlinear  hyperbolic  waves  interact  in  distinctive  patterns.  The  systematic  study 
of  nonlinear  wave  interactions  leads  to  Riemann  solutions  and  elementary  waves, 
which  are  solutions  of  a  hyperbolic  conservation  law  with  one  or  two  extra. continu¬ 
ous  symmetries  respectively:  scale  invariance  and  time  invariance  (in  some  frame). 
Striking  and  qualitative  new  wave  interaction  phenomena  have  been  discovered  in 
conservation  laws  having  natural  motivations  from  science.  The  general  feature  of 
this  phenomena  is  a  strong  qualitative  departure  from  linearity  in  the  wave  interac¬ 
tions.  Resonance,  or  coinciding  wave  speeds  typically  give  rise  to  such  phenomena, 
as  do  anomalies  in  the  equation  Oi  state  such  as  phase  transitions  or  exothermic  reac¬ 
tive  chemistry. 

Two  theoretical  problems  of  a  very  fundamental  nature  will  be  emphasized. 
They  are  uniqueness  (entropy  conditions)  and  length  scales.  Both  of  these  problems 
require  stepping  outside  of  the  conservation  law,  the  entropy  condition  by  restricting 
the  class  of  allowed  weak  solutions  and  the  length  scales  by  breaking  the  scale  invari¬ 
ance  of  the  equation  through  modifications  of  the  equation  itself. 

The  use  of  Riemann  solutions  in  numerical  computations  by  the  front  tracking 
method  will  be  presented.  Our  main  conclusion  is  that  this  method  has  succeeded  in 
cases  in  which  complex  wave  interactions  occur. 
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Convenient  Stability  Criteria  for  Difference  Approximations 
of  Hyperbolic  Initial-Boundary  Value  Problems 


Moshe  Qoldberg 
Department  of  Mathematics 
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Haifa  32000,  Israel 


Consider  the  first  order  system  of  hyperbolic  partial  differential 
equations 

3u(x,t)/3t  =  Adu(x,t)/3x  +  Bu(x,t)  +  f(x,t),  x  >  0.  t  >  0, 

where  u(x,t)  is  the  unknown  vector,  A  a  diagonal  matrix  of  the  form 
A  =  A,  ©  Az  with  A,  >  0  and  As  <  0.  B  an  arbitrary  matrix,  and 
f(x,t)  a  given  vector.  The  problem  is  well  posed  in  L?(0,oo)  if  initial 
values 

u ( x , t )  =  u,(x)  e  Lj (0 ,«) ,  x  »  o, 

and  boundary  conditions 

u, (0, t)  =  Su4 (0,t)  +  g(t),  t  >  0, 

are  prescribed.  Here  u,  and  u,  are  the  inflow  and  outflow  parts  of  u 
corresponding  to  the  partition  of  A.  and  S  is  a  coupling  matrix. 

This  talk  describes  a  recent  and  joint  effort  with  E.  Tadmor  (Math. 
Comp.  48  (1987),  503-520).  in  which  we  sharpened  and  extended  our  1985 
results  in  order  to  achieve  more  versatile,  convenient  stability  criteria 
for  a  wide  class  of  finite  difference  approximations  to  the  above  initial¬ 
boundary  value  problem. 
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In  our  work  the  difference  approximations  consist  of  a  general 
difference  scheme  —  explicit  or  implicit,  dissipative  or  not,  two-level  or 
multilevel  —  and  boundary  conditions  of  a  wider  type  than  discussed  by  us 
before.  As  in  the  past,  we  restrict  attention  to  the  case  where  the 
outflow  components  of  the  principal  part  of  the  boundary  conditions  are 
translatory,  i.e.,  determined  at  all  boundry  points  by  the  same 
coefficients.  In  many  cases  this  is  not  a  severe  limitation  since  such 
boundary  conditions  are  commonly  used  in  practice;  and  in  particular,  when 
the  numerical  boundary  consists  of  a  single  point,  the  boundary  conditions 
are  translatory  by  definition. 

Throughout  our  work  we  assume  that  the  basic  scheme  is  stable  for  the 
pure  Cauchy  problem,  and  that  the  other  assumptions  which  guarantee  the 
validity  of  the  Gustafsson-Kreiss-Sundstrbm  stability  theory,  hold.  With 
this  in  mind  we  raise  the  question  of  stability  for  the  given  difference 
approximation. 

The  first  step  in  our  stability  analysis  is  to  prove  that  the 
approximation  is  stable  if  and  only  if  the  scalar  outflow  components  of  its 
principal  parts  are  stable.  Thus,  our  global  stability  question  is 
reduced  to  that  of  a  scalar,  homogeneous  approximation  associated  with  the 
elementary  initial  value  problem 

3u/du  »  adu/3x,  a  »  constant  >0,  x  *  0,  t  >  0.  ‘ 


u(x,0) 


u«(x) . 


x  >  0. 


The  stability  criteria  obtained  by  us  for  the  reduced  problem  depend 
both  on  the  basic  difference  scheae  and  on  the  boundary  conditions,  but 
very  little  on  the  interaction  between  the  two.  Such  criteria  eliainate 
the  need  to  analyze  the  Intricate  and  often  coaplicated  interaction  between 
the  basic  scheae  and  the  boundary  conditions;  hence  providing  in  aany 
cases  a  convenient  alternative  to  the  well  known  stability  criteria  of 
Kreiss  (1968)  and  of  Gustafsson.  Kreiss  and  Sundstrom  (1972). 

Having  the  new  criteria,  we  establish  all  our  previous  examples.  as 
well  as  new  ones.  This  includes  a  host  of  dissipative  and  nondissipative 
cases  that  incorporate  and  generalize  aost  of  the  examples  studied  in 
recent  literature.  To  mention  some  of  our  examples,  we  prove  stability 
far: 

(a)  Arbitrary  two-level  schemes,  with  boundary  conditions  generated  by 
either  the  explicit  or  implicit  one-sided  Euler  schemes. 

(b)  Arbitrary  twn-level  schemes,  with  boundary  conditions  generated  by 
either  horizontal  extrapolation  or  by  the  one-sided  three-level  Eular 
scheme . 

(c)  Arbitrary  dissipative  schemes,  with  boundary  condition  generated  b> 
oblique  extrapolation  or  by  the  Box  scheme. 

(d)  The  Crank-Nlcolson,  Backward-Euler ,  Leap-Frog  and  Lax-Friedrichs 
schemes  (all  nondissipative),  with  boundary  conditions  generated  b; 
either  oblique  extrapolation  or  by  the  one-sided  Weighted  Euler 
scheme . 
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Hyberbolic  Heat  Transfer  Problems 
with  Phase  Changes 

J.  M.  Greenberg* 


This  talk  will  focus  on  hyperbolic  models  of  heat  transfer 
capable  of  supporting  both  "superheating*  and  "undercooling" . 
These  are  obtained  as  limits  of  "phase-field"  models  as  a  small 
parameter  tends  to  zero.  The  principal  motivation  for  this  work 
is  to  obtain  a  formula  for  the  speed  of  propagation  of  the  free 
boundary  (either  a  melt  or  freezing  interface)  which  depends  on 
the  temperature  ahead  of  the  interface  and  the  interface 

curvature.  Such  a  formula  is  required  as  a  closure  relation  for 
the  limiting  hyperbolic  system  of  partial  differential  equations 
in  order  to  have  a  well  posed  problem. 

The  theory  of  the  limiting  hyperbolic  systems  will  be 
discussed  and  qualitative  properties  of  solutions  to  the 
hyperbolic  models  will  be  compared  with  solutions  to  classic  melt 
problems  modelled  by  parabolic  partial  differential  equations. 


*  Department  of  Mathematics 
The  University  of  Maryland 
Boltimore  County  Campus 
Cantonsvill,  Maryland  21228 
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Unsymmetric  hyperbolic  systems  and  almost  incompressible  flow. 


Bertil  Gustafsson* 


We  consider  systems 

ut  +  Au  +  Buu  =  0 

l  x  y 

where  the  coefficient  matrices  A,  B  are  very  unsymmetric.  One  example 
of  such  a  system  is  almost  incompressible  flow,  which  is  characterized 
by  low  Mach-numbers  e  .  We  take  1/e  as  the  degree  of  unsymmetry  for 
general  systems.  If  T  is  a  matrix  which  symmetrizes  A  and  B  ,  the 
l^-norm  fulfills 

II  u(t)  ||  <  cond(T)  || u(0)|j 


where 


cond(T)  =  |T| - |T_1 1  . 

If  the  system  has  a  high  degree  of  unsymmetry,  the  condition  number  is 
large,  and  some  transformation  must  be  applied.  shall  discuss  this 
symmetrization  procedure.  In  general  it  is  not  sufficient  to  do  a  direct 
scaling  of  the  dependent  variables.  For  smooth  solutions  it  is  possible 
to  express  the  solution  as  an  asymptotic  expansion  in  c  ,  and  by  sub¬ 
tracting  the  first  term,  a  symmetric  system  can  be  obtained.  We  demon¬ 
strate  how  this  procedure  can  be  generalized  to  the  non-linear  Euler 
equations. 

The  transformed  system  can  be  used  as  a  basis  for  computation  of  almost 
incompressible  flow,  or  for  incompressible  flow  which  corresponds  to  the 
limit  c  =  0  .  In  this  case  a  semiimpl icit  method  is  used  which  is  such 
that  the  divergence  is  kept  low  automatically.  The  method  requires  the 
solution  of  a  linear  system  in  each  step,  but  the  coefficient  matrix  is 
constant  and  the  LU- decomposition  can  be  made  once  and  for  all.  We  shall 
present  an  analysis  of  this  method,  and  also  discuss  another  class  of 
methods  based  on  splitting  of  the  differential  operator. 

*  Department  of  Scientific  Computing 
Uppsala  University 
Sturegatan  4B 
S- 752  23  UPPSALA 
SWEDEN 
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For  the  Navier-Stokes  equations  the  same  principles  can  be  applied,  and 
the  system  can  be  made  symmetric  by  using  the  same  transformation  as 
above.  We  shall  present  numerical  experiments  where  the  difference 
scheme  uses  the  Euler  backwards  method  for  the  large  hyperbolic  part, 
the  leap-frog  method  for  the  remaining  hyperbolic  part  and  the  Euler 
forwards  method  for  the  parabolic  part. 

For  singular  perturbation  problems  of  the  type  discussed  here,  the  form 
of  the  boundary  conditions  play  an  important  role.  Even  if  the  problem 
is  well  posed  for  any  fixed  e  ,  the  solution  is  of  little  use  if  the 
problem  is  not  well  posed  also  for  c  =  0  .  In  other  words,  the  estimates 
of  the  solution  must  be  independent  of  c  . 

For  the  symmetrized  Euler  equations  such  boundary  conditions  can  be  easi¬ 
ly  constructed.  However,  for  the  Navier-Stokes  equations  a  fundamental 
difficulty  arises.  For  an  inflow  boundary  the  two-dimensional  compressible 
equations  require  three  conditions,  while  the  incompressible  equations 
require  only  two.  We  shall  show  how  this  difficulty  can  be  overcome.  By 

introducing  the  divergence  u  +  v  ,  the  extra  boundary  condition  becomes 

x  y 

the  incompressibility  condition  u  +  v  =  0  in  the  limit.  In  this  way 

x  y 

there  is  no  undue  restriction  imposed  on  the  limit  solution. 

The  assumption  that  the  fast  time  scale  is  not  present  in  the  solution 
can  be  interpreted  as  an  assumption  of  smoothness. 

If  the  derivatives  are  bounded  independently  of  c  initially,  they  remain 
bounded  on  any  finite  time  interval.  We  shall  prove  that  our  boundary  con¬ 
ditions  are  such  that  this  is  the  case. 

Numerical  results  are  presented,  including  some  recent  computations  for 
the  incompressible  Navier-Stokes  equations. 
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Multi -Grid  Methods  for  Hyperbolic  Problems 

W.  Hackbusch 
Praktische  Mathematik 
Chris ti an -Albrechts -Universi tat  Kiel 
D-2300  Kiel  1 


Abstract.  As  well-known  the  multi-grid  methods  consists  of  two 
parts,  the  smoothing  procedure  and  the  coarse-grid  correction. 
While  the  coarse-grid  correction  seems  to  be  applicable 

independent  of  the  kind  of  problem,  the  smoothing  process  is 
closely  connected  with  elliptic  problems.  Therefore,  multi-grid 
^  programmes  cannot  be  expected  to  run  for  hyperbolic  equations 

r  without  difficulties. 

t 

Indeed,  it  is  kwown  that  singular  perturbation  problems  like  the 
convection  diffusion  equation 

f  (1)  -  £  4  u  +  c  grad  u  =  f 

t 

j.  require  an  appropriate  choice  of  the  smoothing  procedure  in  order 

to  achieve  fast  convergence.  In  particular  for  £ =0 ,  when  Eq  (1) 

|  becomes  an  hyperbolic  problem,  the  smoothing  process  must  be 

.  adapted  carefully  to  the  problem. 

Often  the  difficulties  are  tried  to  be  avoided  by  adding 
artificial  viscosity  or  ellipticity.  Here,  one  has  to  define 
clearly,  what  is  meant  by  ellipticity.  If  the  additive  term  is  Lu 
with  an  elliptic  Operator  L,  the  term  ellipticity  makes  sense. 
However,  then  one-sided  differences  do  not  nessecarily  add 
(numerical)  ellipticity.  E.g.  the  backward  difference  for  u*  adds 
a  term  Lu=uSk ,  where  L  is  net  elliptic  (in  2D  or  3D).  This 
difference  is  essential  for  the  behaviour  of  usual  smoothing 
iterations.  The  more  ellipticity  is  added  the  less  critical  is 
the  choice  of  the  smoothing  process.  On  the  other  hand  the  only 
harmless  additive  term  is  a  non-elliptic  2nd  order  derivative 
with  respect  r.o  the  characteristic  direction. 

In  this  contribution  a  multi-grid  method  is  constructed,  whic) 
works  also  for  (of  course  stable)  hyperbolic  discrete  problem' 
without  any  ellipticity  in  the  sense  defined  above.  As 
consequence  the  usual  smoothing  procedures  may  be  inefficient 
Instead  of  proposing  sophisticated  smoothing  iterations,  we  appl 
a  completely  different  procedure  for  the  coarse-grid  correction 
In  2D  a  fine  grid  is  the  union  of  four  different  coarse  grids 
Each  coarse  grid  is  combined  with  a  special  prolongation  into  th 
fine  grid  and  a  restriction  from  the  fine  grid.  Host  of  thes- 
prolongations  and  restrictions  are  completely  different  from  th 
usual  ones,  in  order  to  approximate  also  high  frequencies 
Since  each  of  the  coarse  grids  applies  to  a  special  part  of  th 
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spectrum,  this  method  is  called  the  frequency  decomposition 
multi-grid  method. 

The  features  of  the  proposed  method  are  as  follows.  The  smoothing 
iteration  can  be  chosen  to  be  a  very  simple  one.  On  the  other 
hand  the  coarse-grid  correction  becomes  more  complicated.  The  V- 
cycle  can  still  be  performed  with  0(n)  operations,  where  n  is 
number  of  unknowns.  Instead,  the  usual  W-cycle  results  in  an 
operation  count  of  0(n*log  n).  The  method  is  restricted  to 
uniform  grid  structures,  i.e.  it  does  not  work  for  a  discrete 
problem  in  a  general  unstructured  triangulation.  However,  the 
method  is  independent  of  the  number  of  dimension,  therefore  the 
treatment  of  3D  equations  causes  no  further  difficulties. 
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Accurate  Boundary  Conditions  for  Exterior  Problems  in  Gas 

Dynamics 


Thomas  Hagstrom 

Department  of  Applied  Mathematics  and  Statistics 
SUNY  at  Stony  Brook 
Stony  Brook,  NY  11794 
and 

S.  I.  Hariharan 

Department  of  Mathematical  Sciences 
University  of  Akron 
Akron,  OH  44325 


Abstract 

Interesting  and  important  problems  in  gas  dynamics  are  often  posed  in 
exterior  domains.  Examples  include  the  explosion  of  gas  bubbles  in  various 
media  and  flows  external  to  aircraft.  An  approach  to  the  numerical  solution 
of  such  problems  is  to  restrict  the  computational  domain  to  a  finite  region 
through  the  introduction  of  an  artificial  boundary.  For  large  time  compu¬ 
tations  interactions  between  the  solution  and  the  artificial  boundary  can 
strongly  influence  the  results.  The  focus  of  this  paper  is  the  development  of 
an  accurate  treatment  of  these  conditions. 

A  variety  of  authors  have  invoked  a  principle  of  no  reflection  [2,5,6]. 
However,  as  pointed  out  by  Gustafsson  and  Kreiss  [3],  conditions  satisfied 
by  the  exact  solution  may  involve  reflections.  The  current  study  involves 
spherical  waves  which  exhibit  coupling  between  incoming  and  outgoing  Rie- 
mann  variables.  One  expects  this  coupling  to  result  in  natural  reflections 
which  should  be  accounted  for  in  an  efficient  numerical  treatment.  Our 
procedure  is  to  develop  approximate  solutions  to  the  appropriate  weakly 
nonlinear  initial  boundary  value  problem  in  the  region  exterior  to  the  com¬ 
putational  domain.  A  condition  is  thus  obtained  which  includes  appropriate 
reflections  at  the  computational  boundary.  (It  is,  in  some  sense,  a  gener¬ 
alization  of  the  results  for  the  linear  wave  equation  given  in  [1].)  Related 
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works  using  asymptotic  techniques  in  the  derivation  of  numerical  boundary 
conditions  for  hyperbolic  systems  include  [8-10]  for  steady  state  problems 
and  [11,12]  for  time  dependent  solutions. 

The  particular  equations  under  consideration  are  the  Euler  equations  for 
spherically  symmetric,  isentropic  fluid  flow; 

£  ♦  G  +  'HS  -  -“• 

» 

Here,  R  and  S  are  the  Riemann  variables; 

R  =  -  +  G(p), 

P 

S  -  ~  -  G(P). 

P 

We  also  assume  that  the  computational  boundary  is  located  at  r  —  L  and 
that  the  initial  momentum  and  density  satisfy  2  =  0  and  p  =  px  for  r  >  L. 

To  derive  the  boundary  conditions,  we  consider  the  initial  boundary 
value  problem  on  the  exterior  domain  r  >  L  with  boundary  condition 


R(L,t)  =  g(t). 

Solving  this  problem  yields 

S(L,t)  =  T[g()}. 

The  equations  above  represent  an  exact  boundary  condition  at  r  =  L.  Fol¬ 
lowing  the  construction  presented  by  Wliitham  [7,  Ch.9],  we  find  approxi¬ 
mate  representations  for  T .  Three  asymptotically  equivalent  representations 
of  these  are: 


2  L 


Lp(L,t) 


or 


or 
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Nonlinear  energy  estimates  are  established  for  the  resulting  finite  domain 
problem  and  numerical  experiments  are  presented  for  an  idealized  weak  ex¬ 
plosion  problem.  Our  technique  is  shown  to  yield  the  correct  steady  state 
for  values  of  L  significantly  smaller  than  those  required  by  the  noureflecling 
conditions. 

Finally  we  propose  extensions  of  our  conditions  for  the  truly  tliree  di¬ 
mensional  case.  Tliis  involves  the  assumption  that  the  primary  direction  of 
propagation  is  the  radial  one.  Additional  conditions  are  required  whenever 
the  artificial  boundary  is  an  inflow  boundary.  Then  we  suggest  augmenting 
the  relations  above  with: 


dm 

It 


i 


dq 

dt 


+ 


±U  =  o 

L2  do 
1  df 


L2  sin  0  dip 


Here,  m  and  q  are  the  angular  momenta. 

Details  of  this  work  may  be  found  in  [4].  The  first  author  was  partially 
supported  by  ICOMP,  NASA  Lewis  Research  Center  and  the  second  by 
National  Science  Foundation  grant  No.  DMS-8604047 
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ON  NUMERICAL  METHODS  FOR  VISCOUS  PERTURBATIONS 
OF  HYPERBOLIC  CONSERVATION  LAWS 

Eduard  Harabetian 


We  consider  the  numerical  approx imat ion  of  solutions  to 
viscous  perturbat ions  of  genuinely  nonlinear  conservation  laws: 

(1)  u.  +  f (u)  =  r(a(u)u  )  ,  a>0,  f'*>0 

When  c  is  small,  the  solution  develops  viscous  shock  layers, 
i.e.,  thin  (0(e))  regions  where  the  derivative  is  large  (0(l/e)). 
It  is  plausible  that  for  an  accurate  resolution  of  such  layers, 
one  should  not  take  h/e  too  large,  where  h  is  the  spacial  mesh 
width.  Our  results  are  the  following: 

a)  We  construct  a  three-point  explicit  scheme  in  conservation 

form: 

n+1  n  ,  n  n 

uj  ■  uj  ♦  'Vi/!  '  "Hn1' 

which  can  be  written  in  incremental  form  (seelll): 

n+1  n  ,  „  *  n  .  n 

J  j  J  +  l/2  j+1/ ^  j-1/2  j-1/2  ’ 


where 


Cj  +  l/2=  C(h/*,6t/h,u",u”+1), 

D<h/*,6t/h,u^_lfu">,  and  *j+1/2un-  u.  +  1~u., 


a ,  -sup ( a ( u ) ) ,  a . = i n f ( a  ( u  >  ) 

1  u  ’  O  u 

•  ■  sup  (f  *  (u)  )  ,  R=—  -sup  (f  '  (u)  >  . 

h  u  c  u 

We  show  that  this  scheme  is  second  order  -accurate  with  the 
equation  <1)  (in  a  precise  sense),  and  Total  Variation  Diminishing 
(V.V.D.  C  1  3 )  if 


a(;,F<  W  ’ 

and  the  following  CFL  condition 

+  1 )  <1 

are  satisfied.  Here,  F  ( x )  =»x  ( 1+g  "fx )  ) ,  g  (:<)  =i-log  ( 1  +  x  > .  In 
particular,  F  is  decreasing,  F(l)=l,  so  if  a(u)sl,  we  get: 
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\<2/R  +  1)  <1. 


Our  scheme  uses  the  travelling  wave  solutions  of  (1)  as 
approx ima t ing  tools.  The  approach  is  similar'  to  the  one  introduced 
by  Godunov  for  the  hyperbolic  problem  L2J.  Our'  construction  also 
yields  the  following  interesting  corollary: 


b)Given  any  three-point,  second  order  accurate  scheme  which 
is  TVD  in  the  sense  introduced  by  Marten  C 1  .1  then  the  pair'  (R,  X) 
associated  with  it  must  satisfy  the  following  constraints: 


0< 


R  <  1  -  X) 

“ST - 


*  1, 


and 


2Xa0/R 


X*  <  1. 


If  a  si,  then 


2X 

n? 


<  R 


xa 


Bellow  we  computed  a  viscous  profile  for  Burgers  equation, 
with  R--1,  X=l/3,  h=.05.  The  computed  error'  indicated  better  than 
second  order  convergence. 
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Solution  of  the  Euler  Equations  for  Unsteady*  Two-Dimensional * 
Transonic  Flow  by  the  Approximate-Factorization  Method 

H.  Henke 

Messerschmitt-Bblkow-Blohm  GmbH 
Bremen*  FRG 


Introduction 

The  numerical  simulation  of  the  aerodynamic  forces  acting  on  an 
oscillating  uing  section  in  transonic  flow  by  solving  the  Euler 
equations  is  described.  The  method  of  solution  is  the  approximate- 
factorization  method  of  Beam  und  Warming  /l/.  Since  time-dependent 
calculations  should  be  performed*  an  implicit  algorithm  uas  deve¬ 
loped  because  it  allows  considerably  larger  time-steps  than  explicit 
schemes*  and  calculations  must  be  carried  out  over  several  periods 
of  oscillation  on  airfoils.  In  this  paper  several  calculations  for 
for  steady  and  unsteady  transonic  flow  cases  were  carried  out. 


Governing  Equations  and  Method  of  Solutirn 


For  the  present  investigation  the  Euler  equations  are  written  in 
curvilinear  coordinates  (£*n*t)« 


where 


•  P  j  •  Gq  «  0 


3 

gU_ 

9^- 

gu 

-L 

g  uU 

*  ?xP 

j|il 

guV . qxp 

gv 

3 

gvG 

*  1 

g  vv  .  nyp 

e  . 

[fe.pJU-  {jjj 

(e-pl  v-  qtp 

(1) 


In  the  above  relations  0  and  V  are  the  contravar iant  velocities 
and  J  is  the  Jacobian  of  the  coordinate  transformation. 


The  method  of  approximate  factorization  of  Beam  and  Warming  /l/ 
uas  used  for  solving  the  Euler  equations 

(I  ♦  At  T”  8n*0jnlAUn*-ATl  -  1°*%  s  RHS 

a?  3q  lr>  34  3  q  c  (2) 

4Un»  Gn°  -  Gn 

where  A  and  B  are  the  Jacobian  matrices*  and  0|  and  Dc  are  impli¬ 
cit  and  explicit  nonlinear  damping  terms  defined  in  /2/. 


The  spatial  derivatives  were  approximated  by  central  differences 
of  second  order  accuracy*  so  that  a  4x4  block-tr idiagonal  system 
results.  The  solution  of  this  system  of  equations  requires  rela¬ 
tively  long  computational  time. 

A  substantial  reduction  of  the  computing  time  is  obtained  by  dia¬ 
gonalizing  the  matrices  A  and  B  with  the  similarity  transformatii 
of  the  form  /3*4/ 


A  .  T{ 


8  *  T  AT 


-1 


n  a 
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(3) 


(4) 


he  latter  method  is  nonconservative  in  unsteady  transonic  flow  and 
as  therefore  only  used  for  the  calculation  of  steady  flow  with  em- 
edded  shocks-  For  unsteady  flow  calculations  scheme  (2)  was  used. 

he  boundary  condition  at  the  body  surface  is  given  for  g  =  0  by  the 
.ondition  of  impermeability  V=0.  The  density  and  the  tangential  compo¬ 
nent  of  the  velocity  is  obtained  by  linear  extrapolation.  The  pressure 
n  the  body  contour  is  calculated  by  the  normal  moientum  equation, 
in  the  far-field,  characteristic  compatibility  relations  based  on  the 
me-dimensional  characteristics  similar  to  that  given  in  /6/  are 
'mployed.  Additionally  a  vortex-correction  formulation  /7»8/  must  be 
taken  into  account#  so  that  there  is  no  or  little  change  in  lift  due 
o  the  extend  of  the  computational  domain. 


.he  linear  stability  analysis  shous  unconditional  stability  for  the 
ipproximate-factor ization  method,  but  the  amplification  factor  approa¬ 
ches  unity  for  large  Courant  numbers,  as  a  result  of  the  factorization 
’rror.  The  consequence  is  a  decreasing  rate  of  convergence  with  in¬ 
creasing  time  step,  and  in  practice  the  Courant  number  is  restricted 
to  0(10).  This  restrict  on  is  not  so  weighty  for  unsteady  flow  compu¬ 
tation  because  the  physi. j1  aspects  must  be  taken  into  account. 


Results 

For  all  calculations  carried  out  a  C-type  grid,  given  for  transonic 
test  problems  in  /9/  with  141x21  points  was  used.  The  response 
characteristics  of  the  airfoil  surface  pressure  to  the  airfoil  mo¬ 
tions  can  be  depicted  using  Fourier  representation.  If  the  unsteady 
angle  of  attack  is  expressed  as  a(  t )  =a»  *■  Im  (  ao  e  ltu<  )  ,  the  Fourier 
series  representation  of  the  pressure  coefficient  can  be  written  as 
Cp(x»t)  =  Cp«(x)+£Im(  Cpd^  x)aoelnu'*). 

In  Fig.  1  the  pressure  distribution  is  given  for  several  time  points 
for  a  harmonically  oscillating  profile  at  a  Mach-number  of  0.80.  For 
the  same  profile  the  steady  pressure  distribution  for  M=0.85  is  gi¬ 
ven  in  Fig.  2a,  and  in  Fig.  2b  the  first  mode  harmonic  components 
of  the  pressure  on  the  lower  and  upper  side  of  the  profil  are  shown. 
For  the  same  case  in  Fig. 3  the  Li-Norm  in  the  change  of  the  density 
(Ap/At)  as  a  function  of  the  time  steps  for  steady  and  unsteady 
flow  is  presented.  In  Fig.  4  the  steady  pressure  distribution  and  the 
lines  of  constant  Mach-number  for  a  MBB  A3  profile  in  transonic  flow 
is  shown.  In  Fig.  5a  the  corresponding  unsteady  pressure  distribution 
for  the  oscillating  wing  section,  and  in  Fig.  5b  the  number  of  super¬ 
sonic  points  as  a  function  of  the  time-steps  is  used  as  a  crude 
indication  of  convergence  (for  the  steady  case);  for  the  number  of 
time-steps  n>400  the  change  of  supersonic  points  for  the  oscillating 
airfoil  can  be  seen. 
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Conclusion 

In  this  paper  a  Method  has  been  developed  for  calculating  aerodynamic 
forces  on  a  wing-section  oscillating  harmonically  in  transonic  in- 
viscid  flow.  The  Euler  equations  are  taken  as  governing  flow  equa¬ 
tions.  They  are  solved  by  the  approximate-factorization  method  of 
Beam  and  Warming.  Results  have  been  presented  for  steady  and  un¬ 
steady  flow  cases  for  an  oscillating  airfoil. 


References 

/!/  Beam*  R.»  Warming*  R.F.*  J.  Comp.  Physics*  22,  (1976)*  87 
/2/  Henke*  H.*  HSnel,  D. «  N.  Numer.  Fluid  Mech.,  13,  (1986)*  137 
/3/  Warming*  R.F.,  Beam*  R.,  Hyett*  B.J.,  Hath.  Comput.*  29*  (1975), 
1037 

/4/  Pulliam*  T.H.*  Chaussee*  D.S.*  J.  Comp.  Phys.*  39*  (1981),  347 
/5/  Henke*  H.,  HMnel*  D. *  Lecture  Notes  Phys.*  218,  (1985),  267 
/6/  Whitfield*  D.L.*  Janus*  J.H.*  AIAA  Paper  84-1552 
/7/  Thomas*  J.L.,  Salas.  M.D.,  AIAA  J.,  24,  (1986),  1074 
/8/  Pulliam,  T.H.,  Steger,  J.L.,  AIAA  Paper  85-0360 

✓  9/  Rizzi*  A.*  Viviand,  H.»  (Eds.),  N.  Numer.  Fluid  Mech.,  3,  (1981) 


«/« 

Fig.  1«  Prtssur*  distribution  for  stvtrtl  tints  for  •  pitching 
•i r fo i 1-f *c t i on >  NACA  0012,  Ntf*0.<0,  o.*0*.  a,»0.5* 


Fig.  2 1  Prtsiurt  distributions  for  ■  NACA  0012  proHl,  «»*0.8S,  o.*0* 

sttody  prtssurt  b>  unstttdy  prtssurti 

c*t.»t  for  upptr  and 
loutr  sid« 


142 


ON  SOME  RECENT  RESULTS  FOR  CONSERVATION  LAWS  IN  ONE  DIMENSION 


Helge  Holden 

Matematisk  institutt,  Universitetet  i  Trondheim,  N-7034  Trondheim-NTH,  Norwa\ 
1.  The  equations 

Here  we  will  give  a  very  short  introduction  to  some  properties  of  the 
initial  value  problem 


z .  +  F(z)  =  0 
t  1  'x 


z(x,0)  =  zQ(x)  = 


R 


x  <  0 
x  >  0 


(1.1) 


(|y  =  zt  etc-)  where  z  =  z(x»t)  =  (U(x,t),v(x,t))  €  R',  F(z)  =  (f(z),g(z)) 
and  x  €  R,  t  >  0.  With  this  narticular  choice  of  initial  value  (with  z^ 
and  z^  constants,  z^,z^  £  R  )  (1.1)  is  called  the  Riemann  problem  for  th. 
conservation  law  z  +  F(z)  =  0.  (1.1)  expu  sc;  a  conservation  law  since, 

l  X 

formally 


dt 


z(x,t)dx  =  F(z(x1,t))  -  F(z(x2,t)). 


1 


Basic  in  the  analysis  is  the  2*2  matrix  dF(z)  = 


fu  fv 


g.  P 
n.i  '  v 


(1.2) 

If  dF(z)  h  re- 


two  real  eigenvalues  Aj (z) , X2(z) , Aj (z)  «£  X^Cz),  with  cor  re  standing  righ 
eigenvectors  rj(z)  and  r 2 ( z)  respectively,  (1.1)  is  said  to  lx?  hyperb 
if  A^(z)  <  X 2 ( z)  (1.1)  is  strictly  hyperbolic,  while  (1.1)  is  said  to 
ell  intic  if  cl F ( z )  has  no  real  eigenvalues.  A  fundamental  property  of  ( 
is  that  even  for  €  C  tlie  solution  z  =  z(x,t)  will  in  general  dev 
singularities  in  finite  time  [1],  hence  one  has  to  look  for  weak  sol ut  io 
which  again  raises  uniqueness  questions.  In  the  context  of  (1.1)  one  imp 
additional  entropy  conditions  to  select  the  correct  physical  solution. 
The  solution  of  the  Riemann  oroblem  consists  of  combinations  of  two  elem 
solutions,  namely  shocks  and  rarefaction  waves.  A  shock  solution  to  (1.1 


z(x,t)  = 


x  <  st 
x  >  st 


I  ■  ’) 


where  the  shock  sneed  s  sntisfji^  the  Rankinc-Hugoniot  rrlnl i 


ion 


(1.4) 


s(zR-zL)  =  Hzr)  -  F(zl) 


A  rarefaction  wave  solution  to  (1.1)  is 


z(x,t) 


\  ,  x  <  Aj(zL)t 

n(|)  ,  <  x  <  xj(zR)t 

zR  ,  x  >  Xi(zR)t 


where  n  satisfies 


(1-5) 


n(0  =  tj  (n(O),  n(Xj(zL))  =  n(x.(zRj)  =  zR  ( 1  -0) 

and  the  eigenvector  r.  is  normalized  such  that  VA.iz)T.(z)  =  1.  Observe 

1  J  1 

that  the  shock  solution  is  a  weak  solution  of  (1.1)  while  the  rarefaction 
is  an  "ordinary"  solution.  As  a  basic  reference  for  the  theory  of  conservation 
laws  we  refer  to  ( 1 ] . 


2 .  Annlicat ions 

A  simple  conservation  law  like  (1.1)  has  of  course  a  multitude  ol  application-,. 
IVc  cannot  here  discuss  any  of  them  in  detail,  but  we  mention  that  (1.1)  lias 
been  anplied  e.g.  to  traffic  flow  [2],  van  dor  baa  I  1  hi. ids  [3],  clastic  bars 
[4),  ultra-relativistic  heavy  ion  col  1  is  ions  (!>],  throe  phase  flow  in  a  jxuous 
medium  (enhanced  oil  recovery)  {()]• 

3.  Mathematical  theory  demanded  by  the  applications 

With  annlicat  ions  ranging  from  traffic  flow  to  elementary  particle  physics, 
one  would  exnect  considerable  variation  in  the  demands  of  mathematical  results 
for  systems  (1.1).  However  this  is  not  the  case.  Wc  will  here  only  discuss 
in  some  detail  the  case  of  three  rthase  flow  in  a  porous  medium  based  on  a 
recent  numerical  analysis  [7].  It  was  found  tliat  (1.1)  bad  a  small,  compact 
elliptic  region.  In  addition  one  had  to  handle  complicated  behavior  of  the 
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so-called  inflection  loci  (the  set  where  Vij(z)*ro(z)  =  0,  i.e.  where 
genuine  nonlinearity  fails)  near  the  elliptic  region.  In  spite  of  this 
the  solution  of  the  Riemann  uroblem  seemed  to  be  surprisingly  stable  and 
wellbehaved  for  physically  relevant  values  of  z^  and  z^.  One  can  of 
course  argue  that  the  existence  of  an  elliptic  regions  is  a  result  of 
bad  modelling.  However  as  far  as  we  know  there  is  nothing  in  the  laws  that 
determine  the  flux  function  F  which  a  priori  rules  out  elliptic  regions. 
Elliptic  regions  also  occur  in  [2],  (3]  and  (4). 

4.  Existing  mathematical  theory 

The  first  fundamental  result  is  due  to  Lax  (8]  giving  a  local  existence  and 
uniqueness  theorem  for  (1.1)  provided  (1.1)  is  strictly  hyperbolic  and 
genuinely  nonlinear.  Existence  here  means  the  existence  of  a  shock  and/or 
rarefaction  solution,  uniqueness  means  uniqueness  within  the  class  of 
functions  satisfying  an  entropy  condition,  and  local  means  for  z}  and  zR 
close.  Liu  [9]  extended  this  to  a  global  result  for  strictly  hyperbolic 
systems  with  the  assumption  of  genuine  nonlinearity  replaced  by  strong 
monotonicity  conditions  on  the  flux  function. 

The  analysis  was  only  recently  extended  to  the  case  where  dF(z)  is 
allowed  to  have  degenerate  eigenvalues  at  a  single  isolated  point.  In  this 
situation  it  has  been  shown  that  it  suffices  to  stud)'  flux  functions  F 
which  are  qudratic  polynomials  in  u  and  v. 

VJith  such  F  the  Riemann  problem  can  be  classified  into  four  distinct 
classes  [6].  By  now  a  complete  solution  to  the  Riemann  problem  has  been 
given  [10],  uncovering  new  and  surprising  structures. 

But  the  matliematical  understanding  of  the  entropy  conditions  involved  in 
terms  of  say  travelling  waves  is  still  rather  incomplete,  depending  on 
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subtle  global  properties  of  systems  of  ordinal-)’  differential  equations. 

For  problems  of  mixed  type  there  is  no  general  mathematical  theory,  but 
rather  some  examples  where  the  problem  can  be  analyzed  rigorously  in 
detail  [11],  [12].  In  [12],  where  the  elliptic  region  is  compact,  it  is 
found  that  the  Riemann  problem  always  posesses  a  solution.  However  the 
solution  is  very  complicated  near  the  elliptic  region  where  both  uniqueness 
and  continuity  in  data  fail.  Ibis  example  sheds  some  light  on  the  example 
studied  in  [7]. 


We  will  in  the  talk  discuss  some  new  results  for  the  solution  of  the 
mixed  type  Riemann  problem  corresponding  to  class  II  and  IV. 


References 


11]  Smoller,  J.  Shock  Waves  and  Reaction-Diffusion  liquations 
Springe r-Verlag,  Bcrlin-llcidelberg-Xcw  York  1985. 

[2]  Hick,  J.II.  ,  Newell,  G.F. 

Quart .  J.  Appl .  Math.  18  (1901)  191-204. 

(3|  Slemrod,  M. 

Arch.  Rat.  Much.  Anal.  81  (1983)  501-515. 

[ 4 1  James,  R.l). 

Arch.  Rat.  Mech.  Anal.  JJ5  (1980)  125-128. 

Shearer,  M. 

l’roc.  Roy.  Soc.  (Hdinhurgh)  95A  (1985)  235-244. 

|5|  l’lohr,  B..J.  ,  Sharp,  I). II. 

Los  Alamos  preprint  1980,  to  appear  in  I’roc.  LAMP  Conference, 
Marseile  1980. 

|0|  Shearer,  M. ,  Schaeffer,  l).(I. 

Comm.  Pure  Appl.  Math.,  to  appear. 

|7|  Ucll,  J.B. ,  Trangcnstcin ,  J.A. ,  Shubin,  C.R. 

SIAM  J.  Appl.  Math.  46  (1980)  1000-1017. 

1 8]  kix,  P. 

Comm.  Pure  Appl.  Math,  lj)  (1957)  537-500. 

[9]  Liu,  T.P. 

Trans  Amcr.  Math.  Soc.  J_99  (1974)  89-112. 

1 1U|  Isaacson,  li. ,  Marches  in,  l).,  Plohr,  B. ,  Temple,  B. 

Preprints,  MRC,  University  of  Wisconsin  1985,  1980. 

Shearer,  M. ,  Schaeffer,  I). Cl. ,  Marchcsin,  1).,  Paes-Lcmc,  P.J. 
Arch.  Rat.  Mech.  Anal.,  to  appear. 

Schaeffer,  D.G. ,  Shearer,  M. 

Trans.  AMS,  to  appear. 

1 11]  Shearer,  M. 

J.  Diff.  Eqn.  40  (1982)  420-445. 

I J  2|  Holden,  II. 

Comn.  Pi  re  Appl.  Math.  ,  to  appear. 


H 


Admissible  weak  solution  for  nonlinear  system 
of  conservation  laws  in  mixed  types 


L.  Hsiao 

Academia  Sinica,  Institute  of  Mathematics,  Beijing,  China 

Consider  a  strictly  hyperbolic  system  of  conservation  laws,  it  is  well-known  that  the 
classical  solution  of  initial  value  problem  exists  only  locally  in  time,  in  general,  and  one  has 
to  extend  the  concept  of  classical  solution  to  weak  solution  or  discontinuous  solution  in  order 
to  obtain  a  globally  defined  solution.  Since  weak  solutions  are  not  unique,  one  has  to  use 
admissibility  condition  or  sometimes  called  entropy  condition  to  pick  out  an  admissible  weak 
solution  which  is  physically  reasonable.  There  has  been  a  general  theory. about  the  existence, 
uniqueness,  asymptotic  behavior  of  the  admissible  weak  solution  of  Cauchy  problem  for  the 
one-space  dimensional  strictly  hyperbolic  system  of  conservation  laws.  Moreover,  there 
are  different  kinds  of  admissibility  criteria  proposed  from  either  physical  point  of  view  or 
mathematical  consideration  and  there  are  certain  results  about  the  equivalence  among  these 
different,  forms  of  entropy  conditions. 

However,  what,  will  take  place  if  the  strict  hypcrbolicity  fails.  Parabolic  degeneracy 
will  arise  which  can  be  found  in  the  literature  in  connection  with  various  models  in  applied 
sciences  (c.f. [1]  and  the  reference  there).  Furthermore,  elliptic  domain  may  occur  in  the 
phase  space,  in  other  words,  the  system  of  conservation  laws  is  of  mixed  type.  For  instance, 
the  following  qiiasilincar  system  is  the  simplest  model  f  mixed  type  which  can  be  used  as 
the  equations  of  motion  for  dynamic  elastic  bar  theory  where  the  stress-deformation  relation 
is  not  monotone  or  used  as  the  equations  governing  isothermal  motion  of  a  Van  tier  Waals 
fluid. 

f  u,  -  K{v)z  =0  ^ 

\  vt  -  ux  =  0 

where  K(v)  is  given  by  a  nonmonotone  function  and  the  elliptic  domain  is  a  strip  {??„  < 
v  <  vp }  on  the  (u,v)  plane  because  the  eigenvalue  is  defined  by  A2  =  K'(v). 

Another  system  of  mixed  type  which  arises  in  modelling  certain  nonlinear  advection 
processes  has  more  complicated  structure  of  the  elliptic  domain 

f  ut  +  [h(1  ~  »>)]*  =0 

\  vt  +  [e(a  +  «)]*  =0 

where  u,v  as  the  space  derivatives  of  nonnegative  quantities  which  represent  the  dens  s 
of  two  populations,  the  fugitives  V  uud  pursuers  V .  The  case  a  ^  1  leads  to  an  interes  -g 
example  of  a  general  class  of  equation  that  changes  type  from  hyperbolic  to  elliptic  as  he 
state  variable  crosses  a  parabolic  manifold  of  codimension  one.  The  elliptic  domain  for  a  1 
is  defined  by  A(u,v)  =  (?>  —  «  -f  a  —  l)2  -f  4(a  —  l)u  <  0 


a  nil  the  eigenvalues  of  (2)  are  given  as 


Ai  =  ^{m  -  m  +  «+  1  -  [A(u,u)Jl/2} 
A-2  =  ^{m  -  7)  +  a  +  1  +  [A(u,  V)]'* } 


wherever  A(u,u)  >  0. 

It  is  an  open  prohlem  to  determine  the  extent,  to  which  the  Cauchy  problem  is  meaning¬ 
ful  for  such  kind  of  nonlinear  system  of  mixed  type.  For  a  first,  step,  we  study  the  simplest 
Cauchy  prohlem  —  Riemann  problem,  namely 


x  <  0 
x  >  0 


(3) 


where  are  arbitrary  constant,  states. 

Since  both  the  system  ((1)  or  (2)}  and  the  initial  data  (3)  are  invariant,  under  the 
transformation  x  — >  nr,  f  — >  nt,  we  look  for  similarity  solutions  v  —■  u(£).  v  —  v(£).  —  j 

for  which  the  condition  (3)  hecomes  into  the  boundary  condition 


(«(0*r(0)  -*•  as  $  -*  d;co. 


It  is  easy  to  show  that,  any  similarity  solution  consists  of  constant  states,  rarefaction 
waves  ami  discontinuities.  A  discontinuity  is  defined  by  Ilankine -Uugoniot  condition  which 
takes  the  form  (4) 


rr[ it]  -  (( 1  -  r)t/] 

"M  -f(«  +  a)t'| 


(4) 


•liding  points  can  be 


for  the  system  (2).  Where  (/e|  =  wr  —  uu  denotes  the  jump  of  the  quantity  IF  across  the 
discontinuity  with  speed  n.  For  any  given  (i »o,e0).  the  state  which  can  be  joined  to  (u, ,,r„) 
by  a  discontinuity  defines  the  shock  wave  curve  Si  with  <7,-  i  —  1,2  from  (4>.  It  can  be 
shown  that.  S |  (Sj)  is  a  single-valued  function  of  u  (r)  but.  is  not  necessary  to  be  connected. 
For  instance,  for  any  given  ()/.<, ,  e„)  such  that,  en  >  0,  ~(n  —  1)  <  a(,  <  0.  the  curves  ,Sj  and 
S2  for  the  system  (2)  are  shown  in  the  figure  where  the  location  of  the 
calculated. 

An  essential  feature  of  mixed  type  nonlinear  systems 
is  the  possibility  of  shocks  between  values  one  of  which  is 
in  the  elliptic  region  and  the  other  in  the  hyperbolic  re¬ 
gion.  Such  discontinuities  are  routinely  observed  in  tran¬ 
sonic  flow,  but.  are  not  described  by  linear  system  of  mixed 
type  or  by  purely  hyperbolic  nonlinear  systems.  It  is  obvi¬ 
ous  that  in  order  to  determine  which  shocks  are  admissible 
on  physical  grounds  the  c  lassical  entropy  condition  is  not  appropriate  for  shocks  connecting 
states  in  elliptic  domain  with  states  in  hyperbolic  domain.  For  handling  the  elliptic  do¬ 
main  we  need  to  introduce  a  generalized  entropy  condition  instead  of  the  classical  entropy 
condition. 
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Definition  of  generalized  entropy  condition  (denoted  by  G.E.C.) 

For  any  given  (u_,e_),  (n+,v+)  is  said  to  be  satisfied  with  the  G.E.C.  if  either 

I.  when  u  varies  from  u_  to  n+,  excluding  tt+  itself,  the  corresponding  cr,  is  decreasing 


wherever  it  is  defined,  or 

II.  for  any  u  between  u_  and  »t+  where  cT|  is  defined,  it  holds  that, 

rr,(e; >  a, («+  ;«_,«_) 

It  is  similar  for  a i- 

For  any  given  («_,  ?>_ ),  th«»  state  ( i/  +  ,  e+ )  €  S,( t»_  ) 
which  satisfies  the  G.E.C.  can  he  determined.  For  the  above 
example,  it  is  shown  in  figure  3. 

It  is  ready  now  to  define  an  admissible  weak  solution. 


Definition. 

A  single-valued  function  (?/(£),  )>(£))  is  called  an  admissible  weak  solution  of  ( 1 )( 3)  or  ( 2 )( 3 ) 
if 


I.  It  satisfies  the  boundary  condition  (u,i>)  — »  (n^,t'T)  as  £  -+  ^foc 
II.  It  is  cither  a  rarefaction  wave'  or  a  constant  state  wherever  it  is  smooth. 

III.  Any  discontinuity  satisfies  the  Rankine-IIugouiot  condition  and  the  above  generalized 
entropy  condition. 

IV.  The  image  in  the  phase-  plane  takes  the  minimum  variation  among  all  possible  single- 
vnlueel  function  (»(£). »’(£))  satisfying  (I)  (III). 

By  using  this  ele-finition  e>f  aelmissible  we-ak  solutiem.  we  are  able'  to  prewe  that  there 
exists  an  uni(|ue  similarity  aelmissible  we-ak  solution  of  the-  pmbloui  (1)  (3)  (c.f.[2j)  or  (2) 
(3)  (c.f.[3]|  for  any  given  state's  (i/^,?'T)  on  the  wheile-  plane  (»/,e). 

Remark  1  It.  fails  to  ensme'  the-  uniepieness  for  t.lu-  problem  (f)(3)  or  (2)(3)  without  the 
item  I \".  in  our  definition  which  is  a  global  condition.  For  a  pure  hyperbolic  system  of 
conservation  laws  our  G.E.C.  becomes  into  the  well-known  entropy  condition  (E)  and  the 
last  item  in  t he*  definition  of  an  aelmissible  weak  solutiem  disappear  automatically. 

Remark  2  The  number  of  the-  elementary  wave-s  in  the  solution  can  be  any  number  from 
]  t.e>  4  and  it  is  possible  to  oe-eur  3  shocks  in  the  seilution  fen  the-  system  (1)  and  4  shocks 
for  the  system  (2).  However.  it  is  impossible  t.e>  have  such  kinel  < »f  discontinuity  for  which 
the-  both  of  value's  are  in  elliptic  domain.  The  only  way  to  join  two  states  beitli  of  which 
are  in  elliptic  domain  is  through  a  seejnonrr  e>f  wave-s  in  which  there  is  at.  least  one  shock 
connecting  one-  side  of  its  value  in  elliptic  domain  and  the  either  in  hyperbolic  domain. 
Remark  3  The  alterve  fra  me -work  sex-ms  to  be  able  to  work  with  other  systems  of  mixed 
type  if  the  elliptic  domain  is  e>f  the  following  property:  there-  is  at  least  one  direction  on 
(u,r)  plane  such  that  fe>r  any  given  straight  line,  paraded  t.o  this  elivectiem,  the  intersection 
of  the  line’  with  the  elliptic  domain  is  finite  in  the  length. 
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On  Convergence  of  a  Second  Order  TVD  Scheme 

Xiaoping  Hu 
Dept,  of  Mathematics 
Nanjing  Aeronautical  Institute 
Nanjing 
P.R.C. 

In  his  paper  [1]  Ilarten  presented  a  class  of  second  order  accurate,  high-resolution  TVD 
schemes  for  hyperbolic  conservation  law 

u(  +  f(u)x  =  0  x  e  IR,  t  e  IR+ 
u(x,0)  =  uo(x)  x  6  IR 
When  taking  Q(x)  =  1,  Harten’s  Scheme  reads 

«r' =  «?-■»  uUi-f'-i) 

with 

9j  =  sJ+jmax[0,min(|5j+i|,s>+i^_i)] 

si+\  =s&n(9j+0 

=  A (/(uJ+i)  -  f(uj))/Aj+iu 
A>+iu  =  ui+1  -  Uj 

In  this  paper  we  consider  only  those  initial  value  problems  which  have  monotone  initial 
value  function  u0(x). 

First,  we  show  the  stability  of  the  scheme  under  the  C.F.L.  condition.  Thus  one  can 
deduce  the  existence  of  convergent  subsequence  of  approximate  solutions  by  using  compactness 
arguments  since  the  total  variation  is  uniformly  bounded. 

Then,  we  show  that  the  limit  solutions  satisfy  the  Kruzkov’s  entropy  condition  under  the 
more  restrictive  condition 


All/'lloo  <  3  -  2n/2 

hence,  by  the  uniqueness  of  solutions,  one  can  conclude  the  convergence  of  the  whole  approximate 
solution  family. 

The  method  we  used  can  be  regarded  as  a  generalization  of  the  method  developed  by 
Le  Roux. 

(1]  Ami  Harten  “High  Resolution  Schemes  for  hyperbolic  conservation  laws”  J. Comp. Phys.  vol 
49(1983)  PP.357-393. 

[2]  A.Y.Le  Roux  “A  Numerical  Conception  of  Entropy  for  Quasilinear  Equations” 

Math.  Comp,  vol  31  (1977),  pp.848-872. 
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STRONGLY  NONLINEAR  HYPERBOLIC  WAVES 

John  K.  Hunter 
Deptartment  of  Mathematics 
Colorado  State  University 
Ft.  Collins 
CO  80523  USA 


We  shall  describe  an  asymptotic  theory  for  solutions  to  hyperbolic  conservation  laws, 
with  large  amplitude,  rapidly  varying  inital  data.  In  a  short  initial  layer  the  solution 
is  described  by  a  constant  coefficient  system  of  conservation  laws  in  one  space 
dimension.  The  solution  develops  shocks  and  quickly  decays.  For  longer  times,  the 
solution  is  described  by  weakly  nonlinear  ray  methods.  The  theory  is  most  complete 
for  compactly  supported  initial  data.  Then,  the  initial  data  splits  up  into  a  number 
of  small  amplitude  N-waves,  and  the  evolution  of  these  N-waves  for  longer  times  is 
governed  by  a  generalised  Burgers'  equation.  In  certain  situations,  the  theory  also 
applies  to  initial  data  which  consists  of  a  modulated  high  frequency  periodic  wave. 
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T«  E  STRUCTURE  OF  ASYMPTOTIC  STATES  IN  A  SINGULAR  SYSTEM  OF  CONSERVATION  LAWS 

Eli  Isaacson  Blake  Temple 

Department  of  Mathematics  Department  of  Mathematics 

University  of  Wyoming  University  of  California,  Davis 

Laramie,  Wyoming  Davis,  California 


Wc  consider  the  2x2  system  of  conservation  laws  which  model  the  polymer  flood  of 
an  oil  reservoir.  These  equations  are  strictly  hyperbolic  everywhere  except  along  a  curve  in 
state  space  where  the  wave  speeds  in  the  problem  coincide.  The  Riernann  problem  and 
Cauchy  problem  for  this  system  were  solved  by  the  first  and  second  authors  respectively. 
The  Lax  characteristic  condition  was  used  as  the  admissibility  criterion  for  solutions  of  the 
Riernann  problem,  and  the  Cauchy  problem  was  solved  by  demonstrating  the  convergence 
of  the  Random  choice  method.  Here  we  describe  the  noninteracting  waves  to  which 
solutions  of  the  Cauchy  problem  decay  asymptotically  as  t.  -»  4-  ™>.  In  contrast  to  the 
strictly  hyperbolic  case,  the  waves  in  the  asymptotic  solution  are  essentially  different  from 
the  waves  in  the  solution  of  the  Riernann  problem  with  left  state  Uj  =  u0(-oo)  and  right 
state  Uj{  =  uQ  (+<»).  (Here  uQ(x)  denotes  the  initial  data  for  the  Cauchy  problem.) 

Indeed,  the  asymptotic  state  can  have  strong  nonlinear  waves  even  when  the  solution  of  the 
Riernann  problem  for  the  states  at  +  ®  is  identically  zero.  In  fact,  the  asymptotic  solution, 
which  is  determined  by  Uj ,  u^  and  the  initial  maximum  value  of  c  (the  concentration  of 
polymer),  is  in  fact  an  inadmissible  solution  of  the  Riernann  problem  [Uj ,  An 
immediate  consequence  of  the  analysis  is  that  although  the  admissible  solutions  of  the 
Riernann  problem  depend  continuously  on  and  u^,  and  although  each  solution  of  the 
initial  value  problem  is  l'—  Lipshitz  continuous  in  time,  the  initial  value  problem  is  not 
well-posed  in  L*.  In  tact,  continuous  dependence  on  initial  values  fails  in  every  Lp  for  this 
one— dimensional  hyperbolic  problem.  This  lack  of  continuous  dependence  parallel  the 
presence  of  a  Rayleigh— Taylor  instability  in  the  higher  dimensional  problem.  Wc  imagine 
that  continuous  dependence  is  recovered  in  two  dimensions  (because  of  "fingering")  and 


also  when  diffusion  is  not  neglected.  However,  to  our  knowledge,  this  is  the  first  time  such 
a  lack  of  well -posed  ness  has  been  observed  in  a  purely  hyperbolic  problem.  In  particular, 
this  example  violates  the  stability  result  proved  by  Temple  for  strictly  hyperbolic  systems. 
The  analysis  also  highlights  the  role  of  the  Lax  admissibility  criterion  in 
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this.nonstrictly  hyperbolic  problem.  In  contrast  to  the  classical  rarefaction  shocks  which 
violate  the  Lax  condition,  the  asymptotic  solutions  of  the  Riemann  problem  for  this  system 
are  not  unstable  solutions  which  never  appear,  but  rather  are  solutions  which  are 
incompatible  witli  the  Riemann  data  in  that  they  spontaneously  introduce  polymer  into  the 
problem.  We  can  improve  the  convergence  of  the  random  choice  method  by  replacing  the 
admissible  solution  of  the  Riemann  problem  in  each  cell  by  the  asymptotic  solution 
determined  by  the  right  and  left  cell  states  together  with  the  maximum  value  of  c  in  each 
cell.  In  this  case,  a  previous  analysis  of  the  authors  can  be  applied  essentially  unchanged  to 
obtain  convergence  of  this  modified  method  —  and  since  both  the  original  and  modified 
methods  conserve  polymer,  we  expect  that  both  methods  generate  the  same  weak  solution. 
From  this  point  of  view,  the  admissible  solution  of  the  Riemann  problem  is  unique  among 
all  solutions  of  the  Riemann  problem  which  generate  the  polymer  conserving  solutions  in 
the  random  choice  method,  in  that  it  depends  only  on  left  and  right  cell  states,  and  not  on 
the  additional  information  of  the  c-values  in  each  cell.  We  wonder  whether  this 
perspective  can  be  of  help  in  determining  admissibility  criterion  for  problems  with  more 
complicated  hyperbolic  singularities. 

We  note  that  not  all  the  steps  in  the  construction  of  the  asymptotic  solutions  are 
obtained  rigorously. 


154 


J 


SHOCKCAPTURING  STREAMLINE  DIFFUSION  FINITE  ELEMENT  METHODS 
FOR  HYPERBOLIC  CONSERVATION  LAWS 


Claes  Johnson,  Anders  Szepessy  and  Peter  Hansbo 

Mathematics  Department 
Chalmers  University  of  Technology 
412  96  Goteborg ,  Sweden 


We  report  on  our  recent  theoretical  and  computational  work  on 
streamline  diffusion  finite  element  methods  for  hyperbolic  conservation 
laws.These  methods  combine  good  stability  with  high  accuracy  and 
promise  to  find  extensive  applications  in  computational  fluid  mechanics. 
We  give  a  new  interpretation  of  the  shock-capturing  term  as  an  artificial 
viscosity  with  viscosity  coefficient  depending  on  the  residual  of  the  finite 
element  solution  and  we  show  how  the  shock-capturing  term  may  be  used 
in  the  theoretical  analysis  to  obtain  improved  results.  For  example,  for  the 
shock-capturing  streamline  diffusion  method  applied  to  the  Burgers’ 
equation  one  can  prove  an  a  priori  bound  in  the  maximum  norm,  and  thus 
obtain  a  complete  convergence  proof  in  this  case  using  compensated 
compactness.  We  discuss  the  implementation  of  the  method  and  give 
computational  results  for  the  time  dependent  compressible  Euler 
equations  in  one  and  two  space  dimensions,  in  the  latter  case  with  also 
automatic  adaptivity  of  the  finite  element  mesh. 
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A  UNO-based  Scheme  for  the  Euler  Equations  of  Gasdynamics  with  an 

Arbitrary  Equation  of  State 

James  R.  Kamm 

Science  Applications  International  Corporation 
San  Diego,  California,  USA 


We  present  a  high  resolution,  characteristic-based  algorithm  for 
calculating  solutions  of  the  Euler  equations  of  gasdynamics  with  a 
general  equation  of  state.  The  numerical  flux  function  we  employ 
uses  a  preprocessed  approximate  Riemann  solver  based  on  a  cell- 
centered  flow  representation  obtained  with  the  uniformly  non- 
oscillatory  (UNO)  approximation  of  Harten  &  Osher1 .  The  temporal 
integration  of  the  resulting  semi-discrete  numerical  conservation 
law  is  performed  with  a  second-order  Runge-Kutta  scheme.  This 
combined  method,  while  neither  as  accurate  nor  as  elaborate  as 
higher-order,  reconstruction-based  essentially  non-oscillatory 
(E NO)  schemes2  or  Harten's  one-dimensional  sub-cell  resolution 
technique3-  resolves  the  salient  phenomena  of  discontinuous 
solutions  that  the  Euler  equations  admit  and  extends  easily  to  two- 
dimensional  cartesian  and  cylindrical  geometries. 

A  fundamental  requirement  of  all  methods  that  contain  approximate 
Riemann  solvers  is  the  accurate  representation  of  the  flow  within 
adjoining  gric'cells.  This  information  is  used  to  calculate  the  values 
of  the  interface  fluxes,  which  are  used  to  advance  the  solution 
forward  in  time.  The  UNO  approximation  uses  the  flow  values  in  the 
adjoining  cells  to  interpolate  an  "optimal"  cell-centered  quadratic 
representation  of  the  solution.  Although  the  solution  obtained  by 
using  this  interpolant  does  not  possess  the  total  variation 
diminishing  (TVD)  property,  it  does  retain  nominal  second-order 
accuracy  at  extrema,  a  property  that  is  particulary  desirable,  e.g.,  in 
computing  two-dimensional  flows  with  vortical  structure.  One 
difficulty  with  these  methods  is  often  the  resolution  of  contact 
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discontinuities  (slipstreams).  We  address  this  concern  by  adding  a 
version  of  the  compression  enhancement  of  Vang4.  This 
compression,  augmenting  the  linear  characteristic  fields,  is  based 
on  the  difference  of  the  flow  variables  in  adjoining  cells,  limited  in 
such  a  way  as  to  inhibit  unphysical  under-  or  overshoot. 

As  our  interests  are  in  computing  flows  of  real  (i.e. ,  non-polytropic) 
materials,  in  the  following  discussion  we  assume  only  that  the 
general  (convex)  equation  of  state  can  be  represented  by  the 
pressure  as  a  function  of  density  and  internal  energy.  This 
generalization  complicates  the  expressions  for  the  eigenvalues  and 
eigenvectors  of  the  Jacobians  of  the  fluxes,  thereby  precluding  the 
use  of  Roe-averaging  in  the  Riemann  solver.  In  certain  high 
pressure,  high  temperature  regimes,  an  approximation  used  in  some 
equation  of  state  models  is  that  the  derivative  of  pressure  with 
respect  to  density  or  internal  energy  vanish.  While  these 
simplifications  can  lead  to  non-physical  results  (e.g.,  zer.o 
soundspeed)  and  must  therefore  be  used  with  care,  we  provide  a 
discussion  of  how  to  incorporate  these  approximations  into  our 
scheme. 

Lastly,  we  compare  sen  e  of  our  computed  results  with  those  of  a 
preprocessed  TVD  schemes  for  the  one-dimensional  shock  tube  and  a 
two-dimensional  shock-wedge  interaction  problem  for  both 
polytropic  and  real  gas  equations  of  state. 
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Detonation  Initiation  due  to  Shockwave-Boundary  Interactions 


R.  Klein 
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The  ignition  of  an  explosive  gas  within  the  L-shaped  duct,  as  it  is  depicted  in 
Fig.  1,  is  investigated  by  means  of  numerical  simulations.  A  plane,  initially  inert 
shock  wave  enters  the  configuration  from  the  open  side  and  eventually  ignites  the 
mixture.  This  model  problem  is  related  to  knock  damage  in  internal  congestion 
engines.  We  believe,  that  shock  waves,  which  may  be  initiated  by  autoignition 
within  the  unburnt  end  gas,  can  penetrate  into  the  narrow  gap  between  the  piston 
and  the  cylinder  wall,  as  is  sketched  in  Fig.  lb.  If  there  is  a  combustible  mixture 
within  the  gap,  then  after  interactions  of  the  shock  with  the  boundary  walls  the 
temperatures  locally  become  high  enough  to  ignite  the  mixture  and  to  lead  to 
coupled  r  -.ockwave-reaction  structures. 

Neglecting  molecular  transport  and  real  gas  effects,  we  describe  the 
gasdynamic  properties  of  the  system  by  means  of  the  two-dimensional  Euler 
equations  for  an  ideal  gas  with  constant  specific  heats.  We  account  for  the 
chemical  heat  release  by  supplying  a  soiree  term  to  the  conservation  equation  for 
thermal  and  kinetic  energy.  The  reaction  progress  is  controlled  by  means  of  an 
additional  balance  equation  for  a  reaction  progress  variable.  With  an  appropriate 
choice  of  the  reaction  rate  expression  and  of  the  relation  between  the  soiree 
terms  of  the  energy-  and  of  the  reaction  progress  equations  it  is  possible  to 
simulate  different  types  of  model  chemistry. 

In  particular  a  two-reaction  model,  similar  to  that  of  Korobieinikov  et  al.  / 1 / 
can  be  realized,  for  which  usually  two  separate  reaction  progress  equations  are 
employed  (see  Taki  and  Fujiwara  /2/).  By  prescribing  suitable  initial  conditions  it 
is  possible  to  reduce  this  system  to  a  one-step  irreversible  reaction  with  Arrhenius 
kinetics. 

The  numerical  scheme  used  here  is  an  extended  two-step  Godinov-type  scheme 
for  the  one- dimensional  Euler  equations  with  source  terms.  After  introduction  of 
limited  piecewise  linear  distributions  within  the  cells  of  the  nimerical  grid,  an 
advance  in  time  by  half  a  time  step  is  performed  using  the  characteristic  form  of 
the  governing  equations.  This  approach  is  nearly  analogous  to  that  of  Coleila  and 
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Glaz  / 3/.  With  the  pair  of  thermodynamic  states,  obtained  at  each  cell  interface 
in  this  way,  we  calculate  numerical  fluxes  using  Einfeldt's  /4/  approximate 
Riemann- solver.  In  order  to  account  for  the  source  terms  within  the  balance 
equations  a  second  order  'source  wave  splitting1  approach  is  employed,  which  is 
based  on  a  suggestion  of  Roe  / 5/.  The  scheme  is  extended  to  two  dimensions  by 
means  of  directional  operator  splitting  applied  on  a  cartesian  numerical  grid.  In 
order  to  avoid  extensive  numerical  dissipation  in  the  vicinity  of  the  convex  corner, 
wliich  would  provoke  artificial  ignition  due  to  unphpical  temperature  increases, 
we  impose  special  corner  flow  boundary  conditions.  These  were  presented  recently 
in  /6/  together  with  the  construction  of  the  'source  wave  splitting  method. 

The  results  of  an  example  calculation,  obtained  with  the  one-step  Arrhenius 
model  on  a  /60x20/+/30x80/-cell  grid  are  given  in  Figs.  2.  They  show  sequential 
plots  of  pressure  contour  lines  for  a  typical  ignition  process.  The  sequence  starts  a 
short  time  after  the  incident  shock  has  been  reflected  at  the  opposite  wall.  In  the 
present  regime  of  the  chemical  model  parameters  the  gas  is  ignited  rapidly  after 
tins  first  reflection.  Correspondingly  Fig.  2a  shows  the  leading  reflected  shock 
wave  as  well  as  the  strong  pressure  gradients,  which  indicate  a  thermal  runaway 
next  to  the  wall.  In  Fig.  2b  the  reaction  zone  has  matched  up  the  inert  shock  and 
the  resulting  coupled  shock-reaction  front  is  seen  as  it  runs  back  towards  the  open 
side  of  the  duct  and  towards  the  convex  corner.  In  Figs.  2c, d  this  wave  is  partially 
reflected  again  and,  where  it  meets  the  leading  shock  at  the  wall,  a  very  high 
pressure  peak  is  formed.  This  peak  develops  into  a  typical  triple  wave 
configuration.  An  inert  transverse  shock  within  the  burnt  gas,  which  traverses  the 
channel  and  is  re-reflected  between  the  walls,  devides  the  leading  reacting  shock 
front  into  a  weak  and  a  strong  section,  corresponding  to  the  temperature  and 
pressure  increases  that  appear  across  this  transverse  wave.  The  triple  shock 
structure  is  maintained  while  the  whole  configuration  propagates  down  the  duct 
(Figs.  2e,f).  It  is  believed,  that  the  very  high  pressures  and  temperatures,  wliich 
appear  when  the  triple  wave  hits  the  walls,  are  an  important  ingredient  of  the 
mechanisms  of  knock  damage. 

The  typical  pattern  of  shock-reaction  fronts  described  here  was  also  observed 
experimentally  within  plane,  two-dimensional  detonation  waves  by  Strehlow  and 
Fernandez  /7/  and  they  were  obtained  by  means  of  nunerica!  simulations  by  Taki 
and  Fujiwara  /2 /,  Oran  et  al.  /8/  and  recently  by  Schoeffei  /9/.  Thus  our  results 
reveal  an  interesting  mechanism  for  the  detonation  initiation  due  to  shockwave 
boundary  interactions.  However,  it  depends  on  the  relations  between  the 
characteristic  detonation  cell  sizes  and  the  width  of  the  duct,  whether  a  fully 


160 


developed  detonation  could  establish  or  wliether  the  wave  structires  would  decay, 
when  they  were  followed  over  longer  travelling  distances  within  a  continued 
straight  channel  (see  e.g.  Williams /10/). 

In  the  presentation  at  first  a  brief  summary  of  the  corner  flow  boundary 
conditions  and  of  the  'soirce-wave-splitting*  scheme  will  be  given  together  with 
the  results  of  some  test  calculations.  The  emphasis  will  then  be  posed  on  the 
complete  model  problem  and  on  the  discussion  of  different  patterns  of  the  ignition 
processes  within  the  L-shaped  duct. 
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We  shall  consider  nonlinear  hyperbolic  equations  in  conservation 
form 

(1)  u  +  17.  f  ( u )  =  0 

u(0,x,y)  =  u0 

Even  for  smooth  initial  data  u0  the  solution  to  (1)  in  general  will 
lead  to  jump  discontinuities  in  the  solution. 

We  are  interested  in  the  stucture  of  the  solution.  The  set  of  jump 
discontinuities  may  become  quite  complicated  without  any  apriori 
assumptions  on  the  flux  function  f  and  initial  data. 

This  is  of  some  importance,  when  solving  (1)  numerically.  I  shall 
give  two  examples. 

a)  One  can  obtain  high  resolution  by  using  the  method  of  front 
tracking.  There  one  marks  the  jump  discontinuities  (the  front)  in  the 
solution  by  special  grid  points,  which  evolve  dynamically  with  the 
front.  From  one  time  step  to  the  next  first  the  front  gets  moved  and 
the  states  next  to  the  front  get  updated.  The  time  step  gets  finished  b 
solving  initial/boundary  value  problems  in  the  smooth  regions  between 
the  jump  discontinuities  using  standard  finite  difference  methods. 
Clearly  it  is  necessary  for  this  approach  to  qualitatively  understand 
the  structure  of  the  jump  discontinuities,  see  [GK] . 

b)  When  using  finite  difference  schemes  in  more  than  one  space 
dimension,  one  time  step  usually  consists  of  sequentially  applying  a 
one  dimensional  scheme  in  each  time  direction.  This  has  disadvantages. 
Roe's  CR1J  work  indicates  that  the  more  accurate  the  one  dimensional 
scheme  is,  the  less  accurate  the  two  dimensional  split  scheme  will  be. 
Currently  the  development  of  methods  which  are  not  relying  on  the 
direction  of  the  space  axes  is  under  way,  e.g.  following  Roe  CR2J  . 

Again  a  knowledge  about  the  geometry  of  the  jump  discontinuities  is 
helpfull  for  this  approach. 

In  this  note  we  shall  consider  selfsimilar  solutions  of  (1), 
this  then  reduces  the  number  of  independent  variables  by  one.  In 
particular  we  shall  consider  Riemann  problems: 

Definition:  If  (1)  together  with  initial  data  u0  is  invariant 

under 

(  cx,  cy,  ct  )  - >  (  x,  y,  t  )  ,  c  >  0 

then  it  is  called  a  Riemann  problem.  Thus  initial  data  which  is  pjece- 
wise  constant  in  sectors  meeting  at  the  origin  together  with  (1) 
constituts  a  Riemann  problem. 

Definition:  A  Riemann  solution  which  is  invariant  under  the  group 
action 

(  x  ,  y  ,  t  )  - >  (  x  +  <rr.  y  +«K  t  +  t  ) 

is  an  elementary  wave  with  velocity 

We  believe  that  the  solution  to  Riemahn  problems  are  described 
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qualitatively  by  the  following  picture:  it  consists  of  elementary 
waves,  moving  apart  each  with  their  own  distinct  velocity.  These 
elementary  waves  are  then  connected  by  jump  surfaces.  We  mention  in 
passing  that  one  can  give  a  short  list  of  these  generic  types  of  such 
intersection  points  for  two  dimensional  gas  dynamics,  (.K}  ,  [GK]  . 

For  two  dimensional  Riemann  Problems  for  scalar  conservation  laws 

ut  +  f(u)*  +  =  0 

we  have  explicitly  constructed  the  solution  Chk]  for  generic 

cases.  We  found  that  the  solution  is  piecewise  smooth.  In  Fig.  1 
we  give  a  list  of  pieces  that  this  solution  is  made  of.  We  believe 
that  this  constitutes  a  complete  list  for  polynomial  flux  functions 
f  and  g.  In  Fig.  2  we  give  an  example  of  a  solution  to  illustrate 
how  it  is  composed  of  the  pieces  mentioned  above. 

These  constructions  lead  us  to  a  numerical  two  dimensional 
Riemann  solver  for  a  certain  class  of  Riemann  problems.  Suppose  we 
have  two  shock  waves  approaching  each  other,  see  Fig.  3.  At  their 
time  of  intersection  they  approximately  give  rise  to  a  two  dimensional 
Riemann  problem.  Fig.  4.  We  think  of  this  as  two  waves  giving  rise 
to  a  wave  fan.  Thus  in  analogy  to  the  time  dependent  one  dimensional 
case  of  two  waves  crossing,  there  the  "timelike"  direction 
corresponds  here  to  a  "direction  of  causality",  say 5  •  In  such  a  way 
we  introduce  new  coordintes ^  ^  .  These  transform  our  system  (1)  to 

the  problem 

3P(u)  ,  2  Q(u)  _ 

aj  <•  —  o 

P  =  P(u-)  ,  v  <  0 

P  =  P(u+)  t  4  >  0 

For  scalar  equations  and  assuming  that  dL  P/<*u  >  0,  we  have  implemented 
a  numerical  Riemann  solver  by  constructing  numerically  the  Oleinik 
convex  hull,  see  Fig.  5.  The  solution  then  gets  transformed  bac)'.  to 
the  x  -  y  plane  to  give  a  two  dimensional  Riemann  solution.  Thir 
constituts  a  helpful  tool  for  a  front  tracking  algorithm,  [KZ^j  . 
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Fig.  1  The  solution  to  +  f(u)„  ♦  g(u)^  =  0  with  initial  data 

constant  in  the  wedges  we  believe  is  genericaly  made  up 
of  the  following  pieces  in  the  x  -  y  plane: 


Parallel  charactertistics ,  with  the 
constant  state  as  a  special  case. 


Characteristics  meet  along 

r  =  (  f’(u)  ,  g' (u)  )  . 


Contanct  discontinuities  (c.d.),  with 
one  sided  c.d.  as  a  special  case  or 
jumps  with  constant  states  on  both 
sides . 


Curved  jumps  with  rarefactic 
waves  impinging  on  both  side 
The  characteristics  may  be 
tangential  on  one  side  or  ma 
represent  constant  states. 


Fig.  2 


The  solution  to  u  +  (u-u3  )  (u3-u) 

data  given  in  i)  is  shown  in  ii). 


=  0  with  initial 
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Fig.  3  Two  shock  waves  approaching  each  other. 


Fig.  4  The  two  dimensional  Riemann  problem  which  arises  fron 
Fig.  3  after  the  intersection  of  the  waves. 


Fig.  5  The  numerical  construction  of  the  convex  hull  to  the 
graph  of  Q  versus  P,  which  gives  the  solution  to  the 
Riemann  problem.  In  this  case,  we  first  determine  the  minimum  of  lin< 
1-1,  1-2,  1-3,  1-4,  1-5.  After  having  found  this  to  be  line  1-2,  we 
continue  our  search  with  minimizing  slopes  of  2-1,  2-2,  2-3,  which 
in  fchis  case  is  2-2.  This  then  gives  the  convex  hull. 
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Introduction 

A  computational  method  is  presented  for  the  steady,  2D,  compressible  Navier-Stokes  equations.  The 
method  is  hybrid  in  the  sense  that  it  can  also  be  used  for  the  Euler  equations.  It  is  based  on  a  method 
developed  for  steady  Euler  flows  [4],  In  this  Euler  flow  method  an  upwind  finite  volume  technique 
was  used.  The  same  technique  appears  to  be  suitable  for  the  convective  terms  in  the  Navier-Stokes 
equations.  The  discretization  used  for  the  diffusive  terms  is  the  central  finite  volume  technique  out¬ 
lined  in  [13]. 

To  solve  the  nonlinear  system  of  discretized  equations,  symmetric  point  Gauss-Seidel  relaxation  is 
used  in  which  one  or  more  Newton  steps  are  used  for  the  collective  relaxation  of  the  four  unknowns 
in  each  finite  volume.  Point  Gauss-Seidel  relaxation  is  simple  and  robust  but  needs  an  acceleration. 
A  suitable  acceleration  technique  is  found  in  nonlinear  multigrid  [7].  The  difficulty  in  inverting  a 
2nd-order  accurate  operator  is  by-passed  by  introducing  defect  correction  as  an  outer  iteration  for  the 
nonlinear  multigrid  cycling.  The  defect  correction  process  may  be  either  standard,  damped  or  mixed 
with  an  additional  smoother  (8). 

In  the  present  paper  the  emphasis  lies  on  the  upwind  discretization  of  the  convective  terms  in  the 
Navier-Stokes  equations. 


Discretization  of  convective  terms 

The  steady,  2D,  compressible  Navier-Stokes  equations  are  discretized  in  the  form 


MM  +  Mai  _  J_ 

dx  dy  Re 


MM  +  MflUp 

dx  M  j 


(1) 


with  q  the  state  vector  of  conservative  quantities,  / (q)  and  g(q)  the  convective  flux  vectors,  and  r(q) 
and  s(q)  the  diffusive  flux  vectors.  To  allow  Euler  flow  (1/Re  -  0  )  solutions  with  discontinuities, 
the  equations  are  discretized  in  the  integral  form.  A  straightforward  and  simple  discretization  of  the 
integral  form  is  obtained  by  subdividing  the  integration  region  Q  into  finite  volumes  S2,j,  and  by 
requiring  that  the  conservation  laws  hold  for  each  finite  volume  separately  : 


J  (f(q)nx  +g(q)ny)ds 


~  Re  (rMn*  +  s(q)ny)ds  =  0,  V/,/ 


(2) 


For  convection  dominated  flows,  our  objective,  a  proper  evaluation  of  the  convective  flux  vectors  is  of 
paramount  importance.  Based  on  previous  experience  [2,  3,  4,  5,  6,  9,  16],  for  this  we  prefer  an 
upwind  approach.  Along  each  finite  volume  wall  we  assume  the  convective  flux  vector  to  be  constant, 
and  to  be  determined  by  a  constant  left  and  right  state  only. 


Approximation  of  left  and  right  state 

The  approximation  of  the  left  and  right  state  determines  the  accuracy  of  the  convective  discretization. 
First-  and  higher-order  accurate  discretizations  can  be  made  [2],  Considering  for  instance  the  numeri¬ 
cal  flux  function  (f(q))i  +  Hj  =  /(<^  +  «.r  where  the  superscripts  /  and  r  refer  to  the  left  and 

right  side  of  volume  wall  3«i  +  »,y  (fig.  I),  first-order  accuracy  is  obtained  by  taking 

q‘i  +  »j=qiJ,  and  (3a) 

?«+»./ =  ?<  +  !./ •  (2b) 


Higher-order  accuracy  can  simply  be  obtained  with  the  x-schemes  as  introduced  by  van  Leer  [10]: 

1  1C  |  _  K 

=  q>.j  ^  (?i + i.y —  ?».>)  ^  (?«./ —  9<  -  i.y)  > anc^ 

1  "4"  1C  1  —  K 

<fi  +  «./  =  ?.  +  !./  +  — 4 — (9.-7  +  — 4 — +  1  ./“?<+  2.,) , 


(4a) 

(4b) 


with  xeR  ranging  from  x  =  - 1  (fully  one-sided  upwind)  to  x  =  I  (central). 
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(5) 


An  optimal  value  for  k  is  found  by  giving  an  error  analysis,  using  as  model  equation 

du  du  d2u  ,  3 2u  d 2u .  _  „ 

3x  a \y  dx2  3x3 \y  dy2  ’  ~ 

On  a  grid  with  constant  mesh  size  h ,  a  finite  volume  discretization  which  uses  the  ir-approximation  for 
the  convective  terms  and  which  is  second-order  central  for  the  diffusive  terms,  yields  as  modified 
equation 

du  ,  3 u  „  d2u  ,  32u  ,  32u,  ,  1jk-I/3/03u  ,  3 3u,  ,  ,,, 

ta  +  S;_,(3?‘+9l8F  +  ^-)  +  ',^_<^+3^)+  161 


+  O(h*)  =  0. 

Assuming  the  reliability  of  the  underlying  Taylor  series  expansion,  the  modified  equation  clearly 
shows  that  the  highest  accuracy  (third-order)  is  obtained  for  x=l/3  (upwind  biased),  and  the  lowest 
false  diffusion  for  k=  1  (central).  Euler  flow  computations  [6]  have  shown  that  for  stability  reasons  the 
upwind  biased  approximation  is  to  be  preferred  above  the  central  approximation. 

To  avoid  spurious  non-monotonicity,  a  new  limiter  is  constructed  for  the  *  =  1/3  approximation.  Let 
and  be  the  kth  component  (it  =  1,2, 3, 4)  of  q\  +  respectively  q'+uj.  Then  a  limited 

left  and  right  state  can  be  written  as 

qi%.j  =  qf.}  +  -  <t?~  I.,),  and  (7a) 

q'.'Hj  =  </!.*,’  +  .y  -  <7^2.  A  (7b) 

with  <p(R)  the  limiter  considered,  and  Rj*)  the  ratio 

Using  this  notation,  the  limiter  constructed  for  the  k-  1/3  approximation  reads 


«*)  = 


R+2R2 
2 -R  +2  R2 


Solution  of  ID  Riemann  problem 

Osher’s  scheme  (12)  has  been  preferred  so  far  for  the  approximate  solution  of  the  standard  ID 
Riemann  problem  thus  obtained.  Osher’s  scheme  has  been  chosen  because  of:  (i)  its  continuous 
differentiability,  and  (ii)  its  consistent  treatment  of  boundary  conditions.  (The  continuous 
differentiability  guarantees  the  applicability  of  a  Newton  type  solution  technique,  which  is  what  we 
make  use  of.)  The  question  arises  whether  it  is  still  a  good  choice  to  use  Osher’s  scheme  when 
diffusion  also  has  to  be  modelled.  Another,  more  widespread  upwind  scheme  used  in  Navier-Stokes 
codes  is  van  Leer’s  flux  splitting  scheme  [10,  14,  15,  18].  Reasons  for  its  popularity  are:  (i)  its  likewise 
continuous  differentiability,  and  (ii)  its  simplicity.  The  latter  property  is  generally  believed  to  be  in 
contrast  with  Osher’s  scheme.  (Recent  work  may  help  to  reduce  this  difference,  see  e.g.  [17].)  A 
detailed  error  analysis  is  given  for  both  schemes.  The  analysis  is  confined  to  the  steady,  2D,  isentropic 
Euler  equations  for  a  perfect  mono-atomic  gas: 


d/jgl  +  Mai  =  o 

dx  dy 

with 

(10) 

pu 

pv 

f(q)=  p(u2+c2) , 

£(?)  = 

puv 

(ID 

puv 

p(v2+c2) 

(Notice  that  for  an  isentropic,  perfect  and  mono-atomic  gas  c  is  a  constant.)  For  a  subsonic  flow  and 
a  first-order  accurate  finite  volume  discretization  on  a  grid  with  constant  mesh  size  h,  the  system  of 
modified  equations  is  derived  for  both  Osher’s  and  van  Leer’s  scheme.  For  both  systems  we  consider  a 
subsonic  shear  flow  (the  new  element)  along  a  flat  plate.  For  this  Lamb’s  approximate  solution  is 
used.  Substitution  of  Lamb’s  solution  into  the  modified  equation  yields  at  the  boundary  layer  edge  a 
discretization  error  ratio  as  given  in  fig.  2.  In  this  figure,  Mt  denotes  the  Mach  number  at  the  boun¬ 
dary  layer  edge.  The  analysts  gives  some  evidence  for  the  superiority  of  Osher’s  scheme  above  van 
Leer’s  scheme,  when  dealing  with  shear  flows.  Results  are  presented  which  show  this  superiority  for 
the  Navier-Stokes  equations  indeed. 
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Subsonic  flat  /time  //< m 

Id  compare  Osher's  anil  'an  I  eer\  scheme,  we  consider  a  subsonic  llal  plate  How  with  known  .solu¬ 
tion  (the  Blasius  solution).  With  the  lirst-onler  approximation,  we  perform  for  both  schemes  an  exper¬ 
iment  "ith  h-  (mesh  si/e)  and  Re-vatialion.  In  all  computations  we  use  grids  composed  of  square 
finite  volumes.  Results  obtained  ate  given  in  lig.  3,  I  hex  clearly  show  the  .superiority  of  Osher's 
scheme  under  hard  conditions  (Ist-order  approximation,  high  value  of  R e/i). 

Supersonic  Jim  plate  /low 

A  standard  test  case  for  Navier-Stokes  codes  is  the  flat  plate  shock  wave  -  boundary  laser  experiment 
performed  by  llakkinen  el  al.  at  Re  ~  2.96  10'  [l|.  A  nice  feature  of  the  present  code  is  its  possibility 
to  optimize  a  grid  for  convection  separately.  For  this  test  case  this  leads  via  the  grid  shown  in  lig.  4a 
to  the  one  in  tig.  4b.  I  he  corresponding  inviscid  surface  pressure  distributions  as  obtained  with 
Osher’s  scheme,  and  with  successively  the  first -order,  the  non-limited  and  the  limited  k=  1/3 
approximation,  aie  given  in  fig.  5.  Navier-Stokes  results  obtained  on  the  oblique  grid  are  given  in  lig. 
b.  ( learlv  visible  here  is  the  good  agreement  of  the  (limited)  second-order  results  with  the  experimen¬ 
tal  results. 
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Fig.  5.  Inviscid  surface  pressure  distributions  supersonic  flat  plate  flow 

(O:  first-order,  A:  non-limited  higher-order,  □:  limited  higher-order). 


a.  x  ~  2.27  I  if /Re 
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b.  x  =  2.87  \&/Re 
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c.  x  *—  3.62  I05/«C 


Fig.  6.  Velocity  profiles  supersonic  flat  plate  flow 

!  (O:  first-order,  D:  limited  second-order,  ■:  measured). 

t 

ft 


170 


orroi  v  .ui  L  ecf  ! 

<U«, 


Fig.  I.  Volume  wall  <t S2, 


Fig.  2.  Ratio  of  discretization  errors  at  boundary  layer  edge 
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a.  D- variation  with  Re  =  100 
(O.  Osher,  □:  van  Leer). 


b.  Ke-varialion  with  h  =  1/32 
(left:  Osher.  right:  van  Leer). 


f  ig.  3.  Velocity  profiles  subsonic  Hate  plate  flow  (----:  Blasius  solution). 


a.  Rectangular  grid  ( - :  shock  wave). 


b.  Oblique  grid. 


Fig.  4.  Finest  grids  supersonic  flat  plate  flow. 


NORMAL  REFLECTION-TRANSMISSION  OF  SHOCK  WAVES  ON  A  PLANE 
INTERFACE  BETWEEN  TWO  RU08ER-LIKE  MEDIA. 

Slawomir  KOSIltfSKI 
Technical  University  Lodz,  POLAND 

Using  a  semi-inverse  method  proposed  by  Wright  (jl  ]  a  normal  reflection  and 
transmission  of  a  finite  elastic  plane  shock  wave,  at  a  plane  interface  of  tu/o 
rigidly  coupled  rubber-like  elastic  solids  is  examined. In  this  method  the  inci¬ 
dent  shock  wave  is  given  a  priori. 

Consider  an  unbouded  medium  consisting  of  two  elastic  half-spaces  of  diffe¬ 
rent  material  properties,  joined  along  the  plane  =  0. Suppose  that  a  plane 

shock  wave  of  strength  m  ,  unit  normal  N  and  polarisation  vector  d  pro- 

o  ~o  ~o 

pagates  in  the  half-space  x?>0  with  speed  \Iq  (Fig. l). It  is  assumed  that  the 
material  solids  in  front  of  the  shock  are  urotrained  and  at  rest.Such  a  wave  has 
displacement  components  in  the  x?  direction  only. 

Both  material  solids  are  isotropic  incompressible  and  are  defined  by  the  con¬ 
stitutive  equation  in  the  form 

(D  ^  (11*I2>  *  C1<11  -  »  ♦  C2(I2  -  3)  +  C?(l*  -  9) 

where  I^,I2  -  invariants  of  the  left  Cauchy-Green  strain  tensor  B  ,  y  -  densit) 
C1  ,  C^  ,  C5  -  elastic  constants. 


Fig.1  Incident  shock  wave 


Fig,  2  Assumed  shock  reflection  • 
transmission  pattern. 


It  is  assumed  (  [I-]  ),  that  the  constant  state  behind  the  incident  shock 

(ahead  of  the  transmitted  wavs)  and  the  state  at  the  interface  and  below  "3* 

/\ 

(above  "3")  compatible  with  the  interface  conditions)  are  connected  by  means  of 
a  sequence  of  one  parameter  families  of  reflected  (transmitted)  simple  waves  and 
constant  state  regions  (Fig.2), 

The  equation  of  motion  (propagation  condition)  and  the  compatibility  condition 
in  the  region  of  the  simple  wave  take  the  form  (Cl]  *  ) 


(2) 

<  ah  - 

u  + 

=  0 

where 

°iV  °u 

-  Vj  \  "l  •  »1J  •  6 

ioc  J|‘.  N*  Np>  »  ~ 

> 

1  i*  Jp 

Q 


,  are  the  components  of  the  acoustic  tensor  and  the  reduced  acoustic  ten- 


iJ 

sor  respectively)  the  prime  indicates  differentiation  with  respect  to  A-  -  simple 
wave  parameter)  x^  f  u^  are  components  of  the  deformation  gradient)  and  par¬ 
ticle  velocity*  U  denotes  the  speed  of  propagation, The  constraint  of  incompressi¬ 
bility  restricts  the  propagating  waves  to  transverse  waves  only, In  general*  the 
reflection-transmission  problem  may  have  no  solution  in  terms  of  simple  waves*  as 
there  are  at  most  possible  two  families  of  reflected  (transmitted)  simple  waves 
in  such  a  case  {  this  means  that  there  are  four  free  parameters*  with  six  interface 
conditions  to  be  meat  (  particle  velocity  vector  and  stress  vector  must  be  conti¬ 
nuous  from  one  medium  to  the  other), Howe vet  solutions  may  exist  for  some  types  of 
incompressible  materials,  with  particular  defoimation,  symmetry  and  interface 
conditions, In  this  paper  we  examine  such  special  case. 

Since  the  motion  is  restricted  to  one  dimension  we  assume  that  the  incident  pla¬ 
ne  shock  wave  generates  at  the  interface  a  single  (instead  of  two)  reflected  and 
single  transmitted  simple  wave  with  a  direction  of  propagation  perpendicular  to  the 
interface, The  propagation  condition  for  single  inflected  and  single  transmitted 
simple  wave  (2)^  is  reduced  to  a  single  equation 


(3) 


(  6 


3232 


-  U 


K 


or 


A 

(  6 


3232 


'**2  v  a, 

-  U  )  u  =  0 


respectively, The  symbol  w/'»w  serves  here  to  label  the  field  quantities  connected 

/A 

with  the  transmitted  wave, The  characteristic  root  U  (  U  )  is  a  real  single  valued 
function  of  the  component  (x'jj)  and  r8Pr888nt  the  speed  of  simple  wave. 

The  reflection-tranemission  problem  then  reduces  to  en  initial  boundary  value  prob¬ 
lem  for  ordinary  differential  equations  governing  the  variation  of  the  deformation 
gradient  (  x^)  ani*  Par^cl®  velocity  (  )  in  the  region  of  reflected  (transmit¬ 

ted)  wavs.W*  assume  u'»  -U  and  u U  *  and  from  (2)^  we  obtain  x32*  1f  X32  "  1  * 
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These  equations  can  be  integrated  directly. Substitution  of  solution  for  x,_ 

^  .A  't 

(  xJ2)  into  expression  for  6J252  (  $  J2J2  )  gives  the  reflected  (transmitted) 

•ave  speed  as  a  function  of  the  nave  parameter. 


.A 

However  for  U(A)  and  UQu)  to  define  a  simple  wave  it  must  be  a  decreasing 
function  of  the  wave  parameter  X  ( /u.)  varying  Trom  □  to  the  terminal 

V  ^  A  ' 

value  A- a  A  (  ^  =  fi*  ).lf  U  (  U  )  were  an  increasing  function  of  A  (  )  , 

the  following  wavelets  would  travel  faster  than  the  preceding  ones  and  in  due 
course  a  shock  wave  would  be  formed,  ,  [^2  3  .Equation  of  motion  are  now  replaced 
by  jump  conditions. In  all  cases  the  reflection  solution  is  depending  on  the  proper¬ 
ties  of  the  both  material  solids,  either  a  single  simple  wave  or  a  shock  wave,  when 
the  transmitted  wave  is  always  the  single  simple  wave  (Fig. 3). The  conditions  of 
continuity  of  the  velocity  and  stress  field  at  the  interface  give  us  a  system  of 
two  nontrivial  independent  nonlinear  algebraic  equations  for  the  transmitted  shock 

y\ 

wave  atrehgth  m  and  the  reflected  shock  wave  strength  m  (  or  the  final  value 

r>/ 

A  of  the  parameter  /V  in  the  reflected  simple  wave). 

The  numerical  analysis  shows  hat  for  two  different  pairs  of  materials  can  exist 
the  reflected  (transmitted)  wave  having  the  same  parameters,  while  the  parameters 
of  the  transmitted  (reflected)  wave  are  different .The  wave  reflection  pattern  : 
shock  or  simple  wave  depends  on  the  elastic  properties  of  both  joined  materials 
and  their  succesion.Ths  main  part  of  energy  of  the  incident  shock  wave  is  used  to 
formation  of  the  transmitted  wave.Simply  condition  for  optimal  transmission,  when 
the  reflected  wave  is  absent,  is  derived. 

The  analogous  but  linearized  boundary  value  problem  is  considered  in  4  by 
using  the  Toupin-Bemstein's  equations  of  motion  for  analysing  srfiall  but  finite 
amplitude  eaves. 
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Uniquc’ncss  of  weak  solutions  to  hyperbolic 
dissipative  systems  of  balance  laws 

Witold  Kosirtski,  Polish  Academy  of  Sciences,  IPPT,  Warsaw 

Salanace  laws  are  common  features  of  individual  theories 
of  continuum  physics.  The  laws  are  supplemented  with 
constitutive  relations  which  charcterize  the  particular  medium 
in  aues t ion  oy  relating  the  values  of  the  main  vector  field  U 
to  the  flux  f  and  the  supply  term  B.  We  assume  the  relations 
are  smooth  functions  and  the  balance  laws  lead  to  a  system  of 
1-st  order  PDC ' s : 

(1)  ~U  +  Div  f  (  U  )  =  B  ( U ,  t  ,  x  )  ,  ( t  ,  x  ?  c  E*  . 

Solutions  to  the  system  are  restricted  by  the  unilateral 
constraint,  which  expresses  the  second  law  of  thermodynamics 
[cf .  1.2,6] . 

(2)  ,  ‘  --  )KU)  +  D  i  v  k  (U)  >  r  ( U ,  t ,  x ) , 

where  r;  represents  the  entropy  function,  k  -  the  entropy  flux 
vector  and  r  -  the  entropy  supply  term.  The  terms  B  and  r 
appearing  in  ( ')  and  (2)  manifest  existing  in  the  medium  of 
non-differential  viscous  effects.  Viscosity  due  to 
nonhcrogeneity  of  equations  is  typical  in  the  thermodynamics 
with  hidden  (  internal  state  )  variables  which  have  to  describe 
viscous,  dissipative  properties  of  matter  [c f . 3 , Sec . 20 ] . 

Jn  the  paper  we  confine  ourself  to  the  case  when  7)  is  a 
Strictly  concave  function  on  a  convex  set  &  in  the  hodograpli 
space  e".  Then  (1)  can  be  written  as  a  symmetric  system  in  the 
new  variable  U'  given  by  the  Legandre  transformation  of  T)  [1], 
Koreover,  because  of  the  constraint  (2),  the  system  (1) 
possesses  the  supplementary  balance  law  for  entropy 

(3)  TJ(U)  +Di v  k  (U)  =  VtKU)  B(U,  t ,  x)  . 

To  establish  the  uniqueness  and  continuous  dependence  results 
for  weak,  distributional,  solutions  of  Cauchy  problem  governed 
by  (1)  and  (2),  the  class  BV(^)  is  introduced,  which  is  the 
subset  of  regular  distributions  whose  first  order  derivatives 
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are  zero  order  distributions,  I.e.  distributions  represented  by 
regular,  locally  finite,  Borel  measures  [4].  In  this  class  a 
weak  solution  Is  defined  with  the  help  of  the  function 
(4)  S(U,  V)  :  *  K(  V)  -  K(U)  +  T>(V)  (  F(U)  -  F(V)). 

where  JC(U):  =  (77(U).  k(U))).  F(U):=  (U.  f(U)>. 

A  function  Ue  BV(^,Em)  Is  called  a  weak  solution  to  (1-2) 
if  is  Hn-a . e . bounded  and  for  any  constant  vector  Ce  JD  and  a 
bounded  set  8  with  finite  perimeter  the  ineuuality 


(5) 


div  S(U,C)(8)  <  /(7tj(C)  -  V7><U))-B(U,y)d\n*'(y) 


holds,  where  y  =  (t,x),  H  denotes  the  n-D  llausdorff  measure  on 
E°  1  in  which  the  Lebesgue  measure  \n+1  Is  defined.  Here  div  is 
a  divergence  operator  (identyfied  with  a  Borel  scalar  measure) 

_  I  1 

in  E  .  It  is  proved  that  1neq.(5)  is  equivalent  to  eqs  (1) 
and  (2),  which  have  to  be  satisfied  in  the  sense  of  measure, 
and  to  the  Rankine-liugoniot  and  entropy  increase  conditions 
at  points  of  jumps  of  U.  By  the  admissible  weak  solution  to 
(1-2)  we  understand  that  weak  solution  to  (1-2)  which  is  a 
limit  of  a  boundedly  and  a . e . convergent  sequence  {Vk}” 
regular  (smooth)  solutions  to  the  parabollzod  version  of  (1), 
in  which  f(U)  is  replaced  by 


(6) 


f’(Vk.Grad  Vk)):=  f(Vk>  -  Z^Grad 


V 


k' 


11m  C.  -  0 

k->co  k 


8y  a  weak  solution  to  the  Cauchy  problem 


div  F(U)  =  B(U.y).  U( 0 , x)  =  g(x). 


y  =(t,x),  xe  E  ,  te  ( 0 , T ) 


we  mean  a  weak  solution  to  (1-2),  which  satisfies  the  initial 

condition  in  the  sense  of  means,  i.e.  1 im  U(t,x)  =  g(x), 

„  l  -  >  • » + 

\-a.e.on  E  .  Here  U  denotes  the  symmmetrlc  mean  value  of  U  [4]. 

The  general  strategy  of  the  proof  of  the  continuous 
dependence  theorem  is  the  same  as  in  [2)  and  was  Inspired  by 
[53  .  The  assumptions  on  TJ  are  essential  for  the  derivation  of 
an  evolutionary  Inequality  In  terms  of  the  measure  div  S(U,V), 
when  U  Is  a  weak  solution  to  the  primitive  hyperbolic  problem 
while  V  Is  a  regular  solution  to  the  parabolized  one. 
Integrating  the  Inequality  over  a  space-time  frustum  we  end  up 
with  a  Gronwall  type  Inequality,  already  discussed  and  used  In 
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[2,6].  It  Is  proved  that  an  admissible  weak  solution  of  the 

rn  p  CD 

Cauchy  problem  is  unique  in  *BV(5*,E  ),  provided  AY^^C 

bounded  set  of  L^(^,Em)  and  the  spacial  gradients  of  Y^  are  In 

L°°  (^,Em).  The  last  condition  is  related  to  the  method  used 

loc 

in  the  proof  and  it  may  be  released,  according  to  our 
conjecture 
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Numerical  Solution  of  the  Euler  Equations  Used  for  Simulation 
of  2D  and  3D  Steady  Transonic  Flows 


K.  Kozel*,  N.  Nhac**,  M.  Vavfincovd* 


The  work  deals  with  numerical  solution  of  the  system  of  Euler  equations  for  the  case  of 
2D  steady  transonic  flows  in  a  channel  or  through  a  cascade  and  3D  steady  transonic  flows 
in  a  channel. 


I.  2D  steady  transonic  flows  in  a  channel  and  through  a  cascade 

Consider  2D  system  of  Euler  equations  in  conservation  form 

IFi  +  F(IV)t  +  G(W)9  =  0,  (1) 

where  \V  =  col  \\p,  pu,pv,  e||;  («,  v)  is  velocity  vector,  p  is  density,  e  is  energy  per  unit 
volume.  Weak  solution  of  (1)  is  based  on  fulfilling  following  relation 


JJ  'V\';dxdy 

D 


h 

-J{<fFdy 

ti  an 


(2) 


for  every  suitable  Jordan  curve  dD  C  SI,  D  =  Int  dD,  Vt|,<2  >  0  and  y)  piecewise 

smooth  for  every  <  >  0.  Consider  finite  volume  form  of  numerical  solution.  Difference 
scheme  is  fulfilling  integral  relation  (2)  for  each  computational  cell  D,„  =  D(,n  DiV D\,l\ 
Dm *  =  IZfcNy*1]*  rewritten  in  the  form 


Pm  — 


&t  =  t2-t\  =  r+1  -  tn 


^"+1  -  W"  =  i  Fdy  -  Qdx,  (3) 

fhn  J 

0D,n 

where  Wm  is  mean  value  of  W  in  computational  cell  D,„ ,  Q  are  approximations  of  F(ll7), 
G{W)  along  0Dm.  Steady  state  is  considered  to  fulfil  integral  relation  (3)  for  n7"+ '  —  H'",  = 
0. 

For  numerical  solution  we  use  time  dependent  method,  steady  state  is  considered  for 
t  — ♦  oo  and  steady  boundary  conditions.  Mac  Cormack  explicit  difference  scheme  [2]  in 
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finite  volume  form  is  used  with  artificial  disipative  terms  that  are  in  (x,  y)  coordinate  system 
difference  approximations  of  the  terms 

£v%c§~c  +  I;  (\Wi\Ww)  -  e-  ~  =  0(*t  Ax2).  (4) 

Boundary  conditions  along  a  profile  surface  are  considered  using  following  formula  (a  case 
of  lower  boundary) 

(5) 

pressure  p is  extrapolated  by  double  quadratic  extrapolation  and  relation  (5)  is  then 
uSecl  for  deriving  other  special  difference  formula  for  l>ound;iry  computational  cell  in  predic¬ 
tor  step  as  well  as  in  corrector  step.  Periodical  conditions  are  considered  by  usual  way.  For 
steady  state  computation  of  channel  flows  we  use  ID  theory  to  fulfil  upstream  and  down¬ 
stream  boundary  conditions,  for  2D  cascade  flows  all  components  of  vector  W  are  considered 
along  upstream  boundary;  along  downstream  boundary  first  three  components  of  IP  are  ex¬ 
trapolated  and  energy  e  is  computed  using  given  downstream  pressure  pi  and  extrapolated 
values  p ,  pu,  pv.  Governing  system  of  Euler  equations  is  considered  in  dimensionless  form. 

Pr  eseuted  2D  numerical  results  of  transonic  channel  flows  are  compared  with  numerical 
results  of  Rou-Ho-Ni,  A  Zoo  =  0.C75.  Interferometric  measurements  of  Institute  of  Thermo- 
t  mechanics  of  Czechoslovak  Academy  of  Sciences  (5)  of  2D  t  ransonic  flows  through  8%  DCA 

cascade  for  upstream  Mach  numbers  <  1  as  well  as  >  1  are  compared  to  our 
numerical  results  using  lines  M =const  (see  fig.  1,2). 


II.  Numerical  solution  of  3D  transonic  flows  in  a  channel 

Consider  3D  system  of  Euler  equations  in  conservation  form 

W,  +  F(W)X  +  G(W),  +  H(W),  =  0,  (6) 

W  =  col  \\p,pu,pv,pw,  e||,  ( u,v,iv )  is  velocity  vector.  In  this  case  finite  difference  method 
is  used  for  numerical  solution.  Cross-section  of  considered  3D  channel  is  oblong  and  we  use 
transformation  of  equation  (G)  to  ( x,  s ,  z)  coordinate  system;  .s  is  approxiinatdly  streamline 
direction.  Then  (G)  is  transformed  to 

p 

Wt  +  F(W)T  +  G(\V),  +  H(]V)t=0,  (7) 

and  for  numerical  solution  Mac  Cormack  explicit  predictor-corrector  conservative  difference 
scheme  is  used.  Grid  points  are  not  considered  on  the  walls.  Boundary  conditions  on  the 
walls  are  fulfilled  by  the  similar  way  as  in  2D  case  of  finite  volume  form  using  extrapolated 
pressure  p.  Downstream  and  upstream  boundary  conditions  are  fulfilled  also  by  the  way 
similar  to  2D  numerical  solution. 

Presented  3D  numerical  results  of  transonic  flows  in  a  channel  are  compared  to  numer¬ 
ical  results  computed  by  ID  theory  and  2D  theory. 
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While  studying  the  transonic  flow,  model  equations  governing  the  development  of  pertur¬ 
bations  near  a  known  solution  widely  are  used.  These  equations  are  derived  under  various 
assumptions  from  Navier-Stokcs  equations  for  a  compressible  heatconducting  gas.  The  Lin- 
Heissner-Tsieghn  equation 

uxt  +  uxuxx  -  Av?r  =  0  ,  (1) 

where  Ay  =  02/0y2  +  02/0y 2  simulates  the  development  of  perturbations  in  nonsteady  noil- 
viscous  transonic  flows  near  a  slender  body,  [1].  It  is  easy  to  verify  that  (1)  is  hyperbolic  for 
all  finite  values  of  ux.  Equation  (t)  is  considered  in  the  unbounded  domain  G  =  (0,7')  x  I), 
I)  =  If  x  III1,  y  €  ft  C  1112,  1  €  (0,7’),  T  is  a  finite  number.  The  boundary  Oil  of  ft  is  smooth 
enough.  On  Oil  Neuman’s  condition  is  given 

(2) 

Here  N  is  an  outward  normal  on  Oil.  The  function  ip  is  equal  to  zero  for  |.r|  >  11,  R  is  a  finite 
number.  The  decay  of  perturbations  at  |;r|  — *•  oo  is  given: 


lim  «x  =  0 


Oy 

1x1— *00 


(-oo,2/,<)  =  0 


At  /  =  0  the  initial  data  arc  given 


Theorem  1. 


H(x,y,0)  =  uo(z,y) 


If  <p  e  IE,  2  (Oil  x  IK' ),  i/o  €  IF26(77), 


ON  Ian 


X 

J  «o((,yK  e  ir2e(/;) 


then  such  7b  6  (0,7')  can  be  found  that  there  exists  a  unique  (accurate  to  the  constant)  solution 
of(l)-(4)iii(7o  =  (0,To)xR: 

0{ux  €  7,co(0, 7’o;  \V2'3(D))  ( j  =  (1, 1,2) 

0jAyii  €  Loo(0,7b;  U  22-<(/J>))  (»  =  0,1) 

Theorem  1  is  proved  by  approximation  of  (1)  (4)  by  a  sequence  of  problems: 

Vxt  R^xtt  "b  vxvxx  —  Ayv  =  0  (5) 


Ov 

ON  nnx«>= 


lim  vx  =  0,  lim  —  =  0,  v(.r.,y,0)  =  v0,t(x,y) 

Jr|— *oo  |r|— *oo  Uy 
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Here  <f,t,voi,  are  .smooth  approximations  for  ip  and  no  respectively,  p  is  a  positive  parameter. 
Equation  (5)  is  a  physical  one,  it  describes  noustcady  perturbations  in  viscous  heatconductiiig 
transonic  Hows  [2].  Unlike  (1)  equation  (5)  is  not  hyperbolic  but  a  nonclassical  one. 

Theorem  2. 

X 

If  V",.  €  tV  €  WJ(D),  ^f|  ,  =  <f„,  (  G  W«{D) 

Uly  laiixif1  J 

—  on 

then  for  any  /t  >  0  such  a  7'o  €  ( 0,T )  can  be  found,  that  there  exists  a  unique  solution  of  ( r>) ,(C ) 
(accurate  to  the  constant): 

0{vx  €  £oo(0,7’o; \V*~J(D))  ( j  =  0, 1,2) ;  pO\vxxx  G  Lco(0,7b; \V^'(U)), 

OlAyV  G  Ioo(0,7’0;  Wf’^D))  (i  =  0,1), 

which  tends  to  the  solution  of  ( l  )-(4)  as  /t  tends  to  zero.  Theorem  2  is  proved  by  approximation 
of  (.r>),((»)  *»y  a  secpienre  of  steady  problems  using  a  discretization  in  time.  Then  steady  problems 
arc  approximated  by  problems  in  bounded  domains,  which  are  solved  by  Calerkin’s  method. 
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1.  The  ’Thin-Layer  Viscous-Defect'  (TLVD1  hyperbolic  problem 

The  Defect  Form  illation  j  3,4,5]  of  the  Navier-Slokes  equations  allows  the  viscous  terms  to  he 
isolated  in  a  "Viscous  Defect”  problem.  In  the  Thin  Layer  approximation,  this  leads  to  a  ’ll, VI) ’ 
IxMindary-layer  like  problem.  In  two  dimensions,  this  Defect  Ihin-lay  r  problem  is  of  parabolic  type 
and  is  amenable  to  a  space-marching  method  of  solution  (we  consider  the  steady  ease).  In  three 
dimensions,  the  same  '11, VI)  problem  becomes  of  hyperbolic  type  in  space  and  is  to  be  solved  in 
general  curvilinear  coordinates  (£*,  £J)  on  a  curved  surface.  Moreover,  the  corresponding  discrete 
grid  is  specified  a  priori  and  cannot  be  adjusted  nor  interpolated,  from  numerical  precision 
considerations. 

2.  The  ideas  for  the  Multi- Zonal  Marching  (MZM)  method 

In  numerical  steady  aerodynamics,  hyperbolic  systems  of  equations  generally  appear  in  the 
compulation  of  compressible  flows  (Ruler  equations  is  an  example),  'flic  corres|/onding  characteristic 
directions  usually  lie  in  the  dominant,  direction  of  the  general  How,  meaning  that  their  angular 
excursion  is  not  great,  and  allowing  for  a  simple  space-marching  method  of  solution. 

From  the  mathematical  point,  of  view,  the  peculiarity  of  the  hypeiholic  system  representing  the 
'11/ VI)  problem  (or  any  kind  of  boundary-layer  like  formulation)  is  that  the  angular  excursion  of  the 
characteristic  directions  may  be  very  large  As  this  prevents  the  use  of  a  simple  space-inarching 
method  (except  in  the  most  trivial  cases),  and  as  the  numerical  difficulties  associated  with  the 
exact'  characteristic  method  seem  forbidding  to  us.  we  have  resorted  to  developing  a  specific 
method  of  space-marching  solution. 

The  Multi-Zonal  (Multi-)  Marching  method  (MZM)  [1,2]  is  meant  to  save  the  advantages  oT  the 
space- m arching  method  while  allowing  for  the  solution  to  proceed  in  the  general  case. 

(«)  -  multi' marching jnelhod  : 

The^first.^  natural,  idea  is  to  use  all  four  possible  marching  directions  of  the  grid,  namely  I  £*  ,  -£* 

,  -t -  £  ,  -£  ,  locally  selecting  whichever  one  is  most  appropriate. 

The  second,  more  powerful  one,  is  to  alternate  general  sweeps  of  tin*  solution  domain  along  these 
four  inarching  directions,  updating  the  solution  only  on  newly  accessible  nodes.  This  constitutes  the 
multi-marching  method,  which  is  in  principle  sufficient  to  cover  by  iteration  the  domain  of  influence 
of  the  initial  conditions  (i.e.  stagnation-point). 

( «  )  -  multi- zonal  method^ : 

The  idea  is  to  use  available  information  on  the  expected  general  flow  topology  (of  the  kind  that- is 
useful  for  grid  generation)  for  the  definition  of  a  system  of  "zone;”  which  are  to  be  solved  in 
successive  order,  with  exacted  increase  of  numerical  efficiency. 

( m  )  -  multi- tonal  multi-marching  method  : 

The  combination  of  the  previous  ideas  leads  to  the  present  ”MZM”  method,  which  combines 
repeated  sweeps  along  the  four  £  directions,  for  each  successive  element  of  a  system  of  tones 
covering  the  solution  domain,  with  possible  oveflap  whenever  deemed  efficient.  This  system  is 
automatically  predefined  (expert-system  like)  according  to  the  expected  general  flow  topology  of  the 
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given  type  of  configuration. 

This  in  principle  provides  a  general  method  of  solution  on  the  whole  domain  of  influence  of  the 
Cauchy  data  (stagnation  point),  given  that  the  grid  is  not  too  highly  distorted  and  the  characteristic 
cone  angle  does  not  come  near  nor  exceeds  that  of  the  local  grid  lines.  Thus  it.  cannot  he  proven 
that  the  method  will  work  on  an  arbitrary  grid,  or  if  the  magnitude  of  the  characteristic  cone  angle 
exceeds  90  \ 

But  it  is  reasonable  to  expect  few  diffculties,  except  perhaps  on  certain  configurations  near  points 
of  closed  separation.  In  this  neighbourhood,  the  TLVD  problem  may  lead  to  cone  angles  nearing 
90  ",  depending  on  its  (director  inverse)  formulation. 

3.  The  numerical  method  of  solution 

The  hyperbolic  system  of  equations  of  the  TLVD  problem  in  integral  formulation  consists,  in 
tensor  form  [2],  of  one  vector  equation  for  tl^e  Defect  momentum  balance  : 

( 1) div[pfl2fl.  4-  pq(i lO  £.)}  —p]iw-pijJv  +  -^—£f 

2  1 

one  scalar  equation  for  the  entrainment  (collocation  equation  for  momentum): 

(2) div\p%.6- pq&\  = piv+pqE 

and  one  scalar  equation  for  the  Defect  mass  balance  : 

(3)  div\pq  =pw-pw 
where  : 

P,U  pseudo-inviscid  density  and  velocity  fields 
p,E  real  ( viscous)  *  ”  "  * 

1  ~  II*  llo  pseudo-inviscid  velocity  modulus  at  the  surface 

CO 

b-^(pq)  lf(pU-pE)<ln 

% 

&---(pq2)  '/ (paOji-  pOE)in  -  q-'lLOL 
o 


n  field  coordinate  locally  normal  to  the  (f\{2)  surface 
W  ~~  US  normal  component  of  pseudo-inviscid  velocity  at  the  surface 
w  —  «0  "  real  (viscous)  ”  " 

£/  =K/fw2)  (V IMD 

wall  shear  stress  in  the  real  (viscous  flow) 
fi  boundary  -  layer  thickness  scale  parameter 

Equations  ( I )-( 3)  are  written  on  the  (£*  ,  £2)  surface  for  vectors  and  tensors  defined  in  two- 
dimensional  space.  These  can  he  written  in  projection  on  the  local  holonomie  (£,  ,  £„)  vector  basis 
computed  from  the  (£  ,  (  )  curvilinear  coordinate  set. 

Taking  into  account  a  physical  modelling  based  on  the  three-dimensional  velocity  profiles  of  he 
Balleur  [5,6],  this  yields  a  closed  system  of  rank-4  hyperbolic  type.  It  can  he  written,  for  solution  by 
a  marching  procedure  in  the  direction  (where  *'  =  +£*  ,  -  £ '  ,  +£2  ,  -  «2  )  : 


01 

dzl 


gg (X) 

dz2 


;  ZeR4 


( i )  -  local  in  tegration_scJie  me  £j  V march  in  g) : 

Tire  resulting  set  of  four  scalar  equations  Is  discretized  on  the  discrete  grid  £'(i),  $2(j)  using  the 
explicit  Mac  Cor  mack  scheme,  and  solved  by  space-marching  in  the  £  direction  which  is 
instantaneously  chosen  as  *  ,  subject  to  two  stability  criteria.  One  is  the  linear  CKb  criterion 
mandatory  with  explicit  integration.  The  other  is  a  non-linear  criterion  based  on  the  Imnndnry-layer 
displacement  thickness. 

( ”  )  -  integration jmethodJ  f_-m arching) : 

Tlie  progressive  development  of  the  local  integrations  generates  the  characteristic  directions  and 
automatically  guides  the  increasing  coverage  of  the  solution  domain  with  successive  sweeps  on  each 
predefined  zone,  until  no  further  grid  node  can  be  accessed. 


185 


L 


4.  Numerical  resulta 

The  method  allows  the  computation  to  proceed  in  presence  of  rather  complex  viscous-flow 
topologies,  such  as  those  which  develop  on  slender  bodies  at  both  incidence  and  yaw  conditions. 
While  a  unique  integration  direction  might  suffice  for  a  prolate  ellipsoid  at  10*  of  incidence,  the 
same  one  at  30*,  or  the  flattened  type  with  both  incidence  and  yaw,  will  exhibit  a  complex  flow 
topology  in  the  nose  region,  and  also  around  the  predicted  separation  line  (open  and/or  closed 
separation).  This  will  require  to  sweep  away  from  the  stagnation  pdint  at  the  nose  and  towards  the 
accumulation  line  at  the  rear. 

An  example  is  given  for  a  6:1:1  ellipsoid  at  15"  of  incidence  (fig.  1),  showing  the  accumulation 
line,  and  the  stagnation  point  region  on  a  slender  body  at  incidence  30’  and  yaw  10*  (fig.  2), 
showing  the  four  integration  directions  which  radially  diverge  from  the  stagnation-point  cell. 

5.  Conclusion 

The  technique  of  iterative  sweeps  along  the  four  grid  directions  ( multi-marching  method)  solves 
tli e  difficulties  associated  with  space-marching  methods  for  hyperbolic  problems  when  the 
characteristic  directions  are  widely  varying  in  the  computational  domain,  as  it  is  usual  for  'ILVD 
equations. 

The  corresponding  numerical  efficiency  is  augmented  by  decomposition  of  the  computational 
domain  into  a  system  of  possibly  overlapping  zones,  which  are  expected  to  be  solved  in  successive 
order  (multi-zonal  method). 

The  resulting  ”MZM”  method  provides  an  efficient  means  of  space-marching  computation  for 
hyperbolic  problems  with  highly  contorted  characteristic  line  patterns. 
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Fig.  1  :  6:1:1  prolate  ellipsoid  0=15* 

Skin-friction  directions  showing  the  accumulation  line  at  the  rear 


Fig.  2  :  Slender  lifting  body  a  =30  *  £=10  * 

Skin-friction  directions  with  outward  integration  from  the  stagnation  cell 
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For  nonlinear  hyperbolic  systems  under  nonconservative  form,  we  consider  weak 
t  solutions  in  the  class  of  bounded  functions  of  bounded  variation  in  the  sense  of  Volpert  A 

generalized  global  entropy  Inequality  Is  proposed  and  studied.  In  this  framework,  we  solve  the 
Riemann  problem  and  prove,  for  the  Cauchy  problem,  the  consistency  of  a  corresponding 
random  choice  method.  Our  theory  is  applied  to  nonconservative  systems  issued  from  Elasticity 
and  Hydrodynamics. 

\  2^  definition  of  entropy  weak  solutions  for  nonconservative  systems; 

Let  us  consider  nonlinear  hyperbolic  systems  under  nonconservative  form 

(1)  Aq(u)  d|U  ♦  A(u)d,u  =0,  u(x,t)  €  U,  x€lR,  t  >  0 

Here,  U  is  an  open  subset  of  IRP,  \  and  A  are  continuously  differentiable  functions  defined 
from  U  to  the  space  of  pxp  matrix.  For  each  u  in  U,  we  assume  that  A,/  u)  is  Invertible,  and 
for  the  sake  of  simplicity  the  matrix  A0(u)  '.A(u)  has  i>  distinct  eigenvalues.  Each 

i-characterlstlc  field  is  supposed  to  be  globally  either  genuinely  nonlinear  or  linearly 
degenerate. 

Generally,  the  nonlinear  hyperbolic  system  ( I )  is  not  an  usual  system  of  conservation  laws, 
because  the  matrix  Aq  and  A  may  be  not  Jacobian  matrix.  The  theory  of  conservation  laws  does 

not  apply:  the  notions  of  weak  solutions  and  entropy  conditions  have  no  sense  for  ( 1 ). 
Nevertheless  such  nonconservative  systems  appear  In  some  applications  of  Elasticity  or 
Hydrodynamics  as  recently  shown  by  Colombeau  and  Leroux  [6].  Thus  a  mathematical  theory  of 
weak  solutions  for  ( 1 )  is  needed.  Here  we  define  a  notion  of  entropy  weak  solution  for  ( 1 )  in 
the  space  of  bounded  functions  of  ( locally)  bounded  variation  Let  us  recall  that  the  relevance  of 
the  space  8V  for  studying  systems  of  conservation  laws  is  recognized  by  many  authors  as  Glimm 
[3] ,  DiPerna  HI,  Diperna-Majda  (2) ....  Our  results  will  establish  that  the  BY  space  yields  also 
a  suitable  framework  even  for  systems  under  nonconservative  form. 

*  F irst  to  define  in  which  weak  sense  must  the  equations  be  understood,  we  follow  Volpert  [  7) 
and  seek  weak  solutions  to  ( 1 )  In  the  space  L°TlBV(IRxlR*)  of  bounded  functions  u  of  ( locally) 
bounded  variation.  Let  us  recall  some  regularity  properties  of  BY  functions.  For  an  element  u 
In  LT!8V(  RxR\-  Rp),  it  turns  out  that  -with  the  possible  exception  of  a  set  with  zero 
I  -dimensional  Hausdorff  measure  -each  point  RxR*  is  regular,  that  Is  :  either  a  point  of 


I 
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approximate  continuity  (u=u  =u.)  or  a  point  of  approximate  jump  (where  u  admits  two  limit 
values  u_  and  u+).  Henceforth,  we  will  consider  representants  of  BV- functions  modulo 
I  -dimensional  Hausdorff  measure.  And  following  { 7] ,  we  define  tlie  superposition  of  a  fonction 
as  follows.  Consider  a  continous  function  f  in  C°(FP;R)  and  an  element  u  in 

L°°nBV(IRxlR4;Rp).  The  fonctional  superposition  of  u  by  f.  denoted  by  ?(u),  is  the  function  of 
L°°nBV(  IRxffT  ;JRP)  given  by  the  formula 

(2)  f(u)(y)  =  }0'f(  u_(y)  +  afu^y)  -  ujy)))  da, 

valid  for  each  y  In  IRxiR4  without  a  set  of  zero  1  -dimensional  measure.  If  A  is  a  matrix  valued 

function,  A(  u)  Is  defined  similarly.  Volpert  [  7]  proves  that  the  function  f(  u)  given  by  ( 2)  is 
measurable  and  locally  integrate  with  respect  to  the  Borel  measure  defined  by  a  partial 
derivative  av/dt  (or  dv/dx)  of  an  arbitrary  bounded  BY-function  v  thus  the  product 

f(u).av/at  makes  sense  as  a  locally  finite  Borel  measure.  Indeed,  for  systems  of  conservation 

laws,  this  concept  of  superposition  Is  very  useful  as  noted  by  mmy  authors  (DiPerna-Najda 

(2) ...).  Now  using  this  notion  of  functional  superposition,  we  propose  to  set  [ 5]- 

DEFINITION  1:  A  function  u  In  L°ViBV(IRxlRt;U)  Is  a  weak  solution  to  the 
nonconservative  nonlinear  hyperbolic  system  ( I )  if  the  equality 

(3)  Aq(  u)  dtu  +  A(u)  d,u  =  0 

holds  in  the  sense  of  the  Borel  measures. 

Let  us  apply  this  definition  to  special  discontinous  functions  and  get  a  praf.;ticalformuiaiox 
computing  jump  relations  for  ( I ). 

THEOREM  I:  The  discontinous  function  u  given  by:  u(x,t)=  ut  for  x-oUO,  Up 

for  x-ot>0,  with  and  Up  In  U,  o  In  IR,  Is  a  weak  solution  to  the  system  ( I)  if 
and  only  if  the  following  generalized  Ranklne-Huoonlot  relation  holds 

(4)  Jq{-oA0(ul+o(ur-ul))  +  A(uL+a(uR-UL))  )  da  (uR  ut)  =0 

Second,  for  the  sake  of  uniqueness,  we  define  a  generalized  notion  of  (global)  entropy 

inequality  [5]: 

DEFINITION  2:  A  p-vector  valued  function  $  U  IRP  of  Cl -class  Is  an 

admissible  function  for  the  nonconservative  system  ( I )  if  it  is  increasing  and 
satisfies  the  compatibility  property 

(5)  D0TAo  =  AoTD0  ,  d*ta=atd$. 

And  we  propose  the  following  definition  of  entropy  weak  solutions  (Sj: 
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DEFINITION  3:  Suppose  there  exists  an  admissible  function  t  for  ( I).  Then  a 
weak  solution  to  ( I )  ( in  the  sense  of  Definition  I )  is  an  entropy  weak  solution 
to  ( I )  (with  respect  to  the  admissible, function  +  )  If  the  generalized  entropy 

loauiallte 

(6)  (  i^Hu)  atu  +  (  *tA  f(u)  d,u  i  0 

holds  in  the  space  of  measures. 

The  (nonconservative,  in  general)  Inequality  (6)  is  a  generalization  of  the  usual  entropy 
inequality  (4]  derived  for  conservation  laws  by  the  viscosity  method.  When  Aq  and  A  are 

Jacobian  matrix,  ( I)  is  a  system  of  conservation  laws  and  we  prove  [5]  that  our  notion  of 
entropy  weak  solution  reduces  exactly  to  the  usual  notion  of  611mm  [3]  and  Volpert  (7). 
Examples  of  admissible  functions  for  nonconservative  systems  are  presented  in  [5]. 

3.  Riemann  problem  and  random  choice  method. 

We  are  concerned  with  the  existence  of  entropy  weak  solutions  of  the  Cauchy  problem  for 
the  nonconservative  system  ( I )  We  begin  by  considering  the  Riemann  problem  for  ( 1 ),  which 
is  a  Cauchy  problem  with  a  piecewise  constant  initial  data  u0  of  the  form: 

(7)  u0(x)  =  uL  If  x<0,  Up  if  x>0,  with  utand  uR  InU. 

For  (1),  the  usual  notion  of  rarefaction  waves  Is  still  valid  And,  we  note  that  the  Lax 
admissibility  criterion  f4l  makes  also  sense  for  ( I ).  Using  our  jump  formula  ( 4),  we  are  able 
to  define  a  generalized  notion  of  shock  waves  and  contact  discontinuities  for  a  nonconservative 
system.  Then,  we  get  [5] : 

THEOREM  2:  For  |u„-uL|  small  enough,  there  exists  one  self  similar  solution  of 

the  Riemann  problem  (l)(7},  which  is  composed  of  (at  most)  p  rarefaction 
waves,  generalized  shock  waves  or  contact  discontinuities. 

And  a  main  result  concern  the  equivalence  between  the  two  entropy  conditions 

THEOREM  3:  For  weak  shock  waves,  our  generalized  entropy  inequality  (6)  is 
equivalent  to  the  Lax  admissibility  criterion  for  the  nonconservative  system 
(I). 

Then  .given  a  random  sequence  a,  approximate  solutions  {  J' }  of  the  Cauchy  problem  for 
( 1 )  are  constructed  by  glueing  together  solutions  of  different  Riemann  problems  as  In  the 
random  -choice  method  of  Glimm  [3],  it  is  a  simple  matter  to  prove  that  this  family  is  uniformly 

bounded  in  norms  L”  and  BY.  and  thus  it  ( or  a  subsequence)  converges  almost  everywhere 
with  respect  to  the  Lebesgue  measure  to  a  bounded  BV-function  u  ’  u(x,t).  Finally,  weget  [5]; 

THEOREM  4:  The  family  of  approximate  solutions  {  uh )  is  consistant  with  the 
nonconservative  system  ( I )  in  the  following  sense.  There  exists  a  subsequence 
(h„)n(M  tending  to  zero,  such  that 

(8)  ((  8  {  A 0( uh)  dtuh  ♦  A( uh)  dtuh  }  dx  dt  -*  0,  h  =  hn-^0. 
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for  every  function  0  In  C°(IRxlR\lR)  with  compact  support  and  almost  every 

sequence  a.  Moreover  when  (I)  admits  an  admissible  function  $  and  all  the 
characteristic  fields  are  genuinely  nonlinear,  the  family  of  approximate 
solutions  {  uh }  Is  also  consistent  with  the  generalized  entropy  inequality  (6): 

(9)  lim  }  J  0  { (  #\)V)  dtuh  ♦  (*tA)V)  d,uh }  dx  dt  s  0,(  h-hn  0) 

R  R  + 

4.  Nonconservative  systems  issued  from  Hvdodvnamics  and  Elasticity. 

As  an  application  of  our  theory,  we  study  in  particular  a  system  of  3  equations  introduced  hy 
[6]  and  issued  from  Elasticity.  In  Euler  coordinates,  the  density  p,  the  velocity  u,  the  stress 
deviator  oof  an  one  dimensional  homogenous  elastic  medium  satisfy 

( 10)  dtp  +  ax(pu) » 0,  at(pu)  ♦  dx(pu2-o)  *  o,  ato  ♦  udxo  -  k2axu  =  0, 

where  k  is  a  positive  constant.  As  noted  In  [  6] ,  the  third  equation  in  ( 1  Oils  nonconservative  and 
corresponds  to  the  Hocke's  law.  For  this  model,  we  solve  the  Riemann  problem  withoul 
restriction  on  the  size  of  the  initial  dat8,  and  we  find  the  generalized  entropy  Inequalities  (6). 

We  have  also  considered  the  system  of  conservation  laws  of  (»az  Dynamics.  Following  some 
previous  Ideas  of  [6] ,  we  derive  an  equivalent  nonconservative  fot  rn  of  this  system  [5]. 

THEOREM  5:  For  the  sake  of  simplicity,  assume  an  equation  of  state  of  a 
polytropic  perfect  gas.  The  usual  system  of  gas  dynamics  In  Lagrangian 
coordinates  is  equivalent  to  the  following  nonconset  vattve  system  with  the 

unknown  (v,u,p) : 

(in  atv  -  axu  =  o,  atu  ♦  axp  =0,  v  atp +  y  p  axu  =  o, 

where  the  unknown  are  the  volume  v.  the  velocity  u  and  the  pressure  p;  y*  1 . 
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The  dynamical  problems  in  elasticity  and  e 1  as  top  I  as t i c i ty 
used  to  be  model ized  by  the  classical  conservation  laws,  involving 
the  density,  the  momentum  and  the  total  energy.  These  laws  need  to 
be  completed  by  adding  a  state  law,  which  expresses  the  pressure  as 
a  function  of  the  density  and  the  internal  energy,  and  some 
equations  ruling  the  the  non  isotropic  part  of  stress  tensor.  These 
equations  and  the  state  law  are  deduced  from  experimental  measures. 

The  use  of  such  a  state  law  may  be  very  unstable  in  some 
computations,  for  some  materials  such  as  copper  or  iron.  As  a 
matter  of  fact,  for  such  materials,  a  tiny  variation  of  the  density 
leads  to  a  big  variation  of  the  pressure.  Thus  one  can  see,  in  a 
numerical  computation,  some  oscillations  of  the  pressure  near  a 
contact  discontinuity,  though  the  pressure  must  be  theoretically  a 
constant. 


The  equations  ruling  the  non  isotropic  part  of  the  stress 
are  usual ly  deduced  from  a  Hooke  law  which  has  not  a  conservative 
form  in  Eulerian  coordinates.  Moreover,  by  making  the  Lam£ 
coefficient  depending-  on  the  state  of  the  material  (density, 
stress,  pressure  or  internal  energy),  one  puts  some  non 
conservative  terms  into  the  model. 
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We  can  get  rid  of  the  numerical  drawback  on  the  pressure  by 
introducing  a  new  equation  for  the  pressure  in  place  of  the 
conservation  law  of  the  total  energy  and  the  slate  law.  This  is  a 
rigorous  computation  in  the  absence  of  shocks,  which  leads  to  an 
equation  of  the  same  (non  conservative)  type  as  for  the  stress. 
Then  the  whole  difficulty  of  the  problem  has  not  increased  since, 
in  any  case,  non  conservative  terms  are  already  occuring  for  the 
stress.  This  difficulty  lies  into  the  handling  of  the  products  of 
distributions.  By  performing  them  in  a  right  way,  one  can  find  the 
same  shocks  as  given  by  the  experimental  data. 

Our  aim  here  is  to  show  how  one  can  solve  such  a  difficulty 
for  a  very  simple  problem  involving  only  the  velocity  and  the 
pressure,  in  the  one  dimension  case.  These  I  wo  parameters  are  of 
high  interest  in  practice,  for  the  shocks  poiais  which  are  deduced 
from  tlie  experimental  data,  are  drawn  in  fact  on  a  diagram 
involving  tie  velocity  and  the  pressure  (see  [  l  ] )  . 


The  first  section  recalls  the  experimental  technique  which 
leads  to  the  construction  of  this  shock  polar.  This  curve 
corresponds  exactly  to  the  shock  curve,  that  is  1  he  ffugoniot  curve, 
of  the  model  to  be  written.  This  curve  is  in  practice  very  close  to 
the  Riemann  invariant  or  the  isentropic  curve,  and  the  difference 
used  to  be  neglected  by  experimenters. 

The  model  is  built  in  the  second  section.  One  needs  three 
basic  physical  hypotheses  to  build  it.  The  first  one  expresses  that 
the  velocity  and  the  pressure  are  varying  "in  phase"  on  a  given 
shock  wave.  The  second  one  deals  with  the  sound  celerity  in  the 
material,  which  is  assumed  to  be  independant  of  the  material 
velocity.  The  last  one  corresponds  to  neglect  the  variations  of  the 
specific  volume  with  respect  to  the  variations  of  the  pressure; 
this  is  only  done  in  order  to  get  a  simplified  model.  The  phase 
hypothesis  means  that,  on  a  shock  wave,  the  velocity  and  the 
pressure  can  be  shaped  with  jump  functions  corresponding  to  the 
same  equivalenve  class  of  an  algebra  wider  than  the  classical 
distribution  space  (see  (13),  but  where  the  multiplication  is 
suitable  as  for  the  C®  functions.  It  was  shown  in  [2]  and  [3]  that 
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for  perfect  gas,  the  phase  hypothesis  is  really  fulfilled  by  the 
velocity  and  the  pressure  together,  since  in  this  nay  one  gets  the 
right  solutions  with  shocks.  This  property  is  not  true  for  another 
couple  of  parameters,  such  as  the  momentum  and  the  velocity  for 
example,  which  can  lead  to  shocks  with  a  wrong  velocity  or  a  wrong 
intensity.  From  the  phase  hypothesis,  one  can  obtain  a  shock 
condition  to  be  identified  with  the  experimental  shock  polar.  In 
this  way  we  get  the  expression  of  the  sound  celerity  with  respect 
to  the  pressure,  as  expected  from  the  second  hypothesis.  Thus  we 
are  now  certain  to  have  the  discontinuities  of  the  solutions  of 
this  model  correspond ing  exactly  with  the  shocks  which  have  been 
observed  experimentally. 


Now  the  model  has  been  written  and  we  want  to  solve  it  by 
making  numerical  computations.  This  will  be  performed  by  mean  of  a 
numerical  scheme  of  the  "transport  projection"  type  as  the  Godunov 
scheme  for  example.  The  third  section  is  concerned  with  the 
transport  part  of  the  scheme,  which  is  in  fact  reduced  to  the 
construction  of  a  Riemann  solver.  This  solver  uses  the  phase 
hypothesis  that  we  have  done  by  writing  the  model  and  then  we  can 
be  sure  that  the  shocks  will  be  the  right  ones.  From  a  technical 
point  of  view,  this  corresponds  to  solve  a  system  of  two  nonlinear 
algebraic  equations.  This  is  performed  through  a  very  fast  iterated 
process  which  uses  the  dynamical  impedance  (which  is  defined  as  the 
product  of  the  density  by  the  sound  celerity)  as  the  linearization 
parameter . 


This  Riemann  solver  allows  to  build  an  approximate  solution 
for  a  short  time  interval,  from  constant  piecewise  data.  We  have 
now  to  project  this  solution  on  a  space  of  constant  piecewise 
functions  in  order  to  be  able  to  start  again  for  the  next  time 
step.  The  fourth  section  deals  with  a  discussion  on  several  kinds 
of  possible  projections  which  can  lead  to  different  numerical 
results,  more  particular  for  gas  or  light  materials.  Some  numerical 
results  are  reported  in  this  section. 
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We  give  also  a  few  comments  and  generalizations,  such  as 
the  introduction  of  a  variable  density  in  the  computation.  We 
notice  in  this  case  a  good  behaviour  of  the  pressure  and  of  the 
velocity  near  a  contact  discontinuity,  and  by  applying  this  scheme 
to  gas  dynamics,  we  get  results  similar  to  those  given  by  the 
Godunov  scheme  with  the  classical  conservation  laws.  Thus  the 
scheme  described  in  section  3  and  4  is  not  of  high  interest  for  gas 
dynamics  since  its  performances  are  not  better  than  many  other 
methods,  though  it  always  gives  the  entropy  solution.  We  find  its 
full  interest  by  applying  to  stronger  materials  and  in  its 
capability  to  be  generalized  to  more  complex  systems  in 
elastodynamics  or  in  dynamical  e 1  as t op  1  as t ic i t y ,  even  for  several 
space  dimensions. 
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The  basic  idea  discussed  ill  this  talk  is  the  use  of  linear  supn  position  to  generate  approximate 
solutions  of  nonlinear  hyperbolic  systems  of  conservation  laws. 

The  application  that  motivates  this  work  is  the  extension  of  Godunov-type  numerical  methods 
to  situations  in  which  the  Courant  number  is  greater  than  one.  This  means  that  waves  from  neigh¬ 
boring  Riemann  problems  may  interact,  and  it  is  this  interaction  that  is  approximated  by  linear 
superposition.  This  can  be  useful  in  efficiently  dealing  with  nonuniform  grids  where  some  grid  cells 
are  orders  of  magnitude  smaller  than  others  due  to  irregular  boundaries,  shock  tracking,  mesh  re¬ 
finement,  etc.  For  mildly  nonlinear  problems  it  can  also  be  advantageous  to  use  uniformly  large 
Courant  numbers. 

Let  (Jj  represent  an  approximate  solution  in  the  jth  cell  (zy,  zy+i)  and  let  Uj(x,t )  be  the  solution 
to  the  Riemann  problem  with  a  single  discontinuity  at  xj,  i.e., 


uy(*,0) 


Vi 


X  <  Xj 
X  >  Xj. 


For  a  strictly  hyperbolic  system  u(  +  }(u)x  =  0  of  m  equations,  ti j  is  a  similarity  solution  that 
typically  consists  of  in  waves.  Denote  the  wave  strengths  by  vect  ors  nfjf  \  p  =  1,2, . . . ,  m,  i.e., 

m 

(1)  Uj-Uj-,  = 

p=i 


Then  we  can  define  an  approximate  solution  «(«,/)  for  all  t  >  0  with  the  piecewise  constant  initial 
data 


u(z,0)  =  Uj  for  Xj  <  x  <  Xj+] 

by  setting 

(2)  «(*,<)  =  u(*,0)  +  5Z(uj(x,t)-uj(..,0)). 

i 

For  t  sufficiently  small  that  no  wave  interaction  occurs,  this  is  in  fact  the  true  solution.  For  a  constant 
coefficient  linear  system  ti,  +  AuT  =  0  it  is  the  true  solution  for  all  t.  For  nonlinear  problems  it  is  an 
approximation  in  which  the  waves  interact  by  passing  through  one  another  with  no  change  in  speed 
or  strength. 

A  large  time  step  generalization  of  Godunov’s  method  is  obtained  by  averaging  u(x,t)  to  obtain 
a  new  piecewise  constant  function  at  the  end  of  a  time  step  of  arbitrary  length.  This  method  has 
been  studied  in  [2]  and  (4).  It  is  also  possible  to  obtain  second  order  accurate  methods  in  a  similar 
vein  by  using  piecewise  linear  approximations^]. 

To  show  second  order  accuracy  of  such  a  method  it  is  necessary  to  demonstrate  that  this  lin¬ 
earization  is  compatible  with  second  order  accuracy  in  time.  This  can  be  done  by  considering  the 
continuous  analogue  of  this  linearization.  If  u(z,0)  is  a  smooth  function  then  as  the  mesh  width 
goes  to  zero  the  decomposition  (1)  approaches  a  (scaled)  decomposition  of  ur(£,0)  at  each  point  £ 
into  eigenvectors  rp(£)  of  the  Jacobian  matrix  J(()  =  /'(«(£,  0)).  These  vectors  satisfy 

m 

P=1 
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Corresponding  to  the  Riemann  solutions  Uj(x,i )  used  above  we  define  z(x,t\()  for  eacli  £  as  tin- 
solution  of  the  constant  coefficient  linear  equation 

=  0 


with  data 


*(*.0;O  =  W(*-0«**(f.O) 

where  H  is  the  Heaviside  function.  These  solutions  are  then  combined  by  linear  superposition  to 
give  the  continuous  analogue  of  the  approximate  solution  (2): 


u(x,t)  =  t*(*,0)  + 


/+00 

■oo 


This  approximation  was  originally  introduced  by  Brenier[l]  to  give  a  unified  view  of  several  finite 
difference  methods,  including  Boltzman  and  particle  methods.  It  is  also  similar  to  nonlinear  geo¬ 
metrical  optics  approximations. 

If  we  hope  to  achieve  second  order  accuracy  from  a  numerical  method  based  on  this  approach, 
we  need 


u(x,<)  =  u(r,<)  +  0(1*) 

as  t  — ►  0.  This  has  been  shown  to  hold  for  sufficiently  smooth  initial  data[5]. 

At  the  other  end  of  the  spectrum  one  can  investigate  the  effect  of  linearizing  highly  nonlinear 
interactions,  for  example  of  strong  shocks.  Some  results  in  this  direction  indicate  a  surprising  degree 
of  long-time  structural  stability  of  solutions  under  this  type  of  approximation. 

The  talk  will  contain  both  numerical  and  theoretical  results  related  to  the  above  questions. 
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A  MULTIGRID  TECHNIQUE  FOR  THE  LAMBDA  FORMULATION 

A.  Lippolis  and  A.  Dadonn 
University  of  Bari,  Italy 


Multigrid  techniques  for  accelerating  convergence  are  widely  applied  to  elliptic  equations 
and  their  efficiency  has  been  established  from  a  theoretical  point  of  view  as  well  as  in  practical 
applications.  These  techniques  have  been  extended  to  the  Euler  equations  by  Ni  / 1/;  since 
this  pioneer  work,  many  multigrid  techniques  have  been  proposed,  the  miot  popular  being 
those  developed  by  Jameson  /2/  and  Ilall  /3 /,  which  also  use  other  accelerating  devices  such 
as  local  and  multistage  time  stepping,  residual  averaging,  enthalpy  damping.  The  physical 
interpretation  of  these  two  methods  is  different:  Hall  figures  out  the  multigrid  technique  as  a 
faster  propagation  of  errors  to  the  computational  boundaries,  while  Jameson  considers  the  use  of 
multiple  grids  an  efficient  damping  of  different  frequency  components,  according  to  the  original 
“elliptic”  interpretation  of  this  technique. 

The  authors  of  the  present  paper  are  strong  supporters  of  the  lambda  formulation  propo¬ 
sed  by  Moretti  /4/,  because  of  its  desirable  features.  The  time  dependent  compressible  Euler 
equations  are  recast  in  terms  of  compatibility  conditions  for  characteristic  (Riemann)  variables 
along  characteristic  lines  and  discretized  by  means  of  upwind  differences,  which  correctly  take 
into  account  the  direction  of  wave  propagation.  In  this  way  a  numerical  technique  is  obtained, 
which  combines  the  coding  simplicity  of  finite  difference  methods  with  the  intrinsic  accuracy 
and  physical  soundness  of  the  method  of  characteristics.  Since  its  first  appearance  as  a  working 
tool  for  computing  unsteady  as  well  as  steady  flows,  many  contributions  for  improving  the  con¬ 
vergence  rate  of  the  lambda  formulation  have  been  provided:  implicit  formulations  (see,  e.g., 
Ref.  5),  fast  solvers  for  one-,  two-  and  three-dimensional  flows  / G;  7;  8/.  In  these  last  referen¬ 
ces,  transonic  flow  computations  have  been  performed  by  taking  advantage  of  the  shock  fitting 
procedure  suggested  by  Moretti  /9/. 

The  first  application  of  multigrid  techniques  to  the  lambda  formulation  is  due  to  Favini 
and  Sabctta  /10/,  who  presented  interesting  results  limited  to  one-dimensional  flows  using  an 
explicit  scheme  as  basic  solver. 

Aim  of  the  present  paper  is  to  present  a  multigrid  technique  for  the  lambda  formulation  apt 
to  compute  one-  and  two-dimensional  subsonic,  as  well  as  transonic  flows.  The  main  features  of 
the  suggested  multigrid  technique  are  the  following: 

-  the  fast  sovers  due  to  Moretti  /6/  and  Dadone-Moretti  /7 /  are  used  as  basic  solvers  for 
the  one-  and  two-dimensional  flows,  respectively;  these  solvers  incorporate  a  shock  fitting 
technique  for  dealing  with  transonic  flows; 

-  four  and  five  different  grid  levels  are  used; 

-  the  shock  position  is  updated  only  at  the  finest  mesh  level,  while  its  position  is  frozen  for 
the  computations  at  the  other  grid  levels; 

-  the  interpolation  procedure  is  applied  to  the  time  increment  of  the  variables; 

-  the  multigrid  cycle  starts  from  the  finest  grid,  moves  to  the  coarsest  mesh  and  returns 
gradually  to  the  finest  one. 
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At  first  the  technique  has  been  applied  to  quasi  one-dimensional  convergent,  divergent,  and 
convergent-divergent  nozzles;  subsonic  as  well  as  transonic  flow  cases  have  been  considered.  The 
results  have  shown  a  substantial  gain  in  the  work  required  to  reach  a  machine- zero  convergence; 
this  gain  ranges  from  one  to  two  orders  of  magnitude  with  respect  to  Moretti’s  fast  solver  / 6/, 
which  presents  a  fast  convergence  by  itself.  As  a  sample,  for  the  subsonic  flow  in  a  converging 
nozzle  computed  by  means  of  128  mesh  intervals  and  five  mesh  levels,  30  multigrid  cycles  bring 
the  logarithm  (base  10)  of  the  residual  to  -13,  while  60  cycles  are  required  to  compute  the 
transonic  flow  in  a  convergent-divergent  nozzle.  The  suggested  technique  has  been  also  applied 
to  the  computation  of  subsonic  flows  around  airfoils  and  the  first  results  obtained  have  shown 
a  work  gain  of  the  order  of  three  with  respect  to  Dadone-Moretti’s  fast  solver  /7/.  Plots  of 
the  results  are  unavailable  at  present  because  of  temporary  plotting  problems,  but  they  will  be 
inserted  in  the  camera-ready  abstract. 

Work  is  in  progress  with  reference  to  transonic  flows  around  airfoils  and  the  results  will 
be  presented  at  the  conference.  Work  is  also  in  progress  with  reference  to  a  simple  subsonic 
three-dimensional  flow  case  in  an  elbow  duct,  using  the  fast  solver  technique  suggested  in  /8/ 
as  basic  solver,  but  the  authors  are  not  so  confident  to  be  able  to  present  the  final  results  at  the 
conference. 
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HIGHER  ORDER  KINETIC  FLUX  VECTOR  SPLITTING  METHOD  FOR 
EULER  EQUATIONS 

J.  C.  Mandal  and  S.  M.  Deshpande 
Department  of  Aerospace  Engineering 
Indian  Institute  of  Science 
Bangalore,  India 


A  new  upwind  scheme  called  Kinetic  Flux  Vector  Splitting  (KFVS) 
method  has  been  developed  for  the  solution  of  Euler  equations  of 
gas  dynamics,  which  relies  on  the  well  known  fact  that  the  Euler 
equations  are  the  moments  of  Boltzmann  equation  when  the  velocity 
distribution  function  F  is  a  Maxwellian.  Defining  the  Maxwellian 
F  by 

F  -  F(v,I)  -  (P/IoV5HRT)  exp[(-(v-u)2/2RT)-I/Io] 
and  a  moment  function  vector  V  by 
V  =  [1  v  I+v2/2]T  * 
the  moment  of  the  Boltzmann  equation 
<  y  ,  3F/3t  +  v  3F/3x  =  0  > 


yields  the  Euler  equations  in  strong  conservation  law  form 
3W/9t  +  3G/3x  -  0 

Here  v  is  molecular  velocity,  I  is  the  internal  energy  variable 
corresponding  to  nontranslational  degrees  of  freedom,  p  is  mass 
density,  u  is  fluid  velocity,  T  is  temperature,  R  is  the  gas 
constant  per  unit  mass,  I  =(3-J)/2RT(J -1) ,  J  is  the  ratio  of 
specific  heats,  and  the  inner  product  <V,F>  is  defined  by 


<¥*,F> 


<*P,  F> 


<vy  ,F> 


Jdv  JdlfF 

-00  O 

-  If  fU 
F>  =  [pu 


(f e+p)u] 


In  case  of  one-dimensional  unsteady  flows,  the  Maxwellian  is 
split  into  two  parts  corresponding  to  v>0  and  v<0  in  order  to 
apply  upwind  differencing  on  the  split  flux  derivatives.  The 
splitting  essentially  amounts  to  writing  the  Boltzmann  equation 
in  the  following  form 

3F/3t  +  [(v+|v|)/2]  3F/3x  +  [(v-lyl)/2]  3F/3x  ■  0  (1) 

and  then  to  take  the  moment  of  the  Courant-Isaacson-Rees(CIR) 
differenced  equation  (1).  We  then  obtain  the  first-order  accurate 


*  T  is  the  transpose  of  a  matrix 


M 


KFVS  scheme 

Wn+1.  -  W"  -  Ut/Ax)[(G+n  -G+n  .)  +  (G'n  X-G~n  )]  (2) 

where  J  J  J  J+A  J 

G*  =  <H>  ,[(v±  ivl  )/2]F  > 

and  superscript  n  denotes  the  time  level  and  subscript  j  denotes 
values  of  variables  at  the  mesh  point  j. 

Now  a  question  may  arise  whether  such  splitting  which  is 
equivalent  to  ClR  scheme  at  Boltzmann  level  will  remain  upwind 
after  the  moments  are  taken.  It  is  seen  that  in  the  flux  vector 
split  Euler  equations 

9W/3t  +  3G/3x  +  dG~/dx  =0  (3) 

the  Jacobians  3G+/8W,  3G  /3W  have  complex  eigenvalues  having  real 
positive  and  real  negative  parts  respectively.  This  raises  a 
further  doubt  whether  KFVS  is  truly  an  upwind  scheme.  But  using 
the  theory  given  in  [lj,[2]  it  can  be  shown  that  the  kinetic  flux 
vector  split  Euler  equations  (3)  can  be  transformed  to  the 
following  symmetric  hyperbolic  form 

P  3q/9t  +  B+  3q/3x  +  B  3q/3x  =0  (4) 


where  q  i|  a  transformed  vector,  P  is  a  positive  symmetric 
matrix,  B  and  B  aje+  positive  and  negative  matrices 
respectively.  In  [2]  P  1B+  and  P  AB~  have  been  shown  to  have 
respectively  real  positive  and  real  negative  eigenvalues.  Since 
eigenvalues  are  invariant  under  such  transformations,  it  is 
immediately  confirmed  that  the  upwinding  based  on  this  splitting 
is  justifiable.  It  is  also  observed  that  the  eigenvalues  show  all 
necessary  features  such  as  there  are  no  sonic  glitches  which  are 
prese^tin  Steger  and  Warming  flux  splitting[3] .  The  eigenvalues 
of  P  B  (see  Fig.l)  decrease  to  very  small  values  as  Mach  number 
M->1  and  gradually  tend  to  zero  as_^M  becomes  increasingly 
supersonic.  While  tl^e  eigenvalues  of  P  (see  Fig. 2)  gradually 
tends  to  those  of  P  XB  (see  Fig. 3)  as  M-»l.  It  is  interesting  to 
note  that  though  this  splitting  also  leads  to  split  fluxes  whose 
Jacobians  (in  symmetric  hyperbolic  form)  have  positive  and 
negative  eigenvalues,  it  has  been  perfomed  in  a  completely 
different  manner  compared  to  that  of  Steger  and  Warming[4].  Also 
unlike  Steger  and  Warming's  flux  splitting  the  present  method  is 
not  dependent  on  the  property  that  nonlinear  flux  vectors  of 
Euler  equations  have  to  be  homogeneous  functions  of  degree  one  in 
the  conserved  variable  for  the  splitting  to  be  performed. 


First-order  KFVS  scheme  given  by  (2)  can  also  be  cast  in  the 
flux  difference  split  form 

3W/dt  +  (Gj+1/2  -  Gj_1/2)/Ax  =  0  (5) 

where 


G j+1/2 


(V>  +  Gj>/2  *  <“>1/2  '  ^}tU2>n 

EFS( Expression  for  First-order  Scheme)  , 


i 
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and 

DG*j+1/2  -  <V,  [(▼*  W  )/2](Fj+1  -  Fj)  > 

Thus  extension  of  the  first-order  KFVS  scheme  to  higher-order 
schemes  can  be  done  according  to  the  anal/sis  of  Chakra var thy  and 
0sber[5j,  that  is,  define  flex  rector  at  tha  interface 

j+1/2  as  J 

G j+1/2  *  1,8  ♦  I(l+*Xn»+jt,/2  "  K  j+1/2* 

♦  <i-*><m4j_1/2 '  “"jt3/2)!/4  (6) 

where,  -1  and  1/3  are  the  corresponding  values  f  for  second-  and 
third-order  accurate  scheaes  respectively. 

As  higher-order  accurate  schemes  are  known  to  have  wiggles  in 
their  solutions,  aodified  differences  can  be  used  in  (6)  to 
suppress  then.  These  aodified  differences[5]  are  given  by 

^*1+1/2  “  "i-n“odt  j+1/2*  RDG*j-l/2  1 

^*1+1/2  "  minm0d[  DG±J+l/2*  R  DG*j+3/2  1 
where 

minaod[a,b]  -  0.5[sign(a)+sign(b)]  ain[  la|  ,  Ibl  ]  and 
Oi  R  i  (3-*)/(W) 

The  final  modified  expression  for  Gj+i/2  to  be  used  ln  ^  is 

G  j+1/2  -  +  [(1++)(5g+j+1/2  -  VJtl/2) 

+  (i-w^j.1/2  -  ^'j+j/j*1*4 

which  gives  wiggle-free  solutions. 

Shock-tube  problem  has  been  solved  using  the  KFVS  schemes. 
Results  of  the  higher-order  accurate  schemes  with  the  use  of 
modified  differences  show  progressive  improvement  over  first- 
order  result  and  have  excellent  agreement  with  the  exact  one  (see 
Fig. 4). 
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EIGEN  VALUES 


MACH  NO. 


O  FIMST  EIGEN  VALUE 
□  SECONO  EIGEN  VALUE 
A  THIRD  EIGEN  VALUE 


FIG.  1  NORMALIZED  (with  respect  to  wove  speed)  EIGENVALUES 
OF  P"'B_  MATRIX 


FIG.  2 


NORMALIZED  (with  respect  to  wove  speed)  EIGENVALUES 
OF  P“»  B*  MATRIX 
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O  FIRST  EIGEN  VALUE 
□  SECOND  EIGEN  VALUE 
A  THIRD  EIGEN  VALUE 


FIG-  3  NORMALIZED  (With  respect  to  wave  speed)  EIGENVALUES 
OF  P_,B  MATRIX 


FIG. 4  COMPUTED  P  .  U.  AND  EXACT(-)  PROFILES  FOR 

SHOCK  TUBE  PROBLEMS  FOR  KFVS .  F I RST - ORDER ( a)  . 
SECOND-ORDER ( x )  AND  THI RD- ORDER ( O ) .  J  =  91 
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RIEMANN  PROBLEMS  FOR  NON-STRICTLY  HYPERBOLIC 


CONSERVATION  LAVS 

Dan  Marche sin 
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Rio  de  Janeiro 
Brazil 


Two  essential  elements  in  the  classical  construction  ol' 

Lax  (l)of  the  Riemann  solution  for  systems  of  strictly  hyperbolic 
conservation  laws  are  a  local  "coordinate  system"  in  state  space, 
and  a  criterion  for  the  choice  of  physically  meaningful  shocks. 

The  local  "coordinate  system"  allows  one  to  construct  the  solu¬ 
tion  of  the  Uiemaim  problem  in  state  space  through  a  succession 
of  wave  curves  of  a  given  family  "i" ,  each  one  consisting  of 
rarefaction  and  shock  curves.  The  correct  choice  of  shocks  based 
on  entropy  consideration  is  essential  to  obtain  unique  solutions; 
Lax's  entropy  inequalities  may  be  obtained  by  allowing  only  shocks 
which  are  limits  of  traveling  waves  for  the  conservation  law 
with  small  parabolic  terms  (2). 

The  above  mentioned  construction  is  generic  for  small  data 
with  the  proviso  that  we  consider  "strictly  nonlinear"  systems. 
This  theory  has  been  generalized  in  some  directions  by  Oleinik  (3) 
and  Tai  Ping  LiU.  (4) 

For  a  number  of  years,  we  have  been  ti’ying  to  find  the 
Riemann  solution  for  a  2X2  system  of  conservation  laws,  arising 
from  a  simplified  model  for  the  flow  of  water,  oil  and  gas  in 
porous  media.  The  importance  of  such  problem  has  been  pointed  out 
in  1941  by  Leverett  and  Lewis.  The  solution  for  the  two  phase 
problem  was  found  in  1942  in  the  classical  work  of  Thickley  and 


Leverett  who  established  the  formation  of  shocks  as  the  mechanism 
responsible  for  oil  recovery  in  petroleum  reservoirs. 

The  one  dimensional  system,  which  represents  the  conservation 
of  mass  of  oil,  water  and  gas  with  appropriate  boundary  conditions 
and  neglecting  compressibility  and  capillary  pressure  effects  is 

'  ut  +  f(u,v)x  =  0 
vt  +  g(u,v)x  *  0 

with  f  =  U/D,  g  =  V/D  and  D  a  U+V+D. 

Here  U  a  U(u)  ,  V  a  V(v),  V  a  V(w)  are  the  "permeabilities" 
of  oil,  water  and  gas,  respectively,  functions  of  u,  v,  w, 
the  saturations  of  these  three  fluids. 

These  are  numbers  between  0  and  1  which  add  to  1, 
so  that  we  take  w  a  1-u-v.  Laboratory  measurements  are  con¬ 
sistent  with  taking  U  a  u2/a,  V  a  v2/b,  W  a  w2/c  where 
a,  b,  c  are  the  viscosities  of  the  fluids. 

The  novel  feature  of  this  model  is  that  it  has  an  umbilic 
point  (a/(a+b+c),  b/(a+b+c))  interior  to  the  region  of  physical 
space  of  interest,  where  the  characteristic  speeds  are  equal. 

At  this  point  the  Jacobian  of  the  system 
becomes  a  multiple  of  the  identity  and  the  characteristic  di¬ 
rections  are  indefinite.  As  a  result,  the  "local  coordinate" 
system  does  not  exist  anymore.  In  fact  the  rarefaction 

curves,  integrals  of  the  character¬ 
istic  vectors  ri  in  the  neighbor¬ 
hood  of  the  umbilic  look  like 

1  !  1  _  the  figure. 

- 

This  fact  introduces  all  sort  of  new  difficulties  and 
features.  One  would  think  that  these  problems  are  peculiar  to 
the  model  considered.  They  are  not.  One  can  prove  that  generic 

perturbations  of  (f,g)  near  umbilic  points  generate  compact 

?ng 
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"elliptic'*  regions  where  the  characteristic  values  are  complex  (5). 
In  the  last  work  a  nice  geometrical  analysis  is  presented  for 
the  nature  of  rarefaction  curves. 

For  models  in  actual  use  in  oil  reservoir  engineering, 
the  existence  of  elliptic  regions  has  been  established  based  on 
numerical  studies  (6)  and  topological  considerations  (7). 

The  Hugoniot  curve,  which  represent  the  jump  relation 
across  shocks 

/ f(u,v)  -  f (uL,vL) 

Ig(u.v)  -  g(uL,vL) 

has  new  features  due  to  the  existence  of  umbilical 
While  its  classical  shape  in 
the  (u,v)plane  is 

it  may  have  self  intersection  or  disconnected  branches. 


The  study  of  these  curves  falls  naturally  :Ln  the  framework 
of  bifurcation  theory.  We  are  currently  trying  to  obtain  a  global 
geometric  picture  describing  the  Hugoniot  curves. 

Putting  together  rarefaction  and  shock  curves  possessing 
these  non  trivial  topological  features  has  been  a  challenging 
endeavor  in  our  design  of  a  computer  code  to  solve  2X2  Riemann 
problems.  There  are  new  kinds  of  wave  curves,  not  associated 
with  any  particular  family,  which  we  call  transition  waves. 
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To  insure  that  we  use  meaningful  shocks,  we  have  used 
those  originating  from  "viscous  profiles",  namely  traveling  wave 

solutions  of  type  Z  «  Z(X-— )  ,  Z(-«)  ■  Z(+«)  =  ZR  of  the 

2X2  system  modified  by  the  addition  of  a  viscous  term,  due  in 
multiphase  flow  to  capillary  pressure  effects: 

Zt  +  F(z)x  =  e(H(z)zx)x 

in  the  limit  when  (  tends  to  zero. 

For  II  =  I,  this  gives  rise  to  the  dynamical  system 
Z  =  F(Z)  -  F(Zl)  -  s(Z-ZL)  . 

"The  existence  of  a  traveling  wave  solution  is  equivalent  to  the 
existence  of  an  orbit  connecting  the  singularities  Z^,  ZR  of 
the  ODE*s  above.  Lax  weak  shocks  are  connections  between  saddles 
and  attractors  or  repellers  (2).  We  have  encountered  examples 
whore  Lax  strong  shocks  are  non  admissible.  To  guarantee  existence 
of  Rieniann  solutions,  "crossing  shocks",  which  are  saddle-saddle 
connections  are  necessary.  We  believe  that  other  kinds  of  connections 
may  be  relevant.  We  are  investigating  spirals  occuring  within 
elliptic  regions. 

An  important  point  is  that  considering  only  shocks  which 
are  viscous  profiles  does  not  guarantee  uniqueness  of  the  Rieniann 
solution. 

Thus  other  "entropy  conditions"  have  to  be  invoked, pos¬ 
sibly  stability  criteria  for  fronts  in  two  space  dimensions. 

This  is  one  of  many  issues  which  remain  to  be  established. 
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A  probabilistic  model  related  to  a  differential  equation  is  arty 

procedure  which  involves  the  use  of  sampling  devices  based  in 

probabi 1 i ties  to  approximate  its  solution.  A  probabi 1 i sti c  model 
uses  stochastic  processes,  that  is,  a  sequence  of  states  whose 
transition  is  governed  by  random  events. 

Stochastic  methods  for  hyperbolic  equations  can  be  subdivided  into 
Random  Choice  Methods  (RCM)  and  Monte  Carlo  Methods  (MCM).  The  RC11 
is  a  numerical  technique  which  in  essence  consists  in  sampling 
local  exact  solutions  of  Riemann  problems.  The  RCM  was  introduced 
by  Chorin,  1976,  and  is  based  on  a  fundamental  existence  proof  due 
to  Glimm,  1965.  The  main  problem  with  the  RCM  is  the  difficulty 

associated  with  constructing  the  Riemann  solver.  To  circurrvent  it 

an  approximate  Riemann  solver  was  introduced  by  Marten  and 
Lax ,1981  and  by  Cohen  and  Lavita,  1986,  these  methods  however,  are 
only  valid  for  scalar  conservation  laws.  The  advantages  of  RCM  are 
that  they  are  grid  free,  unconditionally  stable  and  give  high 
resolution  near  sharp  fronts  without  over  shooting.  The  MCM 
is  a  numerical  technique  which  consists  in  sampling  local  exact 
solutions  of  finite  difference  schemes.  In  the  context  of  this 
work  is  somehow  located  between  the  RCM  and  plain 
deterministic  finite  difference  schemes,  in  a  more  general  context 
is  an  extension  of  the  MCM  applied  to  parabolic  and  elliptic 
equations.  The  idea  of  the  method  dates  back  to  Polya,  1938 
who  introduced  a  random  walk  method  for  an  hyperbolic  equation 
studied  by  Albert  Einstein  Junior.  In  this  work  we  generalize 
the  idea  of  Polya  extending  the  MCM  to  hyperbolic  equations  and 
systems.  The  MCM  shares  many  of  the  advantages  of  the  RCM. 


We  introduce  the  MCM  with  a  simple  example.  Consider  the 
hyperbolic  equation 

u.  +  F(u)  =  0,  0  <  x  <  1,  t  >  O  (1) 

t  X 

with  F (u)  —  U0<x)u,  U0(x)  >  0,  and  with  initial  and  boundary 

conditions:  u(x,0)=g(Q),  0<x<l,  t>0,  u(x,t)=f(Q),  x  =0 , 1 ,  t>0. 
Discretizing  the  domain  with  a  rectangular  grid  of  size  h  and  k 
for  the  space  and  time  coordinates  and  denoting  a  generic  node  by 
Pq,  and  by  Pj  and  P0  the  corresponding  left  and  right  neighbours, 

a  deterministic  explicit  finite  difference  analogue  of  (1)  reads 


i  =2 


i  =0 


W  ufl(pi> 


where  the  coefficients  a. (P^l  depend  on  the  particular 

being  chosen.  For  the  Lax  scheme,  for  instance,  a^(PQ)=0, 

a^  (P(J)  =  (  I+Pq/2)  ,  a^,  <P^)  =  ( l-p(1/2)  ,  where  p^U^k/h.  If  the 

condition  is  satisfied,  stability  and  thus  convergence 
method  is  assured.  Similar  expressions  can  be  obtained 
Godunov  or  Wendroff  implicit  schemes. 


scheme 


CFL 

of  tt>e 
with  the 
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We  now  consider-  the  stochastic  model  for  (1)  (stochastic  in  space, 
deterministic  in  time).  For  this  we  impose  the  following 
restrictions 

i  =2 

V  a.  <P  )  =  1  and  a.  (P,->  >  O  (3) 

f1  .  I  l*  1  o 

l  =0 

These  restrictions  are  necessary  for  probability  assignment.  Wo 
can  now  associate  the  set  of  states  of  a  finite  Martov  chain 

with  nodes  in  the  domain  on  which  the  finite  difference  is 
defined,  the  internal  nodes  corresponding  to  transient  states  and 
boundary  nodes  to  absorbing  states.  The  coefficients  (Pf)>  of  the 

difference  equation  (2)  can  be  associated  with  transition 

probabi 1 i ties  P.  .  in  the  Martov  chain.  Consider  now  the  following 
l  j 

random  wait  procedure.  Let  P.  at  time  t  .  be  the  current  state  of 
^  t.i  n+ 1 

an  hypoteti cal  particle  and  P. ,  i— 1,2,  the  next  possible  states  at 

t  .reached  in  the  unit  time.  The  transition  from  P  at  t  ,  to  P 

at  t  occurs  with  probability  a^ (Pq)  given  by  (2).  This  random 

step  process  is  repeated  until  a  boundary  or  absorbing  state  is 
reached  and  the  corresponding  random  wall:  terminates.  If  u<PJj,Qj) 

denotes  the  probability  of  ending  a  random  walk  at  a  boundai  y 

having  started  at  P  ,  the  expectation  of  the  boundary  values 

reached  is  given  by 

j=s 

V<p  >  =  r  u<p„,q>  f<a>  <4> 

0  j _ !  0’  j  j 

where  s  is  the  total  number  of  boundary  nudes.  It  can  be  shown 

that  V(Pq>  satisfies  the  finite  difference  equation  (2)  with 

boundary  conditions  given  by  (1).  For  estimating  u(P^,Q  >  we 

simulate  N  times  the  random  walk  starting  at  P  and  counting  the 

number  of  times  in  which  a  boundary  node  13  .  is  reached.  An 

J 

approx i mati on  of  (4)  reads 

n+1  J=s  j"5 

V  (P^)  ^  r  n  ./N  f  <Q  .)  =  1/N  E  n  .  f  (Q  . )  (5) 

0  j  =  l  J  J  7=1  -»  J 

The  last  summation  is  the  average  of  all  the  boundaries  reached 
after  N  random  walks.  It  can  be  shown  that  the  expectation  of  this 

average  is  u<PQ)  and  that  by  the  law  of  large  numbers  this 

average  converges  to  the  exact  solution  of  the  difference  equation 
(2)  for  increasing  values  of  N. 

The  main  advantages  of  the  method  just  described  are:  the  solution 
at  a  point  can  be  estimated  independently  of  the  solution  at  other 
points,  the  algorithm  is  extremely  simple,  it  is  easily  extendable 
to  higher  dimensions  and  the  dependency  of  the  computing  time  on 
the  dimensionality  is  weak,  and  it  can  be  solved  simultaneously  for 
several  set  of  boundary  conditions  with  almost  no  extra  computing 
time.  The  main  disadvantages  are:  it  is  limited  to  linear  problems 
for  which  an  associated  finite  Markov  chain  can  be  found  (the 
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matrix  of  the  resulting  algebraic  system  should  be  a  stochastic 
matrix)  and  the  solution  estimate  converges  slowly  to  the  exact 
solution.  Dnrauso  of  this  Iasi  statement  ,  the  method  require',  mui  h 
computing  time  when  implemented  in  serial  computers.  Improvements 
can  be  made  using  variance  reducing  techniques  and  a  floating 
random  walk  introduced  by  Haji-Sheikh  and  Sparrow,  1966.  However, 
tfie  simplicity  and  intrinsic  parallel  properties  of  the  Monte 
Carlo  method  is  ideally  suited  for  parallel  environment 
arquitectures.  At.  present,  the  advent  of  massively  parallel 
processors  greatly  stimulated  the  application  of  Monte  Carlo 
methods,  see  for  instance,  talus,  1996,  or  Solum,  19B5. 


In  nonlinear  problems  tfie  transition  probabi  1  i  ties  are  unknown 
apriori  since  they  are  function  of  the  unknown  solution,  thus  we 
are  forced  to  estimate  the  latter  to  calculate  the  former.  A 
simple  example  illustrates  the  matter.  Consider  Burgers  inviscid 

equation  given  by  (1)  with  f  <u)=u"'/2,  u  >  0,  and  with  appropriate 

initial  and  boundary  conditions.  A  consistent  explicit  finite 
difference  scheme  is  given  by  <2  Jwliere  now  for  ttie  Bodunov 

scheme,  for  instance,  a  (P  >--l-P  ,  a,  <P  >  =P  ,  a„  IP  )  -O  and 

P0=0.5<u^+u'’)  k/h. 

For  the  construction  of  the  stochastic  me  del  we  proceed  in  ttie 
same  way  as  for  the  linear  case  but  rather  than  starting  at  any 
position  on  the  grid,  the  random  walk  begins  at  a  node  P  of  a 

time  level  t  . .  for  which  the  solution,  rl  the  previous  time  level 
ri+1  ’ 

and  for  all  grid  nodes,  is  known.  Here  a  random  walk  consists  i  rs 
one  random  step  since  after  it  a  boundary  node  or  absorbing  state 
is  inevitably  encountered.  The  Monte  Carlo  finite  difference 

scheme  for  (1)  is  given  by 


Un  (F^) 

i  f 

o  s  *i  5  W 

(V=  <  U"(FV 

i  f 

VP)  5  5  •i<Po,+a2<P0> 

(6) 

un  (2) 

i  f 

Vpo)+a2<po>  - 

where  a  point  fall  at  random  in  ttie  interval  10,  11  witti  coordinate 
picked  from  a  uniform  distribution  in  ttie  range  10,13.  Implicit 

in  this  procedure  is  the  fact  that,  ttie  unknown  transition 
probabilities  had  been  estimated  using  the  solution  at  ttie 
previous  time  level;  obviously  ttie  solution  is  calculated  for  all 
nodes  at  each  time  level. 

To  reduce  the  variance  we  tiave  used  the  following  strategy  due  to 
Chorin,  1976.  The  inter  val  CO, 13  is  subdivided  into  m0 

jtl 

subintervals,  .  is  picked  in  the  first  subinterval,  in  the 

second,  etc.,  £  in  the  first  subinterval,  i.e., 

m„+l 

* 

.  +T)^  +  j  The  subinterval  ordering  is  obtained  with 

+ 1=  +**i )  mod  where  nij  m0,  m^<m^  ar  e  prime  integers, 

and  r>0  given.  It  is  clear  that  since  only  one  £*  is  picked  per 
random  walk,  after  n*2  random  walks,  random  coordinates  have 


?  1  ? 
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been  picked  and  each  one  on  a  different  subinterval.  With  this 

.  * 
procedure  the  sequence  of  samples  £  reach  approximate 

Bflui di str i buti on  over  CO, ID  at  a  faster  Vate.  Numerical 
experiments  show  a  significant  improvent  using  this  technique  as 
compared  with  the  simple  previous  one. 

The  Monte  Carlo  method  for  systems  of  hyperbolic  equations  can  be 
applied  in  various  ways  using  primitive  or  characteristic  forms. 

For  instance,  the  shallow  water  equations  in  characteri stic  form 
are  described  by  (1)  where  now  f (u>  =  A  ,  u=tr,sl, 

A=di ag< (3r+s) /4 , <r+3s) /4D ,  r  and  s  are  the  Riemann  invariants, 
r=v+2C,  s=v— 2C,  C=sqrt(gh>,  v  and  h  are  the  velocity  and  height  of 
the  water  (see  details  in  Marshall  and  Menendez ,  1982).  An 
explicit  finite  difference  scheme  is  given  by  <2)  where  now 
ui=tri,si>  and,  assuming  an  upstream  scheme  and  supercr i t i cal 

flow,  a0<P0)=I-k/2  A(P0),  a1(PQ)=k/2  A(PQ)  and  ao(Pf))=0. 

For  obtaining  an  stochastic  matrix  similar  restrictions  as  given 
by  (3)  but  for  vectors  must  be  satisfied.  Thus  a  Monte  Carlo  finite 

difference  scheme  for  (1)  is  given  by  (6)  but  now  taking  into 
account  the  non  si^tlar  character  of  the  algorithm,  that  is, 

'  and  £  and  £  are  picked  from  a  uniform  distribution 

11.^..  1  JC. 

1-1 

in  the  range  CO, ID. 

Stochastic  methods  for  the  numerical  solution  of  hyperbolic 
equations  have  been  analyzed  and  a  new  method  based  on  exact 
solutions  of  finite  difference  schemes  and  sampling  techniques 
h^s  beep  introduced.  The  MCM  has  been  applied  to  the  Burgers 
equation,  the  Buckl ey-Leverett  equation  and  to  the  shallow  water 
equations,  using  a  VAX  780  and  a  CRAY  1  computer.  The  preliminary 
numerical  results  demonstrating  the  convergence  of  the  method  are 
encouraging. 
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The  systems  we  are  dealing  with  are  non  linear,  hyperbolic, 
pluridimensionnal ,  symmetrizable  systems 

-  m  is  the  number  of  equations 

-  n*1  is  the  time-space  dimension  : 

i  €  {0,1,... n}  and  index  i  =  0  means  time. 


Such  a  system  can  be  written  as  :  , 

(1)  3.  f1((p)  =0  in  the  distributional  sense 

l 

where  <p,  the  so-called  entropic  variables,  are  values  of  functions  from 
f?n+1  into  Rm.  It  is  well  known  that  for  any  i  €  {0,...n},  there  exists 
a  scalar  function.  S1*.  of  ip.  such  that  : 


and 


grad  S1  (tp)  =  fNip) 

<P 

O* 

-S  (<p)  is  strictly  convex  in  <p. 


o* 

Then  :  w  =  grad  S  (ip)  are  the  conservative  variables  ; 

<P 

we  have  :  <p  =  gradw  s  (w)  * 

O  o* 

where  S  (w)  ,  the  Legendre  transform  of  S  (ip),  is  the  Lax  entropy  of  sys¬ 


tem  (1).  associated  with  the  fluxes  : 

S1(w|  =  w.f^Igrad  S°(wl)  -  S*  (grad  S°(w)) 
w  w 

o  o 

and  of  course  :  f  (grad^  S  (w) )  =  w. 


One  can  notice  that  such  a  system  is  fully  determinated  by  the 
n*1-vector  : 

o*  n*  * 

<S  (<p).  ...  S  (<pN 
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or  identically  by  the  scalar  function  : 

E*(«p,u)  ^  S *  C «p ) . 

where  (u  .  )  .  „  are  the  components  of  any  unit  (time-space)  vector  u 

l  i  =  0 ....  n 

_n+1 
in  R 

MFINITION 

We  say  that  system  (1)  is  k-diagonalizable  if  there  exists  a  regular 
function  k  from  £  X  |?n  into  Rm.  and  a  scalar  convex  function  L*  such 
that  : 


_n+ 1 

* 

*  i 

Vu  €  /? 

l  (<P,u)  = 

E  x  Rn 

L  (k(n.u)  .(f>)  (u  u^Jd^  du1 

(with  the 

convention  u 

0 

=  1) 

Let  we  define 

:  0  :  £  X  Rn  X  fln+1 

- *  R  by 

otn.u.x)  =  l  ( k  ( n ,  u ) .  tp(  x ) ) 


Then  we  have  : 


9.  fX(f)  = 


I 


k(n.u) . (U1  3.  0  (n.u.x) )  dn  du,...du 
l  in 


E  X  R 


and  system  (1)  appears  as  a  k-weighted  mean  of  the  scalar  linear 
equation  : 

(2)  u1  0  =  0  . 


The  ith  scalar  entropy  flux  is  given  by  : 


Vx  €  Rn*'  SX(w(x) )  = 


*  , 


u  L(9)  di)  du  ...  du 
i  n 


E  X  R 


L  being  the  polar  function  of  l  . 


(L(0),  u  L(0H  is  of  course  the  vector  (entropy,  entropy  fluxes)  for  (2) 


Some  comments  can  be  made  : 

*)  For  the  linear  symmetric  system  : 

d1  A1  f  «  0  with  A1  »  P  A1  P*  for  i  €  {0,...n> 

A  a  diagonal  matrix  (A°  =  I) 
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We  have  only  m  vectors  u  and  : 

(2)  u1  3^  0  =  0  are  the  equations  verified  by  the  Riemann  invariants. 

*)  For  Euler  equations  for  t-polytropic  gases,  we  have  a  k-diagona- 
lization  with  : 

ft  , 

E  =  R*  and  k(n,u)  =  (1,u,,...u  ,  ——  E  u .  ♦  n  ) 

l  n  Z  l 

n  ,  i=1 

where  6  ♦  — —  -  - — 

2  if  - 1 

*)  The  “hidden"  statistichal  meaning  of  such  a  diagonalization 
leads  us  to  hope  that  we  could  find  it  again  in  many  physical  systems. 


From  a  numerical  point  of  view,  this  allows  us  •  to  suggest  a 
discretization  of  system  (1)  as  a  k-weighted  mean  of  a  discretization  of 
equations  (2). 

For  instance,  if  we  choose  the  discontinuous  Galerkin  method 
to  approximate  (2),  we  obtain  the  following  finite  element  formulation 
of  system  ( 1 )  : 


(3)  V  Y.  : 
h 


fifV-Th  * 


V*rad*  E*’,Vu,-9rad(p  E*’<vu») 

J3fi 

e 


0 


where  0 

» 

.  the  approximation  space  Vh  is  componed  or  functions  which  are 
discontinuous  across  inter-element  boundaries, 

.  fh  is  a  basis  function  of  V^, 

•  *h  e  Vh 

.  u  is  the  outwards  unit  normal  vector  to  a  time-space  element  Qe, 
e  d 

.  ip.  .  <p  are  the  exterior  and  interior  values  of  ip^  on  the  boundary 
he  ,  h 

3Q  of  Q  , 
e  e 


and 

t*  (<p,u) 


min  ( u 


n^ ,  0 ) 


L  (k(n,u)  .<p)  dq  •  du1 .  .  .du 


E  x  R 


One  can  notice  that  this  approximation  involves  a  flux 
splitting,  given  by  the  decomposition  of  E*(<p,u)  =  E*"(«p,u)  ♦  E**(«p,u) 

into  its  convex  (E  f)  and  concave  C  E* - )  parts  relatively  to  ip. 
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The  local  convexity  in  (p  of  E  (tp.ut  has  very  significant 
interpretations . 

For  instance,  the  convexity  inequality  : 

*  d  *e  *  d  de 

Z  (ip  ,u).  -  E  (ip  ,u)  -  grad  E  (ip  ,u).lip  -  *p  )  <  0 

<P 

can  be  proved  equivalent  to  the  following  : 

S1(w6).u.  -  S^(wd)u.  -  grad  S°(we).(f*  -  t  !.u.  <  0 
1  l  w  e  d  i 

e  d  i  i 

where  w  ,  w  ,  f  ,  f  are  the  conservative  variaM.es  and  fluxes  associa- 
e  d 

ted  with  ip6. 

This  latter  inequality  is  very  useful  >n  the  study  of  both 
boundary  conditions,  and  dissipation. 


Numerically,  we  have  tested  functions  ¥h  constant  on  every 
element  Qe  (and  discontinuous  on  the  element  boundaries). 

It  has  been  proved  that  if  ’tph  - *  <|i"  in  some  sense  (for 

instance  :  in  ^ B ■ v • ioc <  then  ip  satisfies  both  the  conservation 
equations  and  the  entropy  inequality. 


In  the  case  of  Euler  equations,  the  expi  icitation  of  Z  ~(<p,u)  is 
easy  j  an  explicit  scheme  obtained  through  this  ipproximation  has  given 
good  results  as  well  in  quality  as  in  CPU  time. 
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I.  Motivation  and  Objective 

The  recently  developed  second-order  explicit  and  implicittol.il  variation  diminishing  (TVD)  shock- 
capturing  methods  of  the  Harten  and  Yee  [1,2],  Yee  [3,4!,  and  van  Leer  1 5 ,6j  types  in  conjunction 
with  a  generalized  Roe’s  approximate  Riemann  solver  of  Vino!  ur  [7 j  and  the  generalized  flux-vector 
splittings  of  Vinokur  and  Montagne  -8]  for  two-dimensional  h>  personic  real  gas  flows  are  studied.  A 
previous  study  (9[  on  one-dimensional  unsteady  problems  indie  a  ted  that  these  schemes  produce  good 
shock-capturing  capability  and  that  the  state  equation  does  not  have  a  iarge  effect  on  the  general 
behavior  of  these  methods  for  a  wide  range  of  flow  conditions  ft •<  equilibrium  air.  The  objective  of  this 
paper  is  to  investigate  the  applicability  and  shock  resolution  of  these  schemes  for  two-dimensional 
steady-state  equilibrium  real  gas  flows. 

The  main  contribution  of  this  paper  is  to  identify  some  of  t.h  •  elements  ami  parameters  which  can 
affect  the  convergence  rate  for  high  Mach  numbers  or  real  g  ■  es  but  have  negligible  effect  for  low 
Mach  number  cases.  In  order  to  investigate  these  different,  points,  two  kinds  of  flows  are  considered. 
The  blunt  body  calculations  at  Mach  number  higher  than  C>  allow  significant  real  gas  effects  to 
occur,  while  the  case  of  an  impinging  shock  provides  a  test  mi  the  treatment  of  slip  surfaces  and 
complex  shock  structures. 


f  Research  Scientist,  Theoretical  Aerodynamics  Division,  currently  on  I  ,ive  as  an  Ames  Associate  at  NASA  Ames 
Research  Center,  McTett  Field,  CA  94035  USA. 

I  Research  Scientist,  Computational  Fluid  Dynamics  Branch 
‘Research  Scientist 
“Principal  Analyst 


218 


M 


The  current  study  on  the  shock  resolution  of  the  various  scln-mes  for  two-dimensional  steady-state 
blunt-body  computations  indicates  similar  trends  as  the  one  dimensional  study.  The  main  issue 
appears  to  be  their  relative  efficiency.  Due  to  extra  evaluations  per  dimension  in  the  curve  fitting 
between  the  ler:  and  right  states  in  a  real  gas  for  the  van  Leer  formulation,  additional  computation 
is  required  for  the  van  Leer  type  schemes  than  the  Harten  an' I  Yee,  and  Yee  types  of  TV1)  schemes. 
Here  van  Leer  type  schemes  refer  to  the  use  of  the  MUS(  'L  approach  in  conjunction  with  Roe 
type  approximate  Riemann  solver  [10|  or  flux-vector  splittings  [6,11].  Moreover,  for  steady-stale 
applications,  implicit  methods  are  preferred  over  explicit  methods  because  of  the  faster  convergence 
rate.  In  addition,  it  is  easier  to  obtain  a  noniterative  linearized  implicit  operator  for  the  Harten 
and  Yee  type  schemes  than  for  the  van  Leer  type  schemes.  Fm  these  reasons,  the  linearized  implicit 
versions  of  Harten  and  Yee  J 12]  and  Yee  [3]  are  preferred  ovei  the  van  Leer  type  schemes. 

In  the  following  section,  the  generalized  Roe’s  approximate  Riemann  solver  and  flux-vector  split¬ 
tings  for  real  gases  are  reviewed.  Due  to  space  limitation,  only  the  ADI  linearized  conservative 
implicit  version  of  the  Harten  and  Yee  schemes  [  1 2 ,3]  is  re  iewed  here  since  most  of  the  illustra¬ 
tions  are  computed  with  this  particular  algorithm.  The  firiiiings  concerning  the  various  aspects  in 
improving  the  convergence  rate  and  numerical  examples  are  discussed  in  the  subsequent  sections. 


II.  Description  of  the  Numeric;. I  Algorithm 


The  conservation  laws  for  the  two-dimensional  Euler  equations  can  be  written  in  the  form 


dU  dF(U)  dG(U) 
dt  dx  dy  '  ‘ 


(1) 


where  U  =  [  p,  m,  n,  e  ]  ,  F  —  [  pu,  mu4  p,  nu,  eu+  pu  jr,  andG  =  [  pv,  mu,  nu  +  p,  ev  +  pu  ]T. 
Here  p  is  the  density,  m  —  pu  is  the  x-component  of  the  momentum  per  unit  volume,  n  =  pv  is  the 
y-component  of  the  momentum  per  unit  volume,  p  is  the  pressure,  e  =  p[t  +  |(u2  +  u2)]  is  the  total 
internal  energy  per  unit  volume,  and  t  is  the  specific  internal  energy. 


A  generalized  coordinate  transformation  of  the  form  {  =  ((z,y)  and  y  =  r)(x,y)  which  maintains 
the  strong  conservation-law  form  of  equation  (1)  is  given  by 


dU_  dF{U)  dC(U) 

dt  +  +  dr) 


0, 


(2) 


where  0  =  U/J,  F  =  (£iF  +  £VG)/J,  G  =  (r)xF  +  r/yG)/./,  and  J  =  (xr)v  -  (vrjx,  the  Jacobian 
transformation.  Let  A  =  dF/dU  and  B  -  dG/dU.  Then  the  Jacobians  A  =  dF/dO  and  B  = 
dG /dU  can  be  written  as 

A  =  {i*A  +  tvB)  (3a) 

B  —  (flzA  +  r)vB).  (3b) 


2.1.  Riemann  Solvers 

Here  the  usual  approach  of  applying  the  one-dimensional  Kcalar  TVD  schemes  via  the  so  called 
Riemann  solvers  for  each  direction  in  multidimensional  nonlinear  systems  of  hyperbolic  conservation 
laws  (see  for  example  reference  [2])  is  used.  The  eigenvalues  ami  eigenvectors  of  the  Jacobian  matrices 
A  and  B  are  used  in  approximate  Riemann  solvers.  Given  two  states  whose  difference  is  Af/,  Roe 
[10]  obtained  an  average  A  in  the  {-direction,  for  example,  satisfying  AF  -  ~AAU  for  a  perfect  gas. 
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The  generalization  by  Vinokur  [7]  for  an  arbitrary  gas  involves  1  lie  pressure  derivatives  x  ~  (dp/ dp)~ 
and  k  =  (dp/dt)  where  ?  =  pe.  The  relation  c2  =  x  +  «/i  'lien  gives  the  speed  of  sound,  where 

h  =  e  +  p/ p.  Introducing  H  =  h  +  (u2  +  u2)/2,  Vinokur  found  the  same  expressions  for  u,  tJ  and  H 
as  for  the  perfect  gas,  and  that  \  and  ic  must  satisfy 

X&p  +  SA?  =  A  p.  (4) 

Unique  values  of  \  and  k  are  obtained  by  projecting  the  arithmetic  averages  of  the  values  for  the 
two  states  into  this  relation  (see  references  |7]  and  [2]  for  the  e.vact  formulas). 

Flux-vector  splitting  methods  divide  the  flux  F  into  several  parts,  each  of  which  has  a  Jacobian 
matrix  whose  eigenvalues  are  all  of  one  sign.  The  approach  bi  Steger  and  Warming  [11]  made  use 
of  the  relation  F  —  AU,  valid  for  a  perfect  gas.  Van  Leer  [<i|  constructed  a  different  splitting  in 
which  the  eigenvalues  of  the  split-flux  Jacobians  are  continuous  and  one  of  them  vanishes  leading 
to  sharper  capture  of  transonic  shocks.  Vinokur  and  Montague  [8]  showed  that  the  expressions  for 
both  these  splittings  can  be  generalized  to  an  arbitrary  gas  by  using  the  variable  7  =  pc2 / p,  and 
adding  to  the  split  energy  flux  a  term  equal  to  the  product  ol  the  split  mass  flux  and  the  quantity 
e  -  c2/[ 7(7  -  1)]  (  see  references  [8]  and  [2]  for  the  exact  formulas). 


2.2  Description  of  the  Implicit  TVD  schemes 

Let  At  be  the  time  step  and  let  the  grid  spacing  be  denoti  d  by  A(  and  A 7  such  that  (  =  j A£ 
and  r)  —  kAr],  A11  implicit  second-order  in  space,  first-order  in  time  TVD  algorithm  in  generalized 
coordinates  of  Yee  and  Harten  for  two-dimensional  systems  (1 )  [2-4]  can  be  written  as 


°xl + Ai  J + At;  ftu  •.  =*&■ 


The  functions  FJ+  1  k  and  GjJt+i  are  the  numerical  fluxes  in  the  £-  and  ^-directions  evaluated  at 
0  +  j,k)  and  ( j,k+  *),  respectively.  Typically,  FJ  +  k  k  can  he  expressed  as 

=  2  (Fj.k  +  fj+l.fc  +  '+,  +  i)-  (6) 

Here  k  is  the  eigenvector  matrix  for  dF /dU  evaluated  a!  some  symmetric  average  of  U  hk  and 
I/3  +  i  k  (for  example,  lloe  average  [10]  for  a  perfect  gas  and  generalized  Roe  average  of  Vinokur  |7] 
for  real  gases).  Similarly,  one  can  define  the  numerical  flux  Gt  ,.1  in  this  manner. 

Second-order  Symmetric  TVD  Scheme:  The  elements  of  the  in  the  ^-direction  denoted  by 

(4>l  ,  i)5  for  a  spatially  second-order  symmetric  TVD  scheme  |3,4j  are 

The  value  o*  +  1  is  the  characteristic  speed  a1  for  dF/dU  evaluated  at  some  average  between  Uhk 
and  Uj  +  i'k-  The  function  rp  is 

^*)  =  {(*,2  +  *I*)/2«l  M-'V  (7b) 

Here  ip(z)  in  equation  (7b)  is  an  entropy  correction  to  [*]  where  6,  is  a  small  positive  parameter. 
For  steady-state  problems  containing  strong  shock  waves,  a  proper  control  of  the  size  of  61  is  very 
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important,  especially  for  hypersonic  blunt-bodv  flows.  See  reference  |2]  or  section  III  for  a  discussion. 
An  example  of  limiter  function  Q1  ,i  used  in  calculations  is: 

Q‘J  +  x=  rn.nmod  [a‘_ , , a'  +  j ,o‘  +  § ]  .  (7.c) 

The  minmod  function  of  a  list  of  arguments  is  equal  to  the  smallest  number  in  absolute  value  if  the 
list  of  arguments  is  of  the  same  sign,  or  is  equal  to  zero  if  any  arguments  are  of  opposite  sign.  Here 
q1  +  A  are  elements  of 

Second-Order  Upwind  TVD  Scheme:  The  elements  of  the  Tj+i  in  the  ^-direction  denoted  by 
( <pl  k)V  for  a  spatially  second-order  upwind  TVD  scheme  [  1 2.2]  are 

j+  j 

=  ^(a'  +  i)(^  +  i  +  91,)  ~  i  +  7'4  +  i-  (9a) 


where 


^i=°K+i)  o 


An  example  of  limiter  function  <j*  used  in  calculations  is 


g[  =  minmod  a1  _  ,  .a1  , 

J  J  ~~  2  *  ‘  2 


A  Conservative  JAtuarized  ADI  Form  for  Steady-State  Applications:  A  conservative  "tineas -zed  ADI 
form  of  equation  (5)  used  mainly  for  steady-state  applications  as  described  in  detail  in  references 
[3, 12),  can  be  written  as 


Al  c 


/+  =  -  At;  P-  j  '  ’  ON 


where 


The  nonstandard  notation 


1  '  Arj7/J.Mi  AT;7/J.fc-5  h  E  ' 


i ~  '  ■  -  Un  +  IS, 


//‘  , 


k  "  ->  l/lJ+  I.* 


I !  -  2 -  °’n  jl  ■ 


is  used ,  and  n€  .  . ,  fl'7 .  , ,  can  be  taken  as 

Jt  §  i*  J  i*i  2 
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(»0g) 

(10h) 

Here  A,  +  i,fc  and  are  (3)  evaluated  at  [j  +  l,Ar)  and  (j,l.  +  1),  respectively.  The  nonconserver- 

ative  linearized  implicit  form  suitable  for  steady-state  calculations  [2]  is  also  considered.  Numerical 
study  indicated  that  the  latter  form  appears  to  be  slightly  les  -  efficient  in  terms  of  convergence  rate 
than  the  linearized  conservative  form. 

III.  Enhancement  of  Convergence  Rate  for  Hypersonic  Flows 

The  current  study  indicated  that  the  following  three  elements  can  affect  the  convergence  rate 
at  hypersonic  speeds:  (a)  the  choice  of  the  entropy  correction  parameter  (b)  the  choice  of  the 
dependent  variables  on  which  the  limiters  are  applied,  and  (c)  the  prevention  of  unphysical  solution 
during  the  initial  transient  stage. 

(a).  For  blunt-body  steady-state  flows  with  M  >  4,  the  initial  flow  conditions  at  the  wall  are 
obtained  using  the  known  wall  temperature  in  conjunction  v  ith  pressures  computed  from  a  modi¬ 
fied  Newtonian  expression.  Also,  for  implicit  methods,  a  slow  startup  procedure  from  free  stream 


boundary  conditions  is  necessary.  Most  importantly,  it  is  ad\ 
function  of  the  velocity  and  sound  speed.  In  particular 

isable  to  use  6j  in  equation  (7b)  as  a 

(*»),■+ 4  =  £(!“,  + 4 1  +  i^  +  ii 

(11a) 

(M*+ i  =  ^(iue-t  i  1  d  t 1 

c*+  i ) 

(lib) 

with  0.05  <  8  <  0.25  appears  to  be  sufficient  for  the  blunt-lmdy  flows  for  4  <  A/  <  25.  Equation 
(11)  is  written  in  Cartesian  coordinates.  In  the  case  of  genei  dized  coordinates,  the  u  and  v  should 
be  replaced  by  the  contravariant  velocity  components,  and  one  half  of  the  sound  speed  would  be 
from  the  ^-direction  and  the  other  half  would  be  from  the  >/  direction.  For  implicit  methods,  it  is 
very  important  to  use  (11)  in  tp(z)  on  both  the  implicit  and  explicit  operators.  For  the  implicit 
operator,  numerical  experiments  showed  that  the  linearized  conservative  form  (10)  converges  slightly 
faster  than  the  linearized  nonconservative  form  (12j.  It  seems  also  that  when  the  freestream  Mach 
number  increases,  the  convergence  rate  of  the  linerarized  conservative  form  (10)  is  slightly  better 
than  a  simplified  version  which  replaces  fij+,  k  and  of  (10g,h)  by  maxi  t/’(a^  +  1)  and 

maxi  V'(a».ji)  times  the  identity  matrix. 

(b).  Higher-order  TVD  schemes  in  general  involve  limiter  functions.  However,  there  are  options 
in  choosing  the  types  of  dependent  variables  in  applying  limiters  for  system  cases,  in  particular 
for  systems  in  generalized  coordinates.  The  choice  of  the  dependent  variables  on  which  limiters  are 
applied  can  affect  the  convergence  process.  This  point  will  be  addressed  more  fully  in  the  final  paper. 
In  particular,  due  to  the  nonuniqueness  of  the  eigenvectors  (  i ,  the  choice  of  the  characteristic 
variables  on  which  the  limiters  are  applied  play  an  important  role  in  the  convergence  rate  as  the 
Mach  number  increases.  For  moderate  Mach  numbers,  the  different  choice  of  the  eigenvectors  have 
negligible  affect  on  the  convergence  rate.  However,  for  large  Mach  number  cases,  the  magnitudes  of 
all  the  variables  at  the  jump  of  the  bow  shock  are  not  the  same.  In  general,  the  jumps  are  much 
larger  for  the  pressures  than  for  the  densities  or  total  energy.  Studies  indicated  that  employing  the 
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form  R}  |  i  surli  that  the  variation  of  the  <*  are  of  the  samp  older  of  magnitude  as  for  the  prpssurp 
would  he  a  good  choice  for  hypersonic  flows.  The  form  similar  >■>  the  one  used  hy  (Jnoffo  jl.'tj  or  Roe 
and  Pike  [  ]  can  improve  the  convergence  rate  over  the  ones  u:  d  in  references  [-1,15], 

(c).  Due  to  the  large  gradients  and  to  the  fact  that  the  initial  conditions  are  far  from  the  stead v- 
state  physical  solution,  the  path  used  by  the  implicit  method  ran  go  through  states  with  negative 
pressures  if  a  large  time  step  is  employed.  A  convenient  way  <  >  overcome  the  difficulties  is  to  fix  a 
minimum  allowed  value  for  the  density  and  the  pressure.  With  this  safety  check,  the  scheme  allows 
a  much  larger  time  step  and  converges  several  times  faster. 

IV.  Numerical  Results 

Resolution  of  First-  and  Second-Order  schemes:  For  problems  containing  complex  shock  structures, 
first-order  upwind  TVD  schemes  are  too  diffusive  unless  extremely  fine  grids  are  used.  For  a  blunt- 
body  flow  containing  a  single  steady  bow  shock  only,  the  shock-capturing  capability  of  a  first-order 
upwind  TVD  schemes  seems  to  be  quite  adequate  if  one  is  interested  in  the  shock  resolution  only. 
However,  a  careful  examination  of  the  overall  flow  field  of  the  density  and  Mach  number  contours  of 
the  first-  and  second-order  TVD  schemes  compared  with  the  exact  solution  reveals  the  inaccuracy 
of  the  first-order  scheme.  Figure  1  compares  the  resolution  oT  the  first-order  (setting  9*  =  0)  and 
second-order  upwind  TVD  schemes  (10)  using  the  Roe  appro.--. imate  Riemann  solver  [10],  with  the 
“exact  solution”  for  a  perfect  gas  (7  =  1.4)  at  a  freestream  Mach  number  of  10.  The  computations 
are  performed  on  a  61  x  33  adapted  grid  for  the  full  (half)  cylinder,  which  yields  a  fairly  good  bow 
shock  resolution  by  both  schemes.  However,  the  contour  levels  near  the  body  are  significantly  shifted 
with  the  first-order  scheme,  while  the  second-order  scheme  reproduces  almost  identical  results  as  the 
exact  solution. 

Convergence  Rate  of  Explicit  and  Implicit  TVD  Schemes  •■■t  Hypersonic  Speed:  The  five  differ¬ 
ent  second-order  TVD  methods  previously  studied  d)|  in  om  dimension  vieid  very  similar  shock- 
resolution  for  the  biunt-body  problem.  In  particular,  for  an  invi  .rid  blunt-bodv  flow  in  the  hypersonic 
equilibrium  real  gas  range,  the  explicit  second-order  llarten  and  Yee,  and  Yee-Roe-Davis  type  TVD 
schemes  ['2-1'  using  the  generalized  approximate  Riemann  solv.  1  [7]  produce  similar  shock-resolution 
but  converge  slightly  faster  than  an  explicit  second-order  van  I.-er  type  scheme  using  the  generalized 
van  Leer  Hex-vector  splitting  [8j. 

The  freestream  conditions  for  the  current  study  are  M -  15  and  25,  p ^  —  1.22  x  10s  N/m J, 
Poo  =  1.88-2  kg/m3,  and  =  226°K.  The  grid  size  is  61  x  33  for  the  full  (half)  cylinder  (figure  2). 
For  the  =  25  case,  the  shock  stand  ofT distance  is  at  approximately  fourteen  points  from  the  wall 
on  the  symmetry  axis.  The  relaxation  procedure  for  the  explicit  methods  employs  a  second-order 
Runge-Kutta  time-discretization  with  a  CFL  of  0.5.  The  parameter  5  is  set  to  a  constant  value 
of  0.15.  Pressure  and  Mach  number  contours  converge  and  siabilize  after  3000-4000  steps  but  the 
convergence  rate  is  much  slower  for  the  density  (with  a  2-3  order  of  magnitude  drop  in  Lj-norm 
residual).  The  bow  shock  is  captured  in  two  to  three  grid  points.  The  curve  fits  of  Srinivasan  et  al. 
[16]  are  used  to  generate  the  thermodynamic  properties  of  the  gas. 

The  same  flow  condition  was  tested  on  the  implicit  scheme  ^  1 0) .  The  convergence  rate  is  many 
times  faster.  Figures  (3)  and  (4)  show  the  Mach  number,  density,  pressure  and  k  contours  computed 
by  the  linearized  conservative  ADI  form  of  the  upwind  scheme  (10)  for  Mach  numbers  15  and  25. 
Figure  5  shows  the  slight  advantage  of  the  convergence  rate  of  the  linearized  conservative  implicit 
TVD  scheme  (10)  over  the  linearized  nonconservativc  implicit  TVD  scheme  suggested  in  reference 
[12].  The  convergence  rate  and  shock  resolution  for  the  symmetric  TVD  scheme  (10,7)  behave 
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similarly.  For  Moo  =  15  case,  the  Z/2-nonn  residual  stagnated  ah  er  a  drop  of  four  orders  of  magnitude 
In  general,  for  a  perfect  gas  with  10  <  Ma 0  <  25  and  not  highly  clustered  grid,  steady-state  solutions 
can  be  reached  in  800  steps  with  12  orders  of  magnitude  drop  in  the  Lj- norm  residual.  However,  the 
convergence  rate  is  at  least  twice  as  slow  for  the  real  gas  counter  part.  An  important  observation 
for  the  behavior  of  the  convergence  rate  for  the  Mach  15  renl  gas  case  is  that  the  discontinuities 
of  the  thermodynamic  derivatives  exist  in  the  curve  fits  of  Srinivasan  et  al.  [16j  might  be  the 
major  contributing  factor.  This  is  evident  from  figures  (3d)  and  (4d)  and  from  comparing  with  the 
convergence  rate  for  the  perfect  gas  result. 

Computations  of  impinging  shocks:  Figure  (f>)  shows  the  Ma>  h  contours  computed  by  the  implicit 
upwind  TVD  scheme  (10)  of  an  inviscid  shock  on  shock  intei action  on  a  blunt  cowl  lip  in  the  low 
hypersonic  range.  Extensive  study  on  flow  fields  of  this  type  were  reported  in  references  [17-19] 
for  the  viscous  case.  This  flow  field  is  typical  of  what  will  be  experienced  by  the  inlet  cowl  of  the 
National  Aerospace  Plane  (NASP).  The  freestream  conditions  for  this  flow  field  are  Moo  =  4  6, 
Poo  =  14.93  N/m2,  Too  =  167°K,  Tw  =  556°K,  and  ~j  —  1.4  for  a  perfect  gas.  An  oblique  shock  with 
an  angle  of  20.9°  relative  to  the  free  stream  impinges  on  the  bow  shock.  Various  types  of  interactions 
occur  depending  on  where  the  impingement  point  is  located  on  the  bow  shock.  As  shown  by  the 
Mach  contours,  the  impinging  shock  has  caused  the  stagnation  point  to  be  moved  away  from  its 
undisturbed  location  at  the  symmetry  line.  The  surface  pressures  at  the  new  stagnation  point  can 
be  several  times  larger  than  those  at  the  undisturbed  location  of  the  stagnation  point.  In  addition,  a 
slip  surface  emanates  from  the  bow  shock  and  impinging  shock  intersection  point  and  is  intercepted 
by  a  shock  wave  which  starts  at  the  upper  kink  of  the  bow  shock.  The  interacting  shock  waves  and 
slip  surfaces  are  confined  to  a  very  small  region  and  must  be  ••aptured  accurately  by  the  numerical 
scheme  if  the  proper  surface  pressures  and  heat  transfer  rates  are  to  be  predicted  correctly.  The 
77  x  77  grid  used  and  the  convergence  rate  computed  by  the  implicit  scheme  (10)  are  shown  in  figure 
(C).  Though  the  pattern  of  the  flow  is  significantly  more  complicated  than  for  the  previous  cases, 
the  convergence  rate  remains  quite  satisfactory. 


IV.  Concluding  Rental  l.s 

Some  numerical  aspects  of  the  TVD  schemes  that  can  afle-  •  the  convergence  rate  for  hypersonic 
Mach  numbers  or  real  gas  flows  but  have  negligible  effect  on  io\>  Mach  number  or  perfect  gas  flows  are 
identified.  Improvements  have  been  made  to  the  various  TVD  algorithms  to  speed  up  the  convergence 
rate  in  the  hypersonic  flow  regime.  Even  with  the  improvement  though,  the  convergence  is  in  general 
slightly  slower  for  the  real  gas  than  for  the  perfect  gas.  Tin*  nonsmoothness  in  the  curve  fits  of 
Srinivasan  et  al.  may  be  a  major  contributing  factor  in  slowing  down  the  convergence  rate.  Due  lo 
extra  evaluations  per  dimension  in  the  curve  fitting  betw-ecn  the  left  and  right  states  in  a  real  gas 
for  the  van  Leer  formulation,  more  computation  is  required  fi  r  the  van  Leer  type  schemes  than  for 
the  Harten  and  Yee,  and  Yee  types  of  TVD  schemes. 

Aside  from  the  difference  in  convergence  rate,  the  numerical  results  confirm  the  findings  of  the 
one  dimensional  study.  The  different  methods  yield  very  similar  shock-resolution  on  the  blunt  body- 
problem  with  freestream  Mach  numbers  up  to  25,  and  the  state  equation  does  not  have  a  large  effect 
on  the  general  behavior  of  these  methods,  further  improvements  on  the  ADI  relaxation  algorithm 
could  speed  up  the  convergence  rate  even  more 
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Fie  4  The  Macn  contours  I  a),  density  eoniou's  tbl,  pressure  contours  (c)  and  *  fd)  computed  by  a 
secono-order  impm.it  TV  D  scheme  i-jf  an  equilibrium  real  gas  at  M-* »  =  -5 


Comoariscn  of  the  L;-norm  residual  of  a  unearned  conservative  implicit  operator  la)  and  a 
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Numerical  analysis  of  Euler  equations  is  generally  performed 
using  computational  grids  which  are  chosen  to  be  as  close  to 
orthogonal  as  possible,  and  to  have  all  rigid  boundaries  on  grid 
lines.  Orthogonality  of  the  grid  enhances  accuracy.  The  handling  of 
boundary  conditions  is  simplified  if  boundaries  coincide  with  grid 
1 ines. 

Generation  of  suitable  grids,  however,  becomes  i  major  problem 
when  the  geometry  of  the  bodies  is  complicated,  whin  there  are  many 
bodies  in  the  field,  and  in  three-dimensional  problems. 

In  the  light  of  recent  improvements,  both  in  computing  machines 
and  in  numerical  techniques,  the  importance  of  a  choice  of  a  grid  can 
be  challenged  and  the  possibility  of  using  a  Cartesian  grid  all 
throughout  has  already  been  explored.  Successful  a*  tempts  have  been 
made  using  a  finite  volume  method  as  the  basic  integration  technique 
[1].  Here  we  present  and  discuss  results  obtained  u  ing  the  A-seheme 
and  shock-fitting.  The  reason  for  our  attempt  is  'hat  tie  latter 
technique  has  been  proved  to  be  accurate  and  effic  ent  in  all  cases 
analyzed  so  far  and  we  want  to  see  whether  its  good  ualitios  can  be 
retained  when  a  Cartesian  grid  is  used  to  compute  Hie  flow  about  an 
arbitrary  body. 

In  all  problems,  the  boundary  condition  or  rigid  bodies 
determines  the  entire  flow  field.  Accuracy  in  enforcing  such  a 
condition  is  crucial.  In  using  upwind  schemes,  particularly  the  A- 
scheme,  on  an  orthogonal  grid  wrapped  around  a  body,  the  procedure 
does  not  introduce  arbitrary  elements;  accuracy  is  not  impaired.  The 
crucial  problem  of  our  new  attempt  consists  of  maintaining  spirit  and 
accuracy  of  the  above  approach.  We  focus  our  attention  on  all  grid 
points  in  the  immediate  vicinity  of  the  body  (such  as  points  A,  B, 
and  C  in  Fig.  1).  The  boundary  condition  is  easily  enforced  at  A  and 
B.  At  point  A,  according  to  the  rules  of  the  A-scheme,  there  is  only 
one  quantity  which  cannot  be  evaluated  from  grid  vaHies,  i.e.  the 
forward  difference  approximating  one  of  the  x-der i vatives. 
Similarly,  at  point  B,  only  the  backward  difference  approximating  one 
of  the  y-derivat.ives  cannot  be  evaluated.  In  either  case,  however, 
one  boundary  condition  is  available,  i.e.  the  direction  of  the 
velocity  vector  at  point  D  or  point  E.  To  use  such  a  condition  at  A 
or  B,  the  direction  of  the  velocity  vector  at  A  or  B  is  interpolated 
from  F  or  G  (where  it  has  been  computed)  and  D  or  E.  At  C,  where 
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none  of  the  two  above  differences  is  computable,  arbi trariness  seems 
to  be  unavoidable,  but  there  are  ways  to  circumvent  the  difficulty. 
In  brief,  one  has  to  express  derivatives  in  the  directions  normal  and 
tangential  to  the  body  as  functions  of  derivatives  along  Cartesian 
lines,  without  violating  the  domains  of  dependence.  This  can  be 
accomplished  in  different  ways,  two  of  which  have  been  explored  in 
the  present  work. 

As  a  side  issue,  in  view  of  extensions  to  comp] icated  geometries 
and  three-dimensional  flows,  we  use  a  number  of  rectangular  regions, 
of  increasing  sizes,  contained  inside  one  another.  One  of  the 
regions  contains  the  rigid  body.  For  example,  in  the  airfoil 
calculation  we  use  a  maximum  of  four  regions,  as  shown  in  Fig.  2. 
Each  region  is  covered  by  a  Cartesian  grid.  The  fineness  of  the  mesh 
varies  from  region  to  region,  increasing  toward  the  body.  In  going 
from  one  region  to  the  surrounding  one,  the  mesh  intervals  can  be 
doubled,  tripled  or  quadrupled. 

In  each  region,  the  basic  calculation  is  performed  according  to 
the  1-scheme  [2]  in  Cartesian  coordinates.  The  coding  is  obviously 
simpler  and  faster  than  with  any  other  coordinate  system;  it  is  also 
more  accurate,  due  to  the  absence  of  Christoffel  symbols. 
Vectorization  of  the  computation  is  straightforward.  Accuracy  is 
enhanced  by  using  the  COIN  (Compressible  Over  INcompressible) 
technique  [3,4]. 

Matching  of  regions  is  performed  as  follows  (Fig.  3).  Rows 
of  values  used  in  the  1-scheme  (Riemann  variables)  are  linearly 
Interpolated  along  AB  and  CD  from  the  outer  (coarse)  mesh,  and  used 
to  generate  certain  normal  derivatives  along  EF  and  FG,  when  needed. 
The  integration  of  the  inner  region  is  performed  including  the  lines 
EF  and  FG,  but  not  along  AB,  CD.  Hie  values  in  the  outer  region 
along  EF  and  FG  are  transferred  from  the  inner  region.  This 
procedure  is  correct  for  a  f irst-order  accurate  calculat ion.  If  a 
two-level  scheme  is  used  (to  achieve  second-order  accuracy),  some 
additional  manipulation  is  needed,  which  we  will  not  outline  here. 


Fig.  1 


Fig.  2 
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We  ran  preliminary  testa  for  a  circle.  The  circle  is  centered  in 
a  square,  the  side  of  which  is  twice  the  diameter  of  the  circle. 
This  square,  in  turn,  is  contained  within  another  square,  the  side  of 
which  is  12  times  the  diameter.  The  inner  square  is  covered  by  a 
30x30  mesh,  the  outer  square  by  a  60x60  mesh.  Both  meshes  are 
Cartesian,  with  equal  spacing  in  x  and  y.  The  spacing  in  the  outer 
mesh  is  three  times  the  spacing  in  the  inner  mesh.  The  Mach  number 
at  infinity  is  0.4.  At  convergence,  the  maximum  Mach  number-  is 
0.989.  This  result  compares  well  with  results  obtained  by  other 
Authors  [5].  It  is  important  to  note  that  the  total  number  of  points 
on  the  circle  is  only  44.  A  plot  of  isobars  is  presented  in  Fig.  4. 

Calculations  have  been  made  for  a  NACA  0012  profile,  and  results 
for  the  case  of  free  stream  Mach  nunber  equal  to  .72  at  no  incidence 
are  presented.  Four  grids  have  been  used,  testing  effects  of 
different  mesh  sizes  and  different  overall  sizes.  The  results  shown 
in  Figs.  5  (isobar  plot  in  the  innermost  region),  6  (Mach  number 
distribution  on  the  profile),  and  7  (Cp  distribution  on  the  profile) 

prove  that  an  accuracy  comparable  with  that  of  the  most  reliable 
codes  can  be  reached.  Indeed,  the  mesh  used  around  the  body  is  still 
coarse  in  the  leading  edge  region,  when  compared  with  current  C-grids 
or  0-grids.  A  fair  comparison  can  be  made  between  the  present 
results  and  results  obtained  using  our  fast  solver  code  [4]  with,  a 
64x16  mesh;  they  are  identical. 

We  intend  to  present  calculations  of  transonic  flows  past 
airfoils  at  the  meeting.  Such  calculations  are  made  by  combining  the 
present  technique  with  the  shock-fitting  subroutine  of  [4], 
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Characteristic  Galerkin  Methods  for  Hyperbolic  Systems 

K.W.  Horton  and  P.N.  Childs 

(ICFD,  Oxford  University  Computing  Laboratory 
8-11  Keble  Road.  Oxford  0X1  3QD) 


1  . _ In  t  r  oduc  t  i  on 


The  idea  of  combining  the  use  of  characteristics  with  the 
Galerkin  projection  is  one  that  has  occurred  to  many  people  in 

the  early  i980s,  including  Benque  and  Ronat  [1981-]^  Bercovier  et 
al .  [1982],  Douglas  and  Russell  [1982],  Horton  and  Stokes  [1982] 

and  Pironneau  [1982]. 

A  piecewise  constant  approximation  space,  with  explicit 
time-stepping,  then  gives  the  familiar  first  order  upwind  scheme 
in  one  dimension,  and  a  genuinely  two-dimensional  scheme  which  on 
a  rectangular  mesh  has  an  interesting  cross-derivative  term. 
Piecewise  linear  approximations  with  the  same  time-stepping  can 
give  third  order  accuracy,  which  is  maintained  on  non-uniform 
meshes . 

For  linear,  constant  coefficient  advection  this  sequence  is 
continued  with  splines  of  order  s  giving  schemes  of  order  of 
accurary  2s  -  l:  and  with  centred  time-stepping  the  order 
becomes  2s.  Moreover,  there  are  several  ways  of  generating  the 
same  scheme,  and  schemes  of  intermediate  accuracy  can  also  be 

generated.  Thus  suppose  Un  is  the  approximation  at  time  level 
n  using  splines  of  order  s,  with  the  basis  {<(>  :  i  =  1,2,...}. 

Suppose  further  that  the  spline  approximation  u°  using  splines 

of  order  s+p  is  recovered  from  Un  by  meins  of  the  projection 
equa  t i ons 

<un  -  Un,  <j>.  >  =  0  i  =  1 ,2 .  (  1 ) 

Then  if  the  characteristic  Galerkin  procedure  is  continued  at 

each  time  step  by  using  un  rather  than  U11,  the  resulting 
scheme  has  accuracy  of  order  2s  +  p  -  1.  For  example,  recovery 
with  quadratic  splines  from  piecewise  constant  approximations 
gives  the  third  order  scheme  obtained  using  piecewise  linears 
with  no  recovery  step.  On  the  other  hand  recovery  with  piecewise 
linears  gives  a  second  order  scheme  (see  Childs  and  Morton 
[1986]) . 
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The  advantage  of  introducing  the  recovery,  step  is  the  degree  of 
adaptivity  that  can  be  introduced.  For  example,  monotonicity  may 
be  preserved  or  the  scheme  made  TVD,  as  with  various  flux-limited 
difference  schemes  (see  Morton  and  Sweby  [1987]  for  a  comparison 
of  the  two  approaches). 


2.  Scalar  conservation  laws 


We  have  developed  such  adaptive  finite  element  algorithms  in  one 
dimension,  using  piecewise  constants  with  recovery  by  piecewise 
linears.  where  the  linear  section  replaces  the  jump  between  pairs 
of  elements  but  may  not  entirely  remove  the  constant  section  in 
each  element  (Morton  [1985],  Mdrton  and  Sweby  [1987],  Childs  and 
Morton  [1986]).  For  problems  with  shocks,  the  shock  may  be 
recognised  and  explicitly  taken  account  of  at  the  recovery  stage: 
that  is.  the  shock  appears  in  the  interior  of  an  element  and  the 

recovered  un  is  continuous,  piecewise  linear  (and  piecewise 
constant)  on  either  side. 


A  convenient 
follows: 


way  to  write  the  algorithm  for  some  purposes  is  as 


(Vn+1  -  Un.4>.)  +  At^3xf(un),  =  0.  i  =  1.2....;  (2) 


here  the  special  test  function  in  the  spatial  term  is  the  average 


of  the  basis  function  <p .  over  the  distance  moved  by  the 


characteristics  dx/d t  =  a(u  )  in  one  time-step 


$  (x):= 


I 


x+a ( u  ) A t 


a(u  (  x  )  )  A  t  'x 


<p.  (  z  )  dz  . 


(3) 


This  is  the  easiest  starting  point  for  making  comparisons  with 
Pe t r ov-Ga 1 er kin  and  Tay lor-Galerkin  methods. 


However,  the  algorithms  are  best  programmed  by  considering  in 
turn  each  contribution  to  the  update  from  a  linear  section  of 
-n 


u  .  and  allocating  some  proportion  to  the  appropriate  elements 
reached  by  the  characteristics.  It  is  clear  that  an  arbitrary 
non-uniform  mesh  may  be  used  and  the  only  limit  on  the  time-step 
arises  from  considerations  of  accuracy. 


To  put  the  procedure  in  a  rigorous  framework,  it  has  been  found 
best  to  use  the  formalism  of  Brenier  [1984,  1985].  Then 

convergence  can  be  proved  under  suitable  conditions  even  with  the 
shock  recovery  stage. 


3.  Systems  of  conservation  laws 


The  Brenier  formalism  can  be  extended  to 
flux-difference  splitting  is  used,  which 
accurate  than  flux-vector  splitting.  To 


systems  if 

we  have  found  to  be  more 
extend  our  algorithm. 


the  jump  in  the  recovered  solution  u  over  each  linear  segment 


is  decomposed  by  the  flux-difference  splitting  method  into  jumps 
corresponding  to  each  characteristic  field  of  the  system. 
Corresponding  to  each  of  these  characteristic  jumps,  the 
appropriate  updates  are  effected  by  using  a  form  similar  to  (2). 


where 


<J> 


must  now  be  computed  for  that  characteristic  field 


using  an  appropriate  characteristic  speed  determined  from  the 
decomposition.  This  yields  an  adaptive  second  order  method.  We 
prefer  to  use  the  splitting  due  to  Roe  [1981],  through  which  we 
obtain  results  comparable  with  flux-limited  difference  methods. 


Again,  we  place  no  restriction  on  the  mesh  and  therefore  a  number 
of  adaptive  grid  strategies  may  be  employed.  With  the  use  of 
Godunov's  splitting  and  for  the  scheme  based  on  piecewise 
constant  elements,  the  large  timestep  scheme  due  to  LeVeque 
[1985]  is  reproduced. 
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ON  SOME  NUMERICAL  SCHEMES  FOR  TRANSONIC  FLOW  PROBLEMS 

by  Marco  Moschl  Mostrel  H 


Recently  a  number  of  new  shock  capturing  finite  difference  approximations  for  solving  scalar 
conservation  law  nonlinear  partial  differential  equations  in  several  space  dimensions  have  been 
constructed  and  applied  to  solve  numerically  the  equations  of  inviscid  compressible  flows  of 
aerodynamics.  Those  partial  differential  equations  are,  in  the  time-independent  (steady)  case, 
of  mixed-type,  i.e.  their  type  changes  from  ..elliptic  to  hyperbolic  as  the  flow  regime  changes 
from  subsonic  to  supersonic  and  vice-versa. 

In  this  paper,  we  present  some  new  shock  capturing  finite  difference  approximations  for  solv¬ 
ing  scalar  conservation  laws.  Our  new  schemes  have  the  following  properties: 

(i)  second  order  accuracy  throughout  the  computational  domain; 

(ii)  global  linear  stability  in  all  elliptic  and  all  hyperbolic  regions; 

(iii)  sharp  steady  discrete  shock  solutions; 

(iv)  total  variation  non-increasing  property  of  the  approximate  solutions; 

(v)  entropy  stability,  at  least  in  some  cases,  i.e.  the  approximate  solutions  satisfy  a 
discrete  entropy  condition  consistent  with  the  differential  entropy  condition  of  the  p.d.e.; 
this  property  ensures  that  the  approximate  solutions  are  admissible  on  physical  grounds. 

A  model  2D  conservation  law  equation  is  constructed  and  the  above  properties  are  proven  for 
this  model.  This  model  can  serve  to  represent  two  commonly  used  equations  for  simulating 
inviscid,  isentropic  potential  flow  problems  at  transonic  speeds:  the  Transonic  Small  Distur¬ 
bance  (TSD)  equation  and  the  Full  Potential  (FP)  equation. 

The  new  schemes  are  studied  first  in  their  semi-discrete  (method  of  lines)  versions.  A  new 
Alternate  Direction  Implicit  (ADI)-like  time  discretization  is  also  presented  for  the  particular 
application  to  the  low-frequency,  unsteady,  two-dimensional  TSD  equation;  the  results  of  the 
numerical  implementation  of  this  implicit  scheme  on  a  variable  computational  mesh  proved 
satisfactory. 

1°  l1  ]>  [7  I.  l6  ]»  l4  ]  and  [2  ],  a  number  of  shock  capturing  finite  difference  approximations 
for  solving  the  TSD  and  the  FP  equations  have  been  proposed.  These  schemes  satisfy 

#  This  work  was  partially  supported  under  grants  ONR  N00014-86-K-O691  and  NASA  NAG-270.  Some  of 
the  analytical  calculations  presented  in  this  paper  were  obtained  with  the  aid  of  Macsyma,  a  symbolic  manipula¬ 
tion  program  developed  at  the  M.I.T.  Laboratory  for  Computer  Science  and  supported  by  Symbolics,  Inc.  The 
author’s  current  addresses  are:  Department  of  Mathematics,  University  of  California,  Los  Angeles,  CA  90024 
and  Department  of  Mathematics  and  Computer  Science,  California  State  University,  Long  Beach,  CA  90840. 
Send  electronic  mail  to  marco@math.ucla.edu. 
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properties  (iii)  &  (v),  and  with  the  inclusion  of  flux  limiters,  property  (iv)  as  well.  Properties 
(i)  &  (ii)  are  usually  satisfied  in  all  elliptic  regions;  in  hyperbolic  regions,  only  first  order 
accuracy  is  attained  and  the  linear  stability  of  the  method  js  typically  limited  to  values  of  the 
Mach  number  in  [0,A/C]  where  Mc  is  large  enough  to  include  the  transonic  regime.  These 
schemes  have  a  four-point  bandwith  and  are  type-dependent,  i.e.  they  use  different  foimulas 
for  the  difference  approximations  in  the  elliptic  and  the  hyperbolic  regions.  They  use  central 
differencing  in  the  elliptic  regions  and  upwind  differencing  in  the  hyperbolic  region;:.  The 
upwinding  is  designed  to  take  into  account  the  correct  region  of  influence  and  to  keep  the 
shock  front  sharper.  For  the  TSD  equation,  since  the  flow  is  quasi-unidirectional,  the  upwind¬ 
ing  is  performed  in  that  direction  (f2  J).  For  the  FP  equation,  the  upwinding  can  lie  per¬ 
formed  separately  for  the  x-dependent  term  and  the  y-dependent  term.  This  approach  was 
labeled  directional  flux  biasing  in  [4  ].  Recently  this  approach  was  refined  by  introducing  the 
method  of  streamwise  flux  biasing  (see  [5  ])  in  which  the  upwinding  is  performed  in  a  direc¬ 
tion  close  to  that  of  the  actual  flow.  Unfortunately,  the  method  hence  obtained  is  only  first 
order  accurate  (see  [3  ],  section  8,  for  a  review  of  the  schemes  based  on  this  method). 

Our  new  method  does  not  use  flux  biasing  but  a  special  kind  of  upwinding  uniformly  in  all 
regions.  The  resulting  stencil,  the  same  in  all  regions,  is  of  7-point  bandwidth,  with  4  points 
upwind  and  2  points  downwind. 

The  format  of  this  paper  is  as  follows. 

In  Section  1,  we  introduce  our  new  second  order  accurate  numerical  schemes  for  a  class  of 
2D  conservation  law  nonlinear  p.d.e.’s  which  includes  the  TSD  equation  and  the  FP  equation. 
We  prove  a  convergence  result  a  la  Lax-Wendroff. 

In  Section  2,  we  prove  the  linear  stability  of  these  schemes  for  the  most  commonly  used 
numerical  fluxes  for  the  TSD  equation  and  the  FP  equation. 

In  Section  3,  we  present  an  extended  version  of  these  schemes  which  makes  use  of  flux  lim¬ 
iters  to  keep  the  total  variation  non-increasing. 

In  Section  4,  we  prove  a  discrete  entropy  inequality  satisfied  by  our  finite  difference  approxi¬ 
mation  in  the  case  of  the  low-frequency,  unsteady  TSD  equation  and  we  show  that  this  ine¬ 
quality  is  consistent  with  the  differential  entropy  inequality  of  the  problem. 

In  Section  5,  we  describe  a  time-splitting  algorithm  for  solving  the  unsteady  TSD  equation. 

In  Section  6,  we  present  the  numerical  results  obtained  by  implementing  our  finite  difference 
method  for  the  TSD  equation  for  the  flow  over  a  thin  airfoil. 
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Numerical  Simulations  of  Compressible  Hydrodynamic  Instabilities  with 


High  Resolution  Schemes 


Claus-Dieter  Munz 
Kernforschungszentrum  Karlsruhe 


Lutz  Schmidt 
Universit4t  Karlsruhe 


Interface  instabilities  arise  in  a  wide  variety  of  physical  contexts.  In 
this  paper,  we  will  examine  the  numerical  simulation  of  the  large-scale 
motion  of  two-dimensional  interfacial  instabilities.  We  will  show  numeri 
cal  results  for  the  instability  of  interfaces  separating  two  domains  of  i he 
same  compressible  fluid  which  move  at  different  velocities*  namely  the 
Kelvin-Helmholtz  instability,  the  Rayleigh-Taylor  instability  and  the  in¬ 
stability  of  a  jet.  Our  calculations  are  based  on  the  direct  simulation  of 
the  instabilities  by  numerical  solution  of  the  equations  of  compressible 
fluid  flow,  usually  called  Euler  equations.  There  are  two  different  formu¬ 
lations  of  these  equations.  Numerical  methods  based  on  the  Lagrangean  formu¬ 
lation  use  a  computational  mesh  traveling  with  the  fluid.  Hence  these  methods 
seem  to  be  ideal  for  solving  problems  which  involve  interfaces  between  two 
fluids.  However,  these  calculations  can  typically  be  carried  out  for  short 
times  only.  Then  severe  mesh  distortion  or  mesh  tangling  will  occur  and  ) e- 
zoning  must  be  performed  in  which  all  computational  quantities  are  trans 
ferred  to  a  new  computational  mesh.  Because  this  procedure  calls  for  much 
computational  effort,  the  Lagrangean  methods  are  not  favourable  for  deal'ng 
with  large-scale  computations.  On  the  other  hand,  Eulerian  methods,  in  which 
the  mesh  is  fixed,  are  ideal  for  treating  flows  with  large  deformations.  But 
interfaces  are  smeared  out  pver  some  grid  zones  and  the  movement  of  the  ' n- 
ter faces  can  hardly  be  seen.  We  will  present  a  combined  method:  The  flow 
field  is  calculated  by  a  Eulerian  method,  while  the  interfaces  are  moved  in 
a  Lagrangean  fashion  according  to  the  Eulerian  flow  field.  This  means  th.'t 
we  discretize  the  interface  and  then  within  each  time  step  we  calculate  < he 
new  position  of  the  discretized  interface  from  the  Eulerian  flow  field.  This 
may  also  be  considered  as  a  marker  particle  algorithm  which  is  used  to 
visualize  the  movement  of  the  interface. 

We  consider  a  class  of  high  resolution  schemes  for  solving  the  two-dimensio¬ 
nal  Euler  equations 

U  +  f(U)  +  g  (U)  =  q  (U) 

t  x  y 
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.  which,  after  van  Leer  /4/  are  usually  called  MUSCL-type  schemes.  U  denotes 

the  vector  of  the  conserved  variables  p,  pu,  pv,  e  and  f,  g  denote  the  fluxes 

2  T  2  T 

f (U)  =  (pu,pu  +p,puv,u (e+p) )  ,  g(U)  -  (pv,puv,pv  +p,v(e+p))  , 

q  is  a  source  term,  e.g.  due  to  gravitational  forces.  As  usual  p  is  the  den- 
T 

sity,  (u,v)  is  the  velocity,  e  is  the  energy  and  p  is  the  pressure.  The  nu¬ 
merical  schemes  are  based  on  the  one-dimensional  MUSCL-type  schemes  formuJi- 
ted  in  a  two-step  format  (see  /4/)  and  on  dimensional  splitting.  In  the  fj  r;st 
step  of  the  MUSCL-type  scheme  a  piecewise  linear  approximation  of  the  solution 
is  calculated  from  the  approximative  values  at  the  grid  points.  This  piecuv/ise 
linear  representation  is  determined  by  calculating  slopes  in  each  grid  zone  by 
means  of  interpolation.  Contrary  to  the  schemes  of  van  Leer  /4/  and  ColelJ.i 
/l/  we  calculate  the  slopes  in  terms  of  characteris tic  values  based  on  the 
method  of  Roe  /!/ .  By  that  we  can  apply  different  slope  calculations  on  the 
genuinely  nonlinear  and  linearly  degenerate  characteristic  fields  which  gives 
sharp  resolution  of  shock  waves  as  well  as  contact  discontinuities  /6/.  S]ope 
calculations  which  have  been  indicated  and  analyzed  for  scalar  conservation 
laws  (see  e.g.  /5/)  are  used.  To  obtain  second-order  accuracy  as  regards  the 
time  t  the  piecewise  linear  representation  is  advanced  a  half  time  step.  Then 
an  upwind  scheme  is  applied  to  these  data  to  calculate  the  fluxes  between  the 
grid  zones  which  gives  new  approximative  values  at  the  next  time  level.  Within 
this  algorithm  each  upwind  scheme  as  reviewed  in  /3/  may  be  used. 

The  two-step  algorithm  can  be  implemented  efficiently  on  vector  computers.  We 
will  add  some  remarks  about  it  and  present  a  comparison  of  computer  times  of 
fully  vectorized  MUSCL-type  schemes  based  on  different  upwind  schemes  and  on 
different  slope  calculations.  Together  with  the  tracking  algorithm  for  imer- 
faces  the  schemes  have  been  fully  optimized  for  vector  computers.  Very  fa-  t 
schemes  are  based  on  the  upwind  scheme  of  Einfeldt  /2/  and  van  Leer  (see  / 3/ ) . 
Fig.  2  shows  an  example  of  our  calculations.  A  diagram  of  the  initial  values 
for  this  jet  is  sketched  in  Fig.  1.  A  fluid  to  the  left  is  separated  by  a  small 
band  of  gas  flowing  into  the  opposite  direction.  The  interfaces  between  the 
different  fluids  are  sinusoidally  perturbed.  The  perturbations  grow  and  tiie 
shear  layers  start  to  roll  up  into  a  Karman  vortex  street.  These  calculat i.ons 
have  been  performed  on  a  uniform  grid  with  lOO  x  100  grid  zones.  About  10O0 
time  steps  have  been  computed  within  3  minutes  of  computer  time  on  vector 
computer  Cyber  205.  Because  the  roll-up  of  a  shear  layer  depends  on  viscosity, 
large  scale  computations  of  interfacial  instabilities  may  be  used  to  measure 
and  to  compare  the  numerical  viscosity  which  is  inherent  in  each  scheme.  V/e 
will  present  a  comparison  of  several  schemes. 
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Fig.  1:  Initial  values  for  a  jet 
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The  Euler  equations  describe  invisoide  compressible  flows.  In 
the  case  of  unsteady  flows,  we  deal  with  a  hyperbolic  problem, 
where  the  time  is  playing  the  role  of  the  "hyperbolic" 
coordinate.  Also  for  the  steady  flows  we  may  have  a 
hyperbolic  problem,  provided  that  a  fully  supersonic  flow  is 
developed:  in  this  case  any  space  coordinate  along  which  the 
velocity  component  is  supersonic  can  be  the  "hyperbolic" 
coordinate. 


The  Euler  equations  are  founded  on  the  three  basic  laws  of  the 
physics  which  account  for  the  conservation  of  the  mass,  the 
equilibrium  between  the  inertial  forces  and  the  pressure 
gradient,  and  the  respect  of  the  first  principle  of  the 
thermodynamics.  The  so  called  "centered  schemes"  methods  are 
operating  directly  on  this  original  form  of  the  governing 
equations.  No  reference  is  done  to  the  hyperbolic  nature  of 
the  problem,  except,  for  some  methodologies,  in  the  definition 
of  the  step  of  integration  and/or  in  the  numerical  treatment 
of  the  boundaries. 


The  hyperbolic  character  hidden  in  the  original  equations  can 
be  put.  in  evidence  by  a  proper  rearrangement  of  them.  We 
refer  to  this  work  as  to  the  formulation.  There  are  different 
formulations,  but  each  of  them  is  more  or  less  related  to  the 
basic  ideas  developed  in  the  old  method  of  the 
characteristics.  It  is  in  the  formulation  that  the  wave- like 
nature  of  the  problem  is  emphasised,  and  it  is  recognized  that 
the  evolution  of  the  flow  at  a  given  point  is  determined  by 
the  merging  of  signals  there,  after  they  have  been  propagating 
along  characteristic  rays.  For  these  reasons  these  approaches 
are  generally  known  in  the  literature  as  "upwind" 
methodologies . 
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Different  upwind  formulations  have  been  proposed.  Some  of 
them  are  founded  on  the  quasi  linear  form  of  the  governing 
equations  (lambda  formulation,  split  coefficient  method,..), 
other  are  based  on  the  conservative  form  of  them  (flux-vector 
splitting,  flux-difference  splitting,....)  They  only  differ 
each  other  because  the  problem  is  not  linear.  For  a 
linearised  version  of  the  Euler  equations,  all  of  them  turn 
out  to  coincide  perfectly.  The  main  feature  common  to  all 
these  formulations  is  the  attempt  of  extracting,  from  the 
usual  thermodynamic  properties  and  the  velocity,  informations 
about  the  corresponding  waves  or  signals  travelling  there. 


The  present  lecture  refers  to  the  "flux-difference  splitting" 
(FDS)  formulation  and  is  addressed  to  the  presentation  of  some 
different  forms  in  which  such  upwind  formulation  has  been 
proposed  in  the  literature.  The  attention  will  be  mainly 
pointed  toward  the  unsteady  flows  (the  time  is  the  "marching" 
coordinate),  since  almost  all  the  contributions  refer  to  these 
problems.  However  we  stress  that  all  the  following  concepts 
can  be  easily  extended  to  the  steady  supersonic  flows,  whereas 
the  same  kind  of  extension  does  not  look  feasible  for  other 
formulations  such  as  the  flux- vector  splitting. 


The  FDS  formulation  is  based  upon  an  interpretation  of  the 
initial  data  (given  at  a  discrete  set  of  computational  points) 
over  the  intervals  of  the  computational  grid.  Constant  or 
variable  distributions  of  the  flow  properties  can  be  assumed 
in  the  neighboring  of  each  computational  point.  Therefore  a 
discontinuity  of  the  flow  properties  will  generally  occur  at 
the  middle  of  an  interval.  Godunov  (1959)  has  proposed  to 
look  at  the  evolution  of  this  discontinuity  along  the 
hyperbolic  coordinate  and  to  draw  informations  on  how  to  sp] it 
the  d if fere  nee  of  the  flux  over  each  computational  interval. 
Such  a  splitting  determines  which  part  of  this  difference  is 
going  to  affect,  through  the  governing  equations,  the  flow 
evolution  at  points  located  on  one  side  of  the  interval,  and 
which  parts  will  act  on  the  opposite  side.  The  prediction  of 
the  evolution  of  the  discontinuity  is  known  as  the  solution  of 
a  Riemann  problem.  Once  these  splittings  have  benn  operated, 
we  can  proceed  to  the  numerics  and  plug  the  terms,  iri  which 
the  difference  of  the  flux  has  been  split,  into  a  numerical 
approximation.  The  approximation  can  be  characterized  by  the 
assumed  kind  of  discretization  (finite  differences,  finite 
volumes,  finite  elements,...)  and  by  the  numerical  scheme 
(explicit,  implicit,  order  of  accuracy,...) 


In  his  original  presentation,  Godunov  was  pointing  out  two 
shortcomings  in  his  procedure.  The  first  was  represented  by 
the  too  large  computational  effort  needed  in  achieving  the 
exact  solution  of  the  Rieman  problem  (the  possibility  of 
shocks  brings  to  tedious  and  time  consuming  multiple 
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iterations).  The  second  shortcoming  was  represented  by  the 
unsatisfactory  accuracy  of  the  numerical  results,  since  he  was 
using  the  plain  first  order  scheme.  In  fact  the  very 
brilliant  idea  of  Godunov  was  not  performing  so  well  because 
he  was  looking  at  the  exact  solution  of  the  Riemann  problem 
(with  the  related  penalty  in  the  computations),  without 
getting  any  profit  from  this  expensive  work  in  the  following 
numerical  scheme,  which  was  the  simplest  one  (with  the  related 
penalty  in  the  accuracy). 


Therefore  the  following  research  efforts  have  been  addressed 
in  two  directions.  On  one  side  the  search  for  efficient 
solvers  of  the  Riemann  problems,  even  approximate  solvers.  On 
the  other  side  more  sophysticated  interpretation  of  the 
initial  data  and  more  suitable  definition  of  the  Riemann 
problems  in  order  to  increase  the  level  of  the  accuracy. 


Iterative  time  consuming  procedures  are  needed  for  solving  a 
Riemann  problem,  because  of  the  non  linear  and  non  isentropic 
behaviour  of  the  shocks.  To  overcome  this  problem,  Roe  (1980) 
has  proposed  to  replace  the  original  non  linear  problem  with  a 
linear  one  (chosen  in  some  convenient  way  in  oreder  to  meet- 
some  positive  requirements).  Now  the  linear  problem  is  solved 
exactly  and  quickly.  A  completely  different  approach  has  been 
proposed  by  Osher  (1980).  He  suggested  to  neglect  the  .jump  of 
entropy  generated  by  the  shocks  originated  in  the  Riemann 
problem.  The  resulting  approximated  non  linear  problem  has 
now  an  immediate  and  exact  solution,  based  on  the  properties 
of  the  Riemann  Invariants  in  omoentropic  flows.  A  variation 
of  this  solver  has  been  also  proposed  by  the  present  author 
(1983).  Here  we  want  to  stress  that  the  above  approximated 
solutions  of  the  Riemann  problem  only  affect  slightly  the 
splitting,  but  do  not  touch  the  wholeness  of  the  Euler 
equations  which  will  be  integrated  in  their  full  form. 


In  order  to  improve  the  accuracy  of  the  numerical  integration, 
one  can  use  numerical  schemes  more  elaborated  than  the 
original  first  order  scheme  proposed  by  Godunov  (which  was  not 
performing  at  the  best  level  of  accuracy,  but  was,  and  is 
still  now,  very  cheap  in  terms  of  computer  memory  and  time  and 
very  robust  without  violating  any  monotonicity  criterium  in 
the  numerical  capturing  of  shocks). 


A  different  approach  for  improving  the  accuracy  is  based  on 
interpretations  of  the  initial  data  more  sophysticated  than 
the  piecewise  constant  value  distribution  proposed  originally 
by  Godunov.  Remarkable  contributions  have  been  given  by  the 
MUSCL  method  (Van  Leer  and  Woodward,  1979)  and  the  PPM 
procedure  (Colei la  and  Woodward,  1984).  Here  the  attention  is 
wholly  focused  on  the  interpretation  of  the  initial  data  in 


terms  of  linear  or  parabolic  distributions  around  a 
computational  point.  The  resulting  Rieraann  problems  are 
solved  through  an  almost  exact  algorithm  and  provide  the  terms 
in  which  each  difference  of  the  flux  is  split.  The  following 
integration  of  the  full  Euler  equations  is  carried  out  with 
the  plain  first  order  scheme.  However  the  final  accuracy 
turns  out  to  be  at  much  higher  levels,  owing  to  the  previous 
sophysticated  interpretation  of  the  initial  data. 


The  above  different  contributions  to  the  EDS  formulations  will 
be  presented  in  a  uniform  manner,  in  order  to  put  in  evidence 
the  different  features.  For  this  reason  the  physics  will  be 
described  under  the  eulerian  point  of  view,  whereas  in  some 
contributions  has  been  originally  considered  under  the 
lagrangian  one.  Finally  the  extension  to  the  steady 
supersonic  flow  problems  will  be  shown  to  be  straightforward. 
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We  show  that  a  system  of  equations  (cf.  Eq.l)  appearing 
in  multiphase  flow  in  porous  media  has  a  global  solution  in 
time.  The  method  of  the  proof  is  based  on  the  random  choice 

method.  As  a  result  we  also  obtain  a  fully  implicit  numerical 

% 

scheme  for  the  solution  of  these  eauations. 

1 .  Statement  of  the  problem 

Consider  the  following  system  of  differential  equations 

u  +  v  f  (u)  =0  Xf  [a  ,b  ]  ,  t£0 

(1)  vx  =  0 

V  =  -k(u)px  UeHn  ,  veR 

which  arises  in  the  study  of  incompressible,  inmiscible,  no 
capillarity,  multiphase  flow  in  porous  media  [1]  .  In  (1)  the 
components  of  u  are  the  saturations  (or  volumetric  concentra  - 
tions) ,  v  is  the  velocity,  p  is  the  pressure,  k  is  the  permeabi 
lity  and  f  is  the  flux  function  defined  in  terms  of  the  indivi¬ 
dual  permeabilities.  Equations  (la),  (lb)  and  (lc)  represent  the 
individual  mass  balances,  the  imcompressibility  condition  and 
Darcy's  law  respectively. 

Suppose  that  the  Jacobian  matrix  df  has  real  and  distinct 
eigenvalues  X^  on  a  region  R  of  the  u  space,  then(la)is  an  hy  - 
perbolic  system  of  conservation  laws  which  is  coupled  to  the 
elliptic  equation 
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(2) 


0 


W 

(k(u)px)x  = 

obtained  by  substituting ( lc)  in(lb) . 


We  shall  show  below  that  system  (1),  interpreted  in  tne 
weak  sense,  has  a  global  solution  in  time  for  continuous  boun  - 
dary  conditions  p^Ct)  =  p(a,t),  pb(t)  =  p(b,t) ,  ua(t),  u,  (t)  / 

and  initial  data  Uq(x)  with  small  variation  provided  k(u)  is 
continuous  and  M>k(u)>e  for  some  £,M.  The  proof  of  this  result, 
based  on  the  random  choice  method  ,  will  provide  an 

implicit  scheme  for  the  numerical  solution  of  (1).  In  the  scheme, 
v  at  time  t^+^  calculated  using  the  approximate  solution  u  at 
time  tj+i'  but  the  invariance  properties  of  equation  (la)  will 
permit  us  to  actually  obtain  an  explicit  formula  for  v(t_.  +  j). 

In  [3]  Marchesin  showed  that  the  scalar  analogue  to  (1)  has  a 
global  solution  in  time  using  a  somewhat  different  approach 
that  does  not  yield  an  efficient  computational  scheme. 
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We  consider  an  overdetermined  (m  -  1)  quasilinear  first 

order  system  of  PDE’s 


^  A®u(u,x) 

v,  i 


t?U 

dx 


=  f  (  U  ,  X  )  . 


.  ,  m 
•  ,1 
.  .  n 


The  Maxwell  equations  (with  extra  constrains  div  E  =  0, 

div  B  =  0)  or  the  vorticity  equations  in  hydrodynamics  can 
be  viewed  as  prototypes  of  such  system. 

For  any  uq ,  xq  we  define  a  linear  space  I(xo,uq)  of 

integral  elements  as  composed  of  all  1  x  n  matrices  (p^) 
satisfying 


0. 


Special  role  is  played  by  the  characteristic  elements  which  are 
the  matrices  of  rank  1,  i.e.  they  are  of  the  form  p^  =  . 

The  system  is  said  to  be  hyperbolic  at  (xo,uq)  if  and  only 
if: 

1°  The  space  of  integral  elements  I(xo,uo)  is  generated  (as 
a  linear  space)  by  the  characteristic  elements; 

2°  It  is  an  involutive  system  (i.e.  it  is  compatible). 

General  properties  of  such  system  (solubility,  restrictions 
appearing  for  possible  boundary  conditions  etc. )  are 
considered.  In  certain  cases  the  existence  can  be  proved. 
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Theory  of  overdetermined  systems  can  be  helpfull  in 
investigating  the  structure  of  the  solution  set  of  the  well- 
determined  systems  (1  =  m).  For  example,  the  characteristic 
determinant  of  such  a  system 

det  |A8t,X  I  =  0 

defines  a  cone  of  characteristic  vectors.  This  cone,  in 
general,  consists  of  a  number  of  branches.  L^t  us  take  a 
simple  branch.  It  turns  out  that  there  is  a  system  of  PDF’s 
associated  with  this  branch  -  the  overdetermined  system 
consisting  of  all  modes  from  this  branch  only.  If  this  system 
is  compatible  then  one  says  that  the  interaction  of  modes  from 
this  selected  branch  do  not  involve  other  modes.  In  this  way 
the  interaction  of  modes  can  be  investigated.  There  is  a  number 
of  results  conserning  this  question. 


Runge-Kutta  Split-Matrix  Method  for  the  Simulation 
of  Real  Gas  Hypersonic  Flows 
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In  recent  years  there  has  been  growing  interest  in  the  possible  development 
of  hypersonic  aircraft  and  reentry  bodies  in  the  US  and  in  Europe.  The  construc¬ 
tion  of  these  configurations  requires  an  accurate  prediction  of  the  flow  about 
three-dimensional  bodies  at  Mach  numbers  ranging  from  0  <=  Me  <=  30. 

In  the  regime  of  hypersonic  flow  (M„  >  4)  very  strong  gradients  and  shocks 
appear  in  the  flowfield,  which  have  to  be  resolved  on  relatively  coarse  meshes 
for  3-0  calculations.  Because  of  the  strong  compression  (Pmax/P«  >  1000  at 
Mot  =  30)  in  the  hypersonic  regime  high  temperatures  occur^and  air  cannot,  be 
treated  as  an  ideal  gas.  For  a  realistic  simulation  of  the  flow  a  robust  and 
accurate  algorithm  including  real  gas  effects  is  mandatory. 

We  integrate  the  instationary  Euler  equations  in  quasi-conservative  form  in 
generalized  coordinates: 

Qt  +  A+Q*-+  +  A'Qjr-  +  B+Qn+  + 

+  +  (1) 

+  B-Qn-  +  C\+  f  C-Q?~  =  0 

The  matrices  A±,B“,Ct  are  split  according  to  the  sign  of  their  eigenvalues 
/1,2,8/.  The  space  derivatives  of  Q  are  calculated  with  a  third  order  accurate 
upwind-biased  formula  /3/. 

X  i 

Q  £  =  —  (Qm-2  "  6Qm_i  +  3Qm  +  2QUH-1) 

>  6AC  (2) 

1 

Q  £ ,  =  '  ' —  (Qm+2  -  +  3Qm  +  2Qm_i) 

|  m  6AE 

The  bow  shock  can  be  captured  or  fitted  /4/,  whereas  imbedded  shocks  are 
always  captured.  Owing  to  the  simple  geometry  of  reentry  vehicles  and  the  strong 
bow  shocks  encountered  there,  the  shock  fitting  option  is  preferred  in  this 
case.  For  hypersonic  flows,  where  real  gas  effects  are  Important,  the  pressure 
of  the  gas  Is  a  general  function  of  the  density  and  the  internal  energy.  The 
flux  matrices  A,B,C  can  be  calculated  with  their  eigenvectors  and  eigenvalues 
for  arbitrary  pressure  p(p,e)  and  the  shock  fitting  algorithm  can  be  gene¬ 
ralized  for  this  case  /5/. 

The  time-stepping  towards  the  stationary  state  between  time  levels  n  and 
(n+1)  is  done  with  an  explicit  three-step  Runge-Kutta  method  /6/: 

q(1)  =  qn  _  ai  cfl  P(qn) 

Q<2)  =  Qn  -  a2  CFL  P(Q(1b  (3) 

Qn+1  =  qn  -  a3  CFL  P(q(2>) 

where  the  operator  P  contains  the  space  derivatives.  Second  order  accuracy 
requires  33=1  and  a2=l/2.  The  coefficient  a^  cannot  be  chosen  such  that  the 
algorithm  becomes  third  order  accurate  but  serves  to  increase  the  stability  re- 
■  gion'of  the  algorithm.  We  have  done  a  von  Neumann  stability  analysis  of  the 

Runge-Kutta  scheme  (3)  for  the  1-d  linear  advection  equation  for  second  order 
I  central  and  third  order  upwind-biased  space  discretisations.  For  central  dif- 

1  ferences  apl/4  is  needed  for  stability  and  for  apl/2  CFL  numbers  up  to  2  may 

£ 
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be  used.  In  contrast,  for  the  upwind-biased  space  discretisation  a^=l/4  maximizes 
the  stability  region  with  CFlmax  a  1.77.  Fig.  1  shows  a  comparison  of  the  square 
of  the  modulus  of  the  amplification  factor  g  as  a  function  of  the  CFL  number  and 
s=sin2(kAx/2)  for  the  one-step  and  the  three-step  Runge-Kutta  time-stepping 
schemes.  The  big  square  hiding  part  of  the  plot  of  the  function  | g  |  2 (CFL . s )  de¬ 
notes  the  stability  limit  g-1. 

The  one  step  algorithm  is  only  weakly  unstable  at  wave  numbers  k+0  for 
small  CFL  numbers.  It  can  be  used  in  practical  calculations  of  2-d  and  3-d 
inviscid  flows  provided  the  cell  aspect  ratio  is  not  extremely  small.  At  a  fit¬ 
ted  bow  shock  a  global  time  step  must  be  used  even  if  the  rest  of  the  field  is 
calculated  with  a  local  timestep.  For  many  configurations  a  fully  converged  re¬ 
sult  may  be  achieved  with  the  one  step  algorithm  depending  on  the  configuration 
and  the  Mach  numbers  involved.  The  weak  instability  normally  does  not  blow  up 
the  code  but  leads  to  small  instationary  disturbances  in  the  flowfield,  which 
do  not  die  out  and  prevent  a  true  stationary  solution. 

For  the  iterative  Runge-Kutta  scheme  one  additional  storage  of  an  interme¬ 
diate  value  of  the  flow  variables  is  needed  (in  contrast  to  three  values  with 
the  classic  four  step  Runge-Kutta  scheme  /7/),  but  a  larger  time  step  can  be 
used  and  the  linear  stability  of  the  algorithm  is  guaranteed. 

Fig.  2  shows  a  comparison  of  lines  of  constant  temperature  In  flow  about  a 
hemisphere-cylinder  at  Moo=ll,  a=0,  H=50  km  (Ta,=271  K)  for  ideal  gas  (y=1.4) 
and  equilibrium  real  gas.  A  local  time  step  with  CFL=1.5  was  used  and  the  cal¬ 
culation  was  converged  after  500  time  steps.  The  standoff  distance  of  the  shock 
is  smaller  for  the  real  gas  case  and  the  temperature  near  the  stagnation  point 
is  much  lower.  The  wiggle  in  one  of  the  real  gas  temperature  Isolines  is  a  re¬ 
sult  of  inaccuracies  of  the  curve-fit  routine  used  for  the  calculation  of  the 
real  gas  temperatures/9/.  It  is  not  visible  in  the  flow  variables. 

The  temperature  isolines  on  the  HERMES  forebody  in  ideal  gas  and  real  gas  flow 

with  Ma>=10,  a=30,  H=50  km  are  displayed  in  fig. 3.  Fig. 4  shows  the 

pressure  and  the  temperature  distribution  on  the  body  in  the  symmetry  plane. 

It  reveals  the  small  Influence  of  the  real  effects  on  the  pressure.  The  stag¬ 
nation  point  temperature  (5700  K  for  ideal  gas)  is  lowered  to  3120  K  by  Ihe 
real  gas  effects. 
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Fig.l  :  Comparison  of  the  square  of  the  modulus  of  the  amplification 
factor  g  of  the  third  order  upwind-biased  space  discretisation 


Fig. la  :  one  step  algorithm  Fig. lb  :  three  step  Punge-Kutta  algorithm 


f ig.2  :  Comparison  of  temperature  isolines  of  flow  about  a  hemisphere- 
cylinder  at  Moo  =  11,  a  =  0,  H  =  50  km  for  ideal  gas 
and  real  gas  (AT  =  100  K) 


Fig. 2a  :  ideal  gas  Fig. 2b  :  equilibrium  real  gas 
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Fig. 3  :  temperature  isolines  on  the  Hermes  forebody  at  M®  =  10,  a 
H  =  50  km  for  ideal  gas  and  real  gas  (AT  =  100  K) 
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"  ON  SOME  V 1 5C0 ELASTIC  STRONGLY  DAMPED  NONLINEAR  WAVE  EQUATIONS  " 


We  study  the  problem  of  exi s t enc e , uni qu eness  and  asymptotic  behaviour 
for  t—^OO  of  (weak  or  strong)  solutions  of  equations  in  the  form 

N 

utt  ffi(ux  }  +  f(u*ut)  ■ 0  (1) 

i  i 


X  -  0  ,  (x,t)  f  jl  x]o,T[,  u=c>u/dt,  u  =  t)  u/  d  x  . 

t  xi  1 

with  various  boundary  and  initial^conditions  on  u(x,t). 

In  (1) Ti  is  a  bounded  domain  in  F  with  a  sufficiently  smooth  boun- 
dary  d  f}  ,  d.  (i  =  l,...N)  are  continuous  functions  satisfying  certain 
monotonic  and  other  conditions. 

The  case  1>[1  corresponds  to  a  nonlinear  Voight  model  (for  cr.  nonli¬ 
near).  The  case  X  =  0  ,  N=1  and  f(u,u  )*  Ju^i*  s9n^u^^  *  with 

nonhomogeneous  boundary  conditions  Corresponds  to  the  motion  of  a 
linearly  elastic  rod  in  a  nonlinearly  viscous  medium.  Equations  of 
the  ty;->e  (1)  with  f =0 ,  were  given  the  first  systematic  treatment  by 
Greenb  rg.Mac  Camy  and  Mizel  [4jin  the  case  of  space  dimension  N=1 . 

We  studied  (1)  with^O  and  f(u  )=|u  1  sgn(u  ),  04°<<1,  u(x,l')=u  (x) 

y»  X  t  » 

u  .(  x ,  0  )  =  lI  .  (  x )  f  I  "I  .  For  'u  in  H  (p),  lT,  in  L  (X3)  and  cr.  in  CUR.IK)  non 

t  OQ  L  2  1 

decreasing  ,  cr.(0)=0  and  inducing  mappings  of  L  (n )  into  itse.tf,  ta¬ 
king  bounded  sets  into  bounded  sets,  the  problem  admits  a  global  weak 
solution. If  in  addition  the  cr!s  are  assumed  locally  L  ip  sch  i  t  z  i  an  ,  then 

the  solution  is  unique.  For  N  =  1 ,  'u  in  H  (fl)AH  (/} )  ,  u  in  L  U>)  ,  cr. 

o  o  i  1 

in  C*(p,IR)  with  <5 !  >  0  and  locally  Hblder  continuous,  there  exists  a 

unique  strong  solution  u(t)  of  the  initial  and  boundary  value  Droblem 

12  •  • 

i.e.  t  — >  u(t)  is  continuous  on  t^  0  to  H  IfiJAH  (IT)  and  twice  i  ontinu- 

2  ° 

ously  differentiable  on  t)  0  to  L  (fl )  . 


If  we  consider  the  problem  with^>0»  the  function  f  being  a  function 

r*f  .  \  2 

of  u  : f (u) , then  for  u  in  H  (O) ,  u.  in  L  in)  and  a  certain  local  Lip- 

o  o  1 

schitzian  condition  on  f,  a  local  existence  and  uniqueness  theorem  is 
proved[2j  .using  the  method  of  successive  linearizations.  If  we  stren- 

r1  \  2 

gthen  the  above  hypotheses  and  assume  that  14N^3,  UQ  £  H  (il)HH  (Y7^  and 

u^  €  L2(H)  while  f  is  to  satisfy  no  other  condition  than  f’  ±~c  for 

c>  0  .then, the  unique  solution  u(t)  exists  for  all  t^O.with  the  proper 
ty  that  u'  (t)  and  Au(t)  decay  exponentially  to  0  as  t-^oo  .more  pre 
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cisely  we  have  the  result 

|Au(t)|  +  |ut  ( t  )1  4  Me  0  ,  for  ell  t^  0 

(  here  ||«  ||  stands  for  the  L^(fl)-norm  ) 

This  last  result  generalizes  a  result  of  Webb[9]  . 

In  the  case  N=1 ,  X=0,  <f(x)  =  x  and  f(u^)  =  |u^|  sgn(u^),  04*41,  we  stu¬ 
dy  the  equation  (1)  with  a  nonhontogeneous  condition  namely 

ux(0,t)=  g(t),  u(l,t)=  0  (2) 

Then  the  global  existence  and  uniqueness  of  the  initial  Bnd  boundary 

value  problem  (1),{2)  with  u^e  (o  )  and  u^6L^(P)  can  be  proved  by 
using  a  Volterra  nonlinear  integral  equation  and  the  monotonicity  ge¬ 
nerated  by  the  nonlinear  termfll  .  * 

Note  that  for  the  equation  of  the  form 

Utt  ~Au  =  .  (x,t)£]o,l[x]o,T[  (3) 

associated  to  Dirichlet  conditions  ,  a  theorem  on  local  existence  is 
proved^bjand  an  asymptotic  expansion  of  order  2  in  £  (  £>0)  is  obtai- 

A  p 

ned,  for  £  suf  f  iciently  small  and  f  £  C  (  [0  ,<X)[xlR  )  . 

The  linear  recursive  schemes  developoed  in[2]enables  us  to  use  a  per¬ 
turbation  technique  based  on  the  ideas  of  best  uniform  approximation 
by  polynomials,  which  considerably  extends  the  classical  T au  method 
of  Lanczos.  This  Tau  method  has  been  developped  by  0rtiz[5jand  com¬ 
putational  procedures  for  the  numerical  treatment  for  partial  diffe¬ 
rential  equations  with  polynomial  coefficients  have  been  discussed 
by  Ortiz  and  5amara[7j  .  Ortiz  and  Pham  Ngoc  Dinh[6]have  discussed  the 
numerical  solution  of  a  semi-linear  hyperbolic  problem  of  the  follo¬ 
wing  type 

utt  -  A  u  =  f ( t,u)  (4) 

and  sufficient  conditions  for  the  quadratic  convergence  are  given  in 
this  paper. By  using  this  best  approximation  technique  and  these  li¬ 
near  recursive  schemes  we  effectively  produce  numerical  solutions  of 
a  high  accuracy. 
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The  Cauchy  problem  in  three-dimensional  thermoelasticity 
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We  consider  the  Cauchy  problem  in  three-dimensional  nonlinear  thermoelaeticily 
for  a  medium  which  is  homogeneous  and  initially  isotropic.  The  governing 
equations  for  the  displacement  vector  U  and  the  temperature  difference  0 
represent  a  hyperbolic-parabolic  coupled  system.  The  .interesting  question 
which  arises  is  if  the  behaviour  will  be  dominated  by  llie  hyperbolic  part  - 
mainly  equations  for  U  plus  coupling  terms  -  or  by  the  parabolic  one  -  mainly 
an  equation  for  0  plus  coupling  terms.  In  the  case  of  pure  elasticity  one 
knows  that  there  exist  global  smooth  solutions  for  small  data  if  the 
nonlinearity  degenerates  up  to  order  2  (see  (4)  below)  (of.  IK)]).  In  the 
genuine  nonlinear  case  there  occurs  a  blow  up  for  sufficiently  small  radially 
symmetric  data  with  compact  support  (cf,  t.Jol.  This  raises  the  question  wether 
the  dissipation  effect  induced  by  the  internal  damping  through  heat  conduc 
t-ion  is  strong  enough  to  prevent  smooth  solutions  from  blowing  up  for  large 
data  or  at  least  for  small  data. 

For  a  one-dimensional  model  the  latter  is  true  as  was  shown  in  [Z&S1,  cf. 
also  the  similar  result  for  the  initial  boundary  value  problem  in  fSll.  For 
large  data  already  iri  one  dimension  a  blow  up  occurs  as  was  proved  in  [OS'lIl. 

The  one-dimensional  behaviour  is  dominated  by  the  heat  conduction  equa¬ 
tion  in  some  sense  which  elucidates  these  results,  e.g.  no  transversal  waves 
can  appear.  !r.  higher  dimension  the  behaviour  relics  on  conjectures  up  to 
now  which  stress  the  influence  of  the  hyperbolic  part. 

Our  contribution  in  this  lecture  will  be  to  demonstrate  that  global  smooth 
solutions  exist  for  small  data  if  the  nonlinearity  degenerates  up  to  order  2. 
The  method  of  proof  is  based  on  that  developed  by  S.  Klni  tier  man  and  G. 
Ponce  (cf.  [K&.P3,  [Pol,  similarly  by  J.  Shatah  fShl)  and  simultaneously  yields 
the  time-asymptotic  behaviour  and  the  scattering  behaviour  of  the  solution. 
More  precisely  wre  show  the  following: 

The  system  for  the  displacement  U  and  the  temperature  difference  reads  ns 
follows: 


am, 

at2 


..5.*-. 


l  Cim<7  11,0)  ^  ,  i-1 ,2,3 


(1) 


k 


(2)  a  (7  II, O'  ~  div  q(7  U,0,V  9)  +  tr({Cim(7  U ,  0  >  >  < ,  m  • 

(3)  U(t=0)  -  U°,  |y  ( t~0 )  =  l)\  0(  t=0)  =  0°  . 

with  known  roof Ticients  Cjm,  a,  f,  q  and  data  11°,  U’ ,  0°.  The  nonline 

arity  shall  degenerate  up  to  order  2  near  the  origin,  e.g. 

(4)  ICimjk(7  U,0>  -  Cimjk(0,0)|=  Of  17  Ul2  +  1 01 3 ) 

(and  similar  for  the  remaining  terms).  Then  we  prove  under  the  assumption 
(4): 


Theorem  :  Thorn  arc  integers  soi  s,,  s2  and  a  6  >  0  such*  that  if 


(smr ,  [A  .  0°  i  e  w  n°'an  w 


KtSinr,  !‘\  0°  +USDIP,  (A,  0° r  <  6  , 

r,n>  r.2,  9  /  % 

there  exists  a  unique  smooth  solution  ft/,0)  of  f  1),  (2),  (3)  with 

smr,  €  r,  n  o, -i ,  w*°~' ,2  n  q  ao,«',  h'r’°>2  )  , 
o  e  cx  no, -3 ,  w*0"2'2  I  n  a  no,-),  r50*2  >  , 


i<  smr,  v,  o  *,(  >i  -  (nr2')  =  nr  smr,  ^  u,  0)i«  , 


n  (smr,  ~r~,  Q)(t ,>« 

r  so  i  2 


0(1 )  as  t  -»  <• . 


(SOU  are  certain  combinations  of  first-order  derivatives  of  U).  Moreover  there 
is  a  solution  (U„,  0®)  of  the  associated  linear  problem  for  data  (U!i,  02) 

such  that  the  scattering  behaviour  is  described  by 


lim  II  (SDU,  B)(f>  -  (SOIL,  0®  Ut)l  -  0 

or  n  5 ,  .  6 

{*- TO» 

lim  U SDU,  jj,  B)(t)  -  (SOIL,  0®  U't. »l->0 


The  method  of  proof  is  the  following: 

1 .  A  suitable  transformation  to  a  first-order  system  is  given: 

Vt  +  AVt  =  F(V,7  V,  72V),  V(0)  =  V°,  where  -A,  being  a  differential  opera- 
tor  with  constant  coefficients,  generates  a  contraction  semigroup. 

(4)  will  imply: 

(5)  !F(W)I  =  OflWPl  near  the  origin. 
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2.  The  time  decay  of  the  associated  linear  problem  is  analyzed  and  it  is  pro 
vod  that 

'6)  «V(t)l!fl  „  £  const  (m)”!  •'  2'V  IV°«„  4  -  =  1  q  ?  2. 

'  ’  Np. p  q  p 

3.  A  local  existence  result  for  (l),  (21,  (3)  in  WB> 2  spaces  is  yielded  by 
S.  Kawnshima  tKnl  . 

4.  A  high  energy  estimate  of  the  type 

i 

(7)  «V(0»-.j2  £  const  ltV"'lSi  j-exp  /f  It  VB  =  +  lVt»2  •*  »7VB2  +  »72VB2i) 

O 

is  proved  sis  well  as 

5.  a  weighted  a  priori-estimate: 

sup  ( 1 »- 1  1  2 / ^  9V(tl(!  S  Mn  <  •  ,  M0  being  independent,  of  T,  foi 

0<t<T 

small  f  B  V°  B  .  *  «V°«  ). 

^2  .  */*  *in,  2 

6.  This  yields  an  a-priori-estimate  for  B V ( t ) I  and  thus  allows  to 

s0  >  2 

apply  the  usual  eontinution  argument. 

The  procedure  indicated  above  has  been  developed  and  succesfully 
applied  by  S.  Klainertnan  and  G.  Ponce  (cf.  1K&P]  ,  [Pol,  similarly  in  (Shi) 
e.g.  for  nonlinear  wave  equations,  nonlinear  heat  equations,  nonlinear 
Schrddinger  equations  or  the  equations  of  compressible  viscous  and 
heat-conductive  fluids.  This  works  whenever  one  has  sufficiently  strong 
estimates  in  1.  and  2.  -  especially  a  semigroup  structure  of  the  solutions 
of  the  linear  problems  -  and  of  course  a  local  existence  theorem. 

The  lecture  is  organized  as  follows:  In  section  1  we  give  a  short 
derivation  of  the  equations,  section  2  presents  the  formulation  as  a 
first-order  system  (which  is  in  some  sense  crucial),  section  3  presents 
the  main  theorems.  In  section  4  the  time-decay  of  the  associated  linear 
problem  is  analyzed  and  in  section  5  we  prove  the  main  theorems. 
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ON  THE  POSSDHUTT  AND  THE  STRUCTURE  OP  OSCILLATING 
SOLUTIONS  TO  SOME  NONLINEAR  SYSTEMS  OF  CONSERVATION  LAWS. 


Michel  RASCLE 
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We  study  the  structure  of  the  Young's  measure  associated  to  a 
sequence  of  approximate  solutions  to  some  2x2  hyperbolic  systems  of 
conservation  laws.This  family  of  probability  measures, which  depend  on  x.t 
describes  the  possible  oscillations  which  can  (or  can't)  propagate. We  show 
that  oscillations  can't  propagate  except  if  the  system  is  linearly 
degenerate.and  that  even  in  this  case.no  oscillation  can  develop  if  ft  was 
not  present  in  the  initial  data.This  study  usestand  is  in  the  spirit 
of  previous  results  of  R.DI  PERNA,M.RA5CI_E,D.  5ERRE  AND  L.T  ART  AR. 
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A  NUMERICAL  SCHEME  FOR  COMPUTING  HYPERSONIC 
VISCOUS  FLOWS  ON  UNSTRUCTURED  MESHES. 
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Computing  hypersonic  viscous  flows  requires  both  oscillation-free, for  strong  shock-capturing,and  accu¬ 
rate, for  boundary  layer  representation, approximation  of  the  Navier  Stokes  equations.The  use  of  second  order 
upwind  schemes  for  the  convective  part, combined  with  centerly  discretized  diffusive  terms, seem  to  be  a  good 
approach, although  added  visosity  must  be  carefully  controlled.  In  a  recent  paper, Van  Leer  et  al  [1]  showed 
the  influence  of  the  choice  of  the  numerical  flux  formula  on  the  added  diffusion. 

We  derive  here  an  extension  of  an  existing  code  for  inviseid  gas, based  on  approximate  Riemann  solvers 
on  unstructured  meshes  (see  [2]), to  the  case  of  viscous  fluids.We  analyse  the  slope  limiting  procedure  in 
terms  of  added  viscosity,  our  goal  beeing  to  take  into  account  in  its  definition  the  physical  diffusion. 

1  Spatial  Approximation 

Our  scheme  relies  on  a  finite  volume  formulation, using  unstructured  triangular  (tetrahedral)  meshes. Wc 
upwind  the  convection  terms  through  Osher’s  Riemann  solver  (see[3]), extended  to  second  order  by  a  MUSCL 
type  method  (see[4]  for  the  MUSCL  method, [2]  for  its  extension  to  unstructured  meshes). We  give  the  for¬ 
mulation  in  two  dimensions  for  simplicity.  The  adimensionalized  Navier-Stokes  equations  are  : 

~  +  div(pu)  =  0  (1) 

+  div(pu  <g>  u)  +  VP  =  ^div(D(u))  (2) 

+  div({E  +  P)u)  =  ±(div(u(D(u))  +  T)  (3) 

where:  p  is  the  density,  u  €  R1  is  the  speed  ,  E  is  the  total  energy  ,  D[u)  =  Vu  +  Vti'  -  |V.u  I  ,  T  = 
is  the  internal  energy,  P  =  (7—  1  )pT  is  the  pressure  ,  Re  is  the  Reynolds  number  ,  Pr  is  the  Prandtl 

number  , 

with  boundary  conditions:  on  a  wall 


u  =  0  ,  T  =  Twal,  (4) 

at  infinity  : 

u  =  {cosa,  sina)  ,  p=  1  ,  T  =  —  (5) 

where  M,  is  the  free  stream  mach  number  and  a  the  angle  of  at  tack  . 

In  fact,  we  enforce  the  four  boundary  conditions  (5)  at  the  inflow, but  only  three  of  them  at  the  outflow 
in  the  supersonic  case. 

We  denote  by  Fe  the  convection  flux.byF^  the  diffusion  flux^o  that  the  Navier  Stokes  equations  are: 

+  div(F'(W))  +  div(Fdl  W))  =  0  (6) 

at 

where  W  is  the  vector  of  the  conservation  variables. 

We  take  a  piecewise  linear  (PI)  approximation  of  the  conservation  variables, and  use  control  volumes 
(cells)  limited  by  the  medians  of  the  triangles. 
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example  of  the  unstructured  meshes  used  definition  of  the  geometrical  quantities 

For  every  vertex  Si,  we  define  the  cell  C,-  surrounding  it,  <9C,  its  boundary,  K(i)  the  set  of  the  neighboring 
nodes,  Vi  the  outward  unit  normal  to  dC,  ;  for  jg  K(i),we  define  Ty  and  Tji  the  downstream  and  upstream 
triangles  of  Si  Sy,  SSy  the  segment  of  3C,  separating  Si  from  Sy ,  dS'j  its  right  half,  dS'j  its  left  half,  M,r  the 
middle  of  dS^ ,  Mjj  the  middle  of  dSy,  fy  the  set  of  triangles  containing  both  S,  and  Sj  ,  F,ej(W),  Fidr(W), 
Fff(W)  by 


F^W)  =  F'{W).  /  vidl  ,  Fff{W)  =  Fd(W).  /  i >idl  ,  FfUW)  =  Fd{W).  /  v.-rff 

J8Sii  J»s:>  Jas j, 


tVy  and  IPy  by 


Wy  =  Wt  +  J((l  -  <)VijW  +  (1  +  K)VW).SiSj 
Wji  =  Wj  -  ^-((1  -  ic)Vy,^  +  (1  +  «)VW0.S,Sy 

where  VyW  and  VyitV  are  the  gradients  of  W  on  7y  and  7),-  while  VW  is  the  gradient  on  the  triangles 
containing  both  5,-  and  Sy,  /c  g  (— 1,  l],s,-  and  3y  are  the  slope  limiters, s  6  [0, 1],  *,■  (resp.sy)  is  a  decreasing 
function  of  |Vy  W  -  VW\,  (resp.|V^  W  -  VW|). 

Osher’s  flux  is  defined  by: 


*°2HBR(U,V)  =  +  _  i  f  \F<(W)\d\V 

**  2  JJu 

The  finite  volume  formulation  is: 

dW- 

Arta(Ci)—Q~~  +  Ey€K(.)*?|HEfl(Wy ,  tVy<)  +  ^K{i){F^{W(M\j))  +  f*r(W(M£)))  =  0 


(?) 

(8) 


2  Relation  with  Finite  Elements  and  error  analysis 

To  examine  what  numerical  viscosity  is  produced, we  apply  this  discretization  to  a  linear  advection 
diffusion  equation: 

dW  dW  dW 

+  =  0  (9) 


dt 


dx 


+  boundary  and  initial  conditions. 

It  is  easy  to  check  that  that  a  centered  Unite  volume  scheme, namely  the  preceeding  formulation  with 
k=1  and  8=1, is  strictly  equivalent  to  the  PI  centered  Galerkin  approximation, which  is  well  known  to  be 
second  order  accurate  for  this  parabolic  equation.So  we  can  symbolically  write  our  scheme  as: 


F.V.  =  F.E.M.  +  R 


264 


with: 


r  =  EicJC(,)in$(iT^.i(y«iir  -  VW)  +  l L-lvwySiS, 

+no(^5>(vjiw  -  vw)  +  H-zlvvnSiSi]  (io) 

with  n y  =  (faSi.  vudl)  A  +  (f0Si.  Viydl)  B 

and  Il£  =  n~  =  -QudlLii 

We  analyze  this  remaining  term,  to  isolate  the  added  viscosity  as  a  function  of  the  slope  limiters, and 
consequently  to  chose  the  most  adapted  limiting  procedure, in  a  way  similar  to  that  defined  by  Hughes  and 
Mallet  in  [5]. 

3  Time  discretization 

A  classical  Fourrier  analysis  on  the  linear  equation  (9)  shows  that  the  stability  of  an  explicit  scheme 
requires  that  At  <  ,  a  beeing  a  constant  lower  than  l.This  condition  can  be  very  restrictive  for 

fine  meshes. 

For  this  reason, we  introduce  an  implicit  linearized  algorithm, defined  in  [2]  for  the  inviscid  case, and 
extended  here  to  the  Navier  Stokes  equations.  If  R  is  the  discrete  non  linear  operator  associated  to  the 
steady  Navier  Stokes  equation, and  M  an  approximate  jacobian  of  R,the  scheme  is: 

(/  +  A tM)(W”+x  -  W*n)  =  -  A tR(WJ!)  (11) 


4  Numerical  results 

We  first  compare  our  scheme  with  a  centered  Galerkin  like  code  with  no  artificial  viscosity  [6],  on  a 
weakly  transonic  flow  over  a  Naca  0012  airfoil  (Mach  =  0  85  ,  Re  =  500).The  use  of  the  implicit  scheme 
divides  the  needed  cpu  time  by  more  than  8  on  an  IBM  3090.We  present  the  comparison  of  the  skin  friction 
and  drag  coefficients. 


centered  F.E.M.  code  :  CD  =  0.214 


MM  • 
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Flow  over  a  cylinder  :  Mach  =  8  ,  Re  =  1000. 


Iso  Mach  lines  density  on  the  body 

Flow  over  an  ellipse  :  Mach  =  20  ,  Re  =  1000. 


Pressure  contours 
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The  incompressible  viscous  fluid  flows  are  described  by  solutions  of  the  Navier-Stokes  equa¬ 
tions,  and  the  incompressible  inviscid  fluid  flows  by  solutions  of  the  Euler  equations.  The  both 
systems  of  equations  are  not  of  a  hyperbolic  type.  Nevertheless  these  models  are  used  to  describe 
approximately  the  poorly  compressible  “inviscid”  fluid  or  gas  flows. 

In  this  report  a  new  numerical  technique  is  considered  for  integrating  some  boundary  value 
problems  involving  the  Navier-Stokes  equations  and  suitable  for  simulating  the  3D  nonstationary 
incompressible  low-viscosity  fluid  flows  (including  turbulent)  flows.  For  correct  simulation  of 
turbulent  flows  the  technique  used  must  satisfy  the  following  very  stringent  requirements: 

(a)  the  solutions  allowed  by  the  numerical  algorithms  must  describe  sufficiently  accurately 
the  time  evolution  of  small  perturbations  of  stationary  flow  regimes  (stationary  flows, 
pulsating  flows,  etc.); 

(b)  the  algorithms  must  have  the  conservati"eness  property:  the  allowed  solutions  must 
satisfy  the  discrete  analogs  of  the  mass,  impulse  and  energy  conservation  laws. 

The  computation  experience  shows  that  unsatisfaction  of  conditions  (a)  and  (b)  may  lead  to 
the  abrupt  growth  of  solutions  and  overfilling  of  the  CPU  or  to  incorrect  simulation  of  turbulence. 

The  numerical  technique  was  constructed  for  simulating  the  fluid  flows  in  an  infinite  plane 
channel  K  =  {(x,y,z)  :  (x.y)  €  It2,!*!  <  1}  with  fixed  walls  -  the  planes  z  =  ±1. 

The  Galerkin  method  and  trigonometrical  polynomials  are  used  for  a  spatial  discretization 
of  the  problem  with  respect  to  the  variables  x,y  (the  flow  velocity  field  is  approximated  by  the 
functions  with  a  finite  number  of  degrees  of  freedom).  The  collocation  method  and  the  Jacobi 
polynomials  are  used  for  the  problem  discretization  with  respect  to  the  variable  z. 

For  the  time  discretization  the  implicit  second  order  Crank-Nicolson  type  scheme  is  em¬ 
ployed.  It  was  shown  that  the  integration  scheme  obtained  in  the  linear  approximation  is  abso¬ 
lutely  stable  and  the  discrete  analogs  of  the  nonlinear  conservation  laws  are  satisfied.  From  the 
energy  conservation  law  analog  it  follows  that  the  scheme  has  the  so  called  “nonlinear  stability” 
property. 

The  technique  described  was  used  to  carry  out  a  considerable  number  of  computations  of 
2D  and  3D  laminar  and  turbulent  flows.  The  turbulent  Poiseuille  flows,  the  pulsating  turbulent 
flows  and  the  Couette  flows  in  a  plane  channel  were  simulated.  The  computations  showed  a  high 
efficiency  and  reliability  of  the  technique  proposed. 

The  results  and  the  scheme  properties  are  discussed,  and  the  possibilities  of  using  the 
technique  for  computations  of  compressible  media,  both  viscous  and  inviscid  are  considered. 
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In  our  algorithm  the  approximate  fluid  velocity  V(t,x,y,z)  is  represented  in  the  form 

M  N  Q 

V(t,x,y,z)  =  (1  -  z)2  X  X  X*«.  q(t)  ■  Py'^(z)exp{ima0x  +  tn/?0y}  , 

m=—  M  n=  — N  q= 0 

where  V-m,_n ,7(t)  are  complex-conjugate  to  Vmnq(t)  and  Pq1,l\z)  are  Jacobi’s  polynomials. 
This  representation  is  used  for  spatial  discretization  of  the  problem. 

The  numerical  scheme  for  time  advancement  of  the  Crank-Nicolson  type  is 

(V>+!  _  Vj)/r  =  —  VpJ+1/2  +  uAVi+1/ 2  +  F(Vi+l I2) , 
where  Vj+1'2  =  0.5  •  (Vj+1  +  Vj) ,  jp+l'2  =  0.5  •  (pj+1  +  jP) , 

Vs  =  V(jr,x,y,z)  and  F(V)  =  -(VV)V 

are  the  nonlinear  terms  of  the  Navier-Stokes  eqns.  This  implicit  scheme  is  solved  by  iteration 
method. 
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Consider  the  hyperbolic  system 

(1)  u,  4-  (F(u)]*  =  0,  u  =  {u,,t/2,...,Mr}r,  F(u)  =  {Fj,F2, . . . ,  Fr}7 
where  vector-function  F(u)  is  such  that  the  system  of  equations 

(2)  F(u)  -  Du  =  F(t/.(1))  -  Du{1) 

lias  for  vector  u  besides  u  =  i/(l)  one  and  only  one  other  solution  tt  =  if 

ip 

Dot  {F(..)-0  ,,  F(n)  m  j-,  £={*.%„ 

For  (1)  we  consider  the  difference  scheme  on  a  floating  grid  with  steps  A.r  =  h  and  A t  =  r, 
/,■  =  r/h 

»;:+l  -  «;  -  |  [f«+J  -  f«_a)]  +  -  <y;_h/2 

(3)  «x  =  «’V).  K+k/2  =  ^  (^x  +  ft/'i)  (»'"+/.  -  <)  /2 

<tx  +  /i/2  k  F  (W/pi/2)  Ur+h/2  ~  {^T  +  l>  ~L 

Let  t/_,u  +  and  1)  satisfy  the  Ilugoniot  conditions 

F(?/  +  )  —  F(u~)  =  Z2(u+  —  «~),  k  D  =  6 

A  discrete  stationary  shock  wave  DSW  is  the  vector-function  which  satisfies  the  equations: 

~Vi  ~  ^  (?’x+/.)  “  +  ^x  +  ft/2  -  fit  —  h /'l 

(4)  <l’r.+h/i  =  ii  {*x  +  h/ 2)  O'x  +  ft  -  V*)  /2 

^x  +  Z./Z  =  «  F'  (ur+/,/2) 

and  the  boundary  conditions 

(5)  lini  v*  =  u* 

x— >±00 
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The  problem  is  to  find  the  function  vz  and  study  its  properties.  In  this  communication  the 
solution  of  this  problem  is  considered  for  a  rational  value  6  =  p/q  and  some  special  vector- 
function  F(u). 

Assuming  without  loss  of  generality  h  =  q  we  fix  a  certain  value  of  x  =  *o-  Then  the  points 
xj  =  xo  -f  l  where  l  is  any  integer,  form  a  grid,  and  vl0+i  are  values  of  a  grid  function  u> j(xo) 
on  this  grid.  We  obtain  for  tu/(xo)  the  system  of  an  infinite  number  of  nonlinear  difference 
equations: 

K  4 

.  .  wi-r  =  wi  -  r  (F(u>i+f)  -  F(w/_,)]  +  <£/+,/2  -  <t>i-q/2 

(6)  ^ 

4>l+q/ 2  =  ^  (fff-H/2)  (•"!+«  “  «»l)  / 2 

If  (4)  has  a  continuous  solution  on  the  interval  (—00,  +00)  then  (6)  should  have  an  one-parameter 
family  of  solutions  u>((z0)  such  that  W/(xo  +  1)  =  ti’j+i(xo)-  The  existence  of  the  solution  of  (G) 
is  proved  for  the  scalar  equation  (l)  and  for  the  monotonic  scheme  [l].  Numerical  experiments 
show  that  in  scalar  case  system  (6)  has  a  solution  for  a  nonmonotonic  scheme  too.  In  this  case 
the  grid  function  toj  is  also  nonmonotonic.  It  proves  that  for  a  special  function  F(w)  system 
(6)  is  equivalent  to  a  nonlinear  system  with  a  finite  number  of  unknowns  and  for  that  system 
the  direct  method  of  solution  may  be  shown  applicable  to  both  monotonic  and  nonmonotonic 
schemes. 

Consider  the  scalar  equation  (l)  and  determine  F(w)  as 
g~w  +  f~  |u>  — 

F(iv)  =  <  G(w)  {|te  —  w~\>£i  A  |u>  —  tD+ 1  >  £/j} 

k  (/+w  +  /+  |w  -  1  <  en 

where  ei,  en  are  some  small  numbers. 

By  assuming  the  existence  of  u>j  satisfying  (G)  and  the  boundary  conditions  at  ±00,  we 
obtain  that  there  exist  li ,  and  In  such  that  )»>/  —  in~  j  <  £/,  for  l  <  1 1,  | w/  —  u>+|  <  en  for  /  >  In- 
Then  for  l  <  li  -  q  and  l  >  In  +  <1  we  have,  respectively, 

uq-p  =  a±t(’j+?  +  b^wi  +  c±u>(_|, 

~  a*  —  (tr*  -  (7±)/2,  b±  =  l~w±,  c*  =  (to*  +  o±)/2 

where  to*  =  <7*  =  kj*.  The  sign  -  stands  for  l  <  li  —  q  and  the  sign  +  for  l>  ln  +  <1- 

A  general  solution  of  (7)  may  be  written  in  the  form 


wt  =  ]£• Ak  Ufc)*  +  tt,d 


where  are  roots  of  the  equations 

(9)  =  a±ei  +  b±C  +  c* 

For  the  simplicity  of  presentation  only  we  suppose  that  a*  /  0  and  c*  ^  0.  Only  the 
satiesfying  the  conditions  |£*  |  <  1,  |  >  1  should  be  included  in  (S). 


Analysing  equation  (9)  and  applying  the  Kreiss  theorem  [2]  enable  ns  to  find  that  there  are 
exactly  q  —  p  =  K  roots  of  |  <  1  and  exactly  q  +  p  =  K~  roots  of  [  >  1. 

Now  we  consider  the  equations  of  system  (G)  for  l  from  //.  —  q  -4  1  to  l/i  +  q  —  1  ,  and 
call  this  set  of  <quntions  the  system  So-  We  add  to  So  equations  (9)  namely  the  S+  with  the 
sign  —  fin-  //,  —  2 q  4  1  <  l  <  //,  and  the  S_  with  +  for  In  <  /  <  In  -|-  2q  —  1.  Wc  obtain  a 
system  S  of  In  —  //  4  2q  --  1  equations  for  the  same  number  of  unknowns  +  ,  »e/H_  | , 

A,  ,...,. lfl  +  p,  A*  .  A  direct  check  shows  that  these  equations  are  dependent  and 

have  an  one- parametric  set  of  solutions,  as  it  should  he. 

A  specific  character  of  the  system  S  allows  rather  simple  algorithms  for  its  solution  providing 
high  accuracy.  A  particularly  simple  algorithm  may  be  obtained  if  q  —  p  —  1.  In  this  case  there 
is  only  one  root  and  the  coefficient  A~[  may  he  taken  as  a  parameter.  By  givipg  it  wc  may 
successively  calculate  from  l  ight  to  left  all  by  using  equations  (G),  and  then  calculate  A ^ 
from  (S). 

In  a  general  case  the  quantity  o„,  determining  ’the  middle  point.’  of  the  profile  may  be  taken 
as  a  parameter  [l]. 

Let  oa(/|,/2)  =  £iL;,(A  4  lq  4-  q/ 2)(wx+,q+q  -  wx+tq).  Then  r*A  =  aA(-oo,oo),  A  = 
1, 2, . . .  ,q.  It  has  been  proved  [3]  that  for  the  stationary  solution  the  «A  does  not  depend  on  A. 
It  is  easy  to  found  that 

(10)  =  +  ><!>*) 

k  k 

The  solution  of  system  S  for  given  rv,„  could  be  found  using  the  following  iterative  process. 

1)  Let  the  value  of  w i  at  iteration  j  be  tvj,  //,  —  2q  4-  1  <  /  <  In  +  2q  —  1; 

2)  »C(  +  I  for  those  l  is  computed  using  the  difference  scheme  (3); 

3)  the  predicted  .4^  are  determined  solving  equations  (S); 

4)  the  value  of  coefficients  A f  are  corrected  using  (10)  for  the,  given  value  of  and  some 

fixed  A. 

It  could  be  shown  that  for  non-monotonie  scheme  the  solution  of  (4),  (5)  is  not  unique  and 
(4),  (5)  have  an  infinite  number  of  solutions.  But  numerical  experiment  shows  that  only  one  of 
them  is  stable  with  respect  to  iterative  process  which  always  converge  to  this  solution. 

The  structure  of  the  DSW  for  hyperbolic  system  is  much  more  complicated.  Instead  of  one 
expiation  (9)  we  have  of  them  for  all  characteristics  of  equation  ( 1 ).  By  means  of  the  modified 
Kreiss  theorem  it.  is  proved  that  the  full  number  of  roots  of  (9)  is  not,  2qr  but  2 qr  —  ( r  —  1).  The 
full  number  of  equations  in  system  S  is  r{ln  —  h,  +  2q  —  1}  and  the  full  number  of  unknowns 
i<’j  and  coefficients  .4^  is  r{ln  —  II  4-  2q  —  1}  —  (r  —  1).  The  missing  (?’  —  1)  parameters  arise 
from  relative  differences  (\WJ  —  i.,j  =  l,...,r,  which  correspond  to  the  relative  shifts  of 
the  profiles  for  different  components  of  uq. 

Analysis  of  the  roots  f  *  for  hyperbolic  system  shows  that  for  all  schemes  (including  ’mono¬ 
tonic’  ones)  the  components  of  u>  are  asymptotically  (as  x  — >  ±oo)  non  monotonic. 
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On  Nonstationary  Shock  Wave  Generation  in  Droplet-Vapour  Mixtures 
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If  a  piston  is  accelerated  into  a  tube  filled  with  gas,  shock  waves 
will  be  generated.  A  mixture  of  droplets  and  their  own  vapour  will 
show  the  same  behaviour,  if  the  fraction  of  the  liquid  phasq  is 
small.  But  when  the  fraction  of  the  droplets  becomes  greater,  a 
significant  shock  damping  may  occur. 

The  process  has  been  investigated  numerically  by  a  method  of  cha¬ 
racteristics,  simultaneously  taking  into  account  mass-  momentum-, 
and  energy  transfer  between  the  phases.  The  system  consists  of 
seven  differential  equations,  describing  the  conservation , of  mass, 
nomentum,  energy  and  particle  number.  The  contribution  of  the  drop¬ 
let's  volume  to  the  pressure  terms  is  included.  The  interfacial 
pressure  forces  between  the  droplets  and  vapour  are  considered  using 
the  detailed  description  of  Stuhmiller  /I/.  By  additionally  including 
particle-particle  interaction,  the  set  of  equations  shows  real 
eigenvalues  in  a  local  linear  stability  analysis,  according  to 
Ramshaw  and  Trapp  /2/. 

The  whole  description  uses  dimensionless  variables,  normalized  to 
the  critical  point  and  a  generalized  fluid  model,  /itted  to  a  large 
class  of  substances  by  means  of  corresponding  states  arguments.  The 
results  presented  here  are  for  1^0  with  an  upstream  state  of 
TQ  =  293  K,  pQ  =  20  mbar . 

The  piston  is  driven  with  a  constant  acceleration  and  then  remains 
at  constant  velocity.  The  time  of  acceleration  is  40  ps,  which 
leads  to  shock  formation  times  within  up  tc  100  jis  for  the  example 
chosen,  which  compares  to  the  value  for  pure  gases  (Oertel  / 3 / ) . 

As  an  example,  the  following  figures  show  results  for  a  final 
piston  velocity  of  1.9  c  ,  where  cQ  ist  the  velocity  of  sound 
in  the  upstream  vapour  phase. 


10=  293.9IC  phi0=0.9S  HatKM.900 
10=  293. 91!  pht0=0.3S  Ho(l!l  =  l.900 
10=  293.91!  pKi0=0. 15  Mo  ( K I  =  1 . 900 


Shock  Mach  number  in  dependence  on  time  for  three  values 
of  the  initial  vapour  mass  fraction. 
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Fig .  3 :  Profiles  of  the  quantity  1-ps/p,  which  indicates  the 

direction  of  the  mass  transfer  (positve:  condensation, 

negative:  vaporization,  p  :  gas  pressure,  p  :  saturation 

s 

pressure  of  the  droplets) .  . 


Above  an  initial  vapour  mass  fraction  of  0.15,  shock  wave  generation 
is  not  influenced  by  the  liquid  phase  (Fig ♦ 1 ) .  Up  to  about  100  jis, 
shock  wave  propagation  is  the  same  as  in  a  pure  gas.  Then  the  shock 
velocity  decreases  with  decreasing  vapour  mass  fraction.  As  the 
velocity  of  the  driving  piston  is  reduced,  the  shock  wave  propagation 
is  Influenced  at  earlier  times.  The  decrease  of  the  shock  Mach  number 
is  also  known  for  solid  particle-gas  mixtures  (Sommer f eld  / 4 / ) .  For 
larger  times,  the  gas  temperature  profiles  become  similar  to 
stationary  profiles  (Fig .  2 ) .  For  t  =  1  ms,  it  first  rises  in  the 
shock  front  and  then  increases  smoothly  in  the  relaxation  zone  due 
to  the  droplet-vapour  frictional  dissipation.  At  the  piston  it  is 
limited  by  an  isentropic  boundary  condition.  Within  the  first  20  cm 
of  the  relaxation  zone,  the  droplet  temperature  rises  by  condensation 
and  related  release  of  latent  heat.  Afterwards  it  increases  by  heat 
conduction  alone  (the  location  of  condensation  and  evaporation  regions 
k  is  shown  in  Fig .  3 ) .  Fig .  4  shows  that  the  velocity  relaxation  occurs 

in  the  same  region. 
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Fig.  4 ;  Velocity  profiles  at  different  times  (  —  vapour, 

-  droplets) . 

The  two-phase  shock  problem  with  mass  exchange  has  been  treated 
previously  by  Marble  /5/  using  a  stationary  approach.  His  main 
results  were,  that  the  fastest  process  behind  the  shock  front  is 
condensation,  followed  by  droplet  acceleration  and  subsequent 
heating  by  conduction  with  evaporation  being  the  slowest  process. 
The  present  investigation  shows  that  this  type  of  wave  is  generated 
after  some  time.  Furthermore  it  is  an  example  for  the  simultaneous 
treatment  of  nonstationary  and  nonequilibrium  processed  in  fluids. 
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/A/  M.  Sommerfeld,  Experiments  in  Fluids  3,  197  (1985). 

/5/  F.E.  Marble,  Astronautica  Acta  1 4 ,  585  (1969). 
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Combustion  phenomena  occurring  in  jet  propul sion'  systems , 
particularly  in  closed  combustion  chambers  and  afterburners  are 
known  to  be  associated  with  self-excited  nonlinear  oscillations. 

A  particularly  intimate  coupling  between  the  heat  released  by 
chemical  reactions  and  the  created  pressure  waves  occurs  for  de- 
tonative  combustion.  The  most  important  dynamic  detonation-para¬ 
meter  constitutes  the  cel  1-size  of  a  detonation  limit-cycle.  The 
detonation  cell-size  indicates  the  sensitivity  of  a  reactive  mix¬ 
ture  to  undergo  a  transition  from  a  high-speed  deflagration  to  a  • 
shock- induced  detonation. 

It  was  shown  by  St.  Schoffel  and  F.  Ebert  in  / 1 /  by  compari¬ 
son  of  characteristic  time-  and  length-scales  that  a  hyperbolic 
mathematical  model  which  ignores  dissipative  transport  processes 
is  appropriate  in  order  to  describe  the  cellular,  dynamic  detona¬ 
tion  structure.  The  detonation-dynamics  may  therefore  be  described 
by  the  gasdynamic  EULER  -  equations  together  with  balance-equations 
for  the  exothermic  chemical  reaction-kinetics. 

In  the  last  few  years  a  wealth  of  papers  were  devoted  to  con¬ 
struction  principles  of  monotonous,  non-oscil latory,  entropy-satis¬ 
fying  numerical  methods  for  solving  nonlinear  hyperbolic  conserva¬ 
tion  laws.  One  class  of  this  methods  are  the  high-rcsolution  sche¬ 
mes  presented  first  by  A.  Hnrten,  which  possess  the  so-called  Total- 
Variation-Diminishing  (TVD)  property.  Without  additional  remedies 
the  nonlinear  flux-limiters  of  these  schemes  are  usually  not  able 
to  prevent  instabilities  in  the  linearly  degenerated  field.  There¬ 
fore  contact-discontinuities  or  flame-fronts  cannot  be  resolved  ac¬ 
curately.  Moreover  symmetric  TVD  -  schemes  are  in  contrast  to  upwind- 
oriented  methods  unstable  at  flow  stagnation  points  or  sonic  points. 

The  development  of  the  cellular  detonation-structure  from  a 
steady  ZELDOVICH  -  D5RING  -  V. NEUMANN  equilibrium  structure  is  accor¬ 
ding  to  / 1 /  an  ill-posed  problem,  since  the  transverse  wave-structure 
does  not  depend  continuously  on  the  initial  ZDN  -  data.  K.W.  Morton 
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&  R.D.  Richtmyer  mention  in  / 2 / ,  p.59  that  any  ill-posed 
i ni tia l-valuc  problem  can  only  be  solved  by  an  unstable  dif¬ 
ference-scheme,  which  is  consistent  with  the  conservation  law. 

Fig.l  -  3  shows  three-dimensional  pressure  distributions  and 
corresponding  contour-plots  as  computational  results  of  a  nu¬ 
merical  simulation  of  a  dynamic  detonation-process  in  a  shock- 
fixed,  GALILEI  -  transformed  frame  of  reference.  The  numeri¬ 
cal  scheme  applied  is  a  symmetric  two-step  LAX  -  WENDROFF  -  me¬ 
thod,  whose  flux  is  modified  in  order  to  achieve  the  TVD  -  pro¬ 
perty.  This  scheme  proves  to  be  unstable  because  of  sonic  flow 
in  the  Chapman- Jouguet  plane  at  the  end  of  the  reaction-zone. 

In  contrast  to  all  previous  numerical  studies  of  the  cellular  de¬ 
tonation  -  structure  in  a  laboratory  frame  of  reference  the  author 
of  this  abstract  got  a  spontaneous  development  of  a  transverse 
wave-s trucure  in  a  shock-oriented  coordinate  system  without  per¬ 
turbing  the  global  reaction  progress. 

The  cell-sizes  obtained  from  my  numerical  calculation  compa¬ 
re  nicely  with  the  values  obtained  from  soot-tracks  in  Strehlow's 
experiments  (see  / 1 /  and  / 3 /  for  further  reference) . 

In  fig.  1-3  the  condition  of  nonlinear  resonance  between  the 
heat-release  due  to  chemical  reactions  and  the  transverse  pressure- 
modes  is  fulfilled.  The  number  of  modes  in  figure  1-3  is  equal  to 
2.5  for  a  channel-width  of  24  induction-reaction  lengths. 

In  contrast  fig. 4  shows  a  more  irregular  pressui  listribution 
for  a  channel-width  of  34  induction-reaction  lengths.  In  this  case 
the  mode-number  is  not  unique  and  changes  in  the  course  of  a  number 
of  detonation-cycles  between  mode  4  and  mode  4.5.  By  holding  all 
system-parameters  as  constant  the  author  could  also  show  that,  for 
certain  channel-widths  a  chaotic  pressure  distribution  developes. 

In  the  latter  case  no  resonance  could  be  obtained. 

C one 1  us  ions : 

Explosion  and  detonation  phenomena  can  be  modelled  adequately  by 
non-s trict  hyperbolic  conservation  laws.  The  consideration  of 
reaction-chemistry  results  in  nonlinear  source-terms  appearing  in 
the  balance-equations.  T.-P.  LIU  mentioned  already  in  / 4/  (1982) 
that  instabilities  and  resonance-phenomena  appear,  if  the  propa- 


2  7  7 


s 


gation  velocity  of  the  source  corresponds  with  one  of  the  Ei¬ 
gen  -  values  of  the  JACOBIAN,  of  an  hyperbolic  system. 

For  a  dynamic  detonation-process  the  present  author  applied  the 
ideas  of  LIU  in  order  to  derive  criteria  for  the  occurrence  of 
nonlinear  resonance  phenomena. 
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Electromagnetism  is  described  by  means  of  four  vector  fields  E,  D  (electric  field  and 
induction)  and  B,  H  (magnetic  field  and  induction).  Two  universal  laws  link  them,  trough  partial 
differential  equations 

Bt  +  curl  E  =  0,  Dt  -  curl  H  =  0.  ( 1 ) 

For  this  system  to  be  closed,  one  needs  a  so  called  state  law,  consisting  on  six  relations. 
These  shall  depends  on  the  material  inside  which  the  phenomena  are  studied.  In  the  vacuum,  these 
are  B  =  p0H,  D  =  e0E.  Such  linear  laws  are  rather  general  and  are  usually  admitted  in  the  most  of 
materials.  But  extreme  ranges  may  involve  nonlinear  relations,  as  in  ferromagnetic  materials,  or  in 
plasma  physics. 

Colleman  and  Dill  1  have  given  a  general  settling,  which  unify  the  both  cases,  trough  the 
equalities 

Ej  =  aw/9Dj,  Hj  =  9W/3Bj.  (2) 

The  function  W(B,  D)  is  the  electromagnetic  energy  density.  It  is  required  to  be  a  strictly 
convex  function,  which  ensures  that  the  Maxwell’s  system  is  of  hyperbolic  type.  Moreover  one 
recovers  the  Poynting’s  theorem,  namely  the  conservation  law  for  energy: 

Wt  +  curl  E  a  H  =  0.  (3) 

Actually,  there  are  some  important  differences  with  the  usual  linear  isotropic  case.  Firstable, 
the  speed  of  propagation  is  no  longer  unique,  nor  constant.  One  cannot  speak  about  the  ligtli  speed. 
Secondly,  as  in  gas  dynamics  or  elasticity,  shocks  may  develop  even  for  analytical  data.  Thus  the 
nonlinear  system  of  Maxwell’s  equations  lies  in  a  class  for  which  we  do  not  know  any  global 
existence  theorem. 

Nevertheless,  one  can  study  an  important  simplified  problem:  the  propagation  of  plane 
waves.  The  fields  B  and  D  will  depend  only  on  one  space  variable,  and  two  of  them  six 
components  will  vanish.  For  such  solutions,  the  problem  reduces  to  four  one-dimensionnal 
conservation  laws.  Our  main  result  is  that  for  any  bounded  measurable  initial  data,  there  exists  a 
bounded  solution,  globaly  in  time.  Actually,  it  will  not  satisfy  (3),  but  the  entropy  inequality 

Wt  +  curl  EaHSO.  (4) 
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This  theorem  is  submitted  to  fairly  reasonnable  hypotheses:  the  energy  W  is  assumed  to 
depend  on  r  =  {B.B  +  D.D}  1/2,  as  in  the  linear  isotropic  case,  and  to  satisfy  some  differential 
inequalities.  Among  the  convenient  state  laws,  one  find  the  simplest  ones: 

W(r)  =  rk,  k  >  2. 

The  plan  of  the  proof  is  as  follow.  Firstable,  the  system  of  four  equation  splits  into  a  2x2 
system  and  two  transport  equations.  The  first  one  is  solved  using  positively  invariant  regions  of  the 
phase  plane2  and  the  compensated  compactness  theory3>4.Each  of  these  both  steps  needs  an 
aforementioned  differential  inequality.  Secondly,  one  write  the  transport  equations  as  infinite  sets 
of  compatible  conservation  laws.  This  allows  us  to  handle  bounded  measurable  coefficients,  given 
by  the  previous  system.  These  infinite  sets  can  be  solved  by  a  new  idea,  which  unfortunately 
cannot  be  generalized  to  mulddimensionnal  transport  equation. 

The  second  of  our  results  about  the  plane  waves  deals  with  the  propagation  of  oscillations. 
Actually,  the  2x2  sub-system  does  not  allow  such  a  propagation  of  its  components,  due  ;o  genuine 
nonlinearity,  but  the  transport  equations  do.  Thus,  instead  of  the  linear  case,  the  half  of  the  initial 
oscillations  are  killed,  and  the  other  half  propagate  with  speeds  ±  r  ‘^W'(r).  A  fundamental 
consequence  of  this  study  is  that  the  nonlinear  system  of  plane  waves  is  ill-posed,  with  respect  to 
the  weak-star  topology  of  L°°,  the  one  which  is  involved  by  oscillatory  data. 
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The  Design  of  Algorithms  For  Hypersurfaces 
Moving  with  Curvature-Dependent  Speed 


James  Sethian 
Department  of  Mathematics 
University  of  California 
Berkeley,  California  94720 


The  need  to  follow  fronts  moving  with  curvature-dependent  speed  arises  in  the  modeling  of  a  wide  class  of 
physical  phenomena,  such  as  crystal  growth,  flame  propagation  and  secondary  oil  recovery.  In  this  paper, 
we  show  how  to  design  numerical  algorithms  to  follow  a  closed,  non-intersecting  hypersurface  propagating 
along  its  normal  vector  field  with  curvature-dependent  speed.  The  essential  idea  is  an  Eulerian  formulation 
of  the  equations  of  motion  into  a  Ham i ton -Jacobi  equation  with  parabolic  right-hand  side.  This  is  in  con¬ 
trast  to  marker  particle  methods,  which  are  rely  on  Lagrangian  discretizations  of  a  moving  parameterized 
front,  and  suffer  from  instabilities,  excessively  small  time  step  requirements,  and  difficulty  in  handling 
topological  changes  in  the  propagating  front.  In  our  new  Eulerian  setting,  the  numerical  algorithms  for  con¬ 
servation  laws  of  hyperbolic  systems  may  be  used  to  solve  for  the  propagating  front  In  this  form,  the 
entropy-satisfying  algorithms  naturally  handle  singularities  in  the  propagating  front,  as  well  as  complicated 
topological  changes  such  as  merging  and  breaking.  We  demonstrate  the  versatility  of  these  new  algorithms 
by  computing  the  solutions  of  a  wide  variety  of  surface  motion  problems  in  two  and  three  dimensions 
showing  sharpening,  breaking  and  merging. 


I.  Introduction:  Equations  of  Motion 


We  wish  to  follow  the  evolution  of  an  intial  surface  7(0)  propagating  along  its  gradient  field  with 
speed  F(K)  a  given  function  of  the  curvature  K  (either  mean  or  Gaussian).  The  key  idea,  as  derived  in  [5], 
is  to  view  the  evolving  front  y(t)  as  the  level  set  of  a  higher-dimensional  function  $.  To  be  more  precise,  let 
the  initial  surface  7(0)  be  a  closed,  non-intersecting  hypersurface  of  dimension  N-l.  We  construct  the 
function  $  by  letting  $(x ,0)  =  (l±d)  xsRN  where  g  is  the  distance  from  x  to  7(0),  with  the  plus  (minus) 


sign  chosen  if  x  is  inside  (outside)  7(0).  Then,  at  r=0,  the  level  set 


{ 


x  I  <K*  ,0)  =  1 


r  gives  7(0).  We  now 


require  a  time-dependent  differential  equation  for  0  corresponding  to  the  evolution  of  7 (r).  If  the  family  of 
level  sets  $=C,  where  C  is  a  constant,  flow  such  that  each  level  surface  propagates  with  speed  liven  by 
F(K),  then  it  can  be  shown  (see  [5]),  that 
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4>,=F(tf)V* 
<Kx.O)  =  given 


Equation  (1)  specifies  the  complete  intial  value  partial  differential  equation.  Note  that 


1) 

2) 


♦  is  a  function  in  RNx[0,°°)-*R ,  thus  we  have  added  an  extra  dimension  to  the  problem. 


At  any  time  i ,  the  position  of  the  front  y(0  is  just  the  level  set 


x  t$(xj)=l 


=  *0 


(1) 


Note  that  Eqn.  (1)  is  an  Eulerian  formulation  of  the  front  propagation  problem.  Furthermore,  the  level  sur¬ 
face  $=1  may  change  topology  as  it  moves,  either  breaking  into  multiple  parts  or  fusing  together.  For  any 
fixed  t ,  slicing  $  by  the  level  plane  at  height  1  retrieves  the  position  of  the  front. 

II.  Hamilton- Jacobi  Equations:  The  role  of  curvature  as  viscosity 

To  see  the  effect  of  curvature  on  a  propagating  front,  consider  a  propagating  closed  curve  in  R2  and 
special  speed  function  F(K)=\-tK.  Using  the  expression  for  the  mean  curvature  in  terms  of  $,  we  substi¬ 
tute  into  Eqn.  (1)  to  produce 

♦,  - // (V<»  =  e[  (2) 

where  H  (V$)  =  Eqn.  (2)  is  a  Hamilton-Jacobi  equation  with  parabolic  right-hand-side,  which 

has  a  type  of  "viscosity"  solution  discussed  in  [1J.  Thus,  the  role  of  curvature  (eAT)  is  to  smooth  propagat¬ 
ing  fronts  so  that  sharp  comers  do  not  develop.  In  the  limit  as  e->0  (curvature  term  vanishes  and  F(K  )=1), 
comers  develop,  and  a  weak  solution  is  obtained  from  an  appropriate  entropy  condition  (see  [6,7,8]).  Thus 
the  role  of  curvature  in  this  Hamilton-Jacobi  formulation  for  propagating  fronts  is  identical  to  the  the  role 
of  viscosity  in  hyperbolic  conservation  laws:  it  inhibits  the  formation  of  comers,  that  is,  shocks  in  the 
tangent  vector. 

III.  Numerical  Algorithms  Based  on  Hyperbolic  Conservation  Laws 

Our  goal  is  to  approximate  the  solution  to  the  initial  value  problem  given  in  Eqn.  (1).  In  [5],  a  class 
of  non-oscillatory,  upwind,  entropy-satisfying  algorithms  of  arbitrary  order  were  given  to  solve  this  equa¬ 
tion,  based  in  part  on  ideas  in  [3,4].  The  control  idea  behind  these  algorithms  is  to  exploit  the  conservation 
form  of  theses  schemes  directly  into  the  initial  value  Hamiton-Jacobi  equation.  As  a  motivation  to 
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understand  the  scheme,  consider  the  initial  value  Hamilton- Jacobi  equation 

V,-F(*X  l+y*),/2  =  0  (3) 

where  xeR  and  yJ?  x[0, «>)-»/? .  This  is  a  simplified  version  of  Eqn.  (1),  and  applies  when  the  propagating 
curve  t(0)  can  be  written  as  a  function  y(x,r)  for  all  time.  Furthermore,  in  the  simple  case  F(K)=  1,  we 


have 

y.-0+v?)w=o  (4) 

Eqn.  (4)  is  a  Hamilton- Jacobi  equation.  If  we  differentiate  with  respect  to  r ,  and  let  u  =yx ,  we  have 

<i,  +[G(u)Jx  =0  (5) 

where  G(u)  =  -(l+u2)“\  Eqn.  (5)  is  hyperbolic  conservation  law  which  maybe  solved  by  a  variety  of 
methods.  The  key  lies  in  an  adequate  numerical  flux  function  gj+\n  =  g(“/-»>+i . ui*i+ 1)  which  approxi¬ 


mates  the  flix  G(u).  Rather  than  differentiate  the  numerical  flux  function  to  achieve  an  approximation  to 
Eqn.  (5),  we  work  directly  with  Eqn.  (4)  and  write 

y  *+i  =  y •-Mg  (6) 

A  wide  class  of  flux  functions  are  described  in  [5],  leading  to  a  collection  of  upwind,  non-oscillatory, 
entropy-satisfying  algorithms  in  several  space  dimensions  for  the  original  Hamilton-Jacobi  initial  value 
problem  (Eqn.  1).  The  upwind  nature  of  these  schemes  is  crucial  in  the  formulation  of  far-field  boundary 
conditions.  Finally,  parabolic  right-hand-sides  (resulting  from  the  curvature  component  of  F(K))  are 
approximated  by  straight-forward  central  differences. 

IV.  Examples 

A.  Level  Curve,  Burning  out,  Development  of  Corners 
We  consider  a  seven-pointed  star 

y(s  )  =  (.  l+(.065)  sin(7-2rw  )(cos(2rw  ),sin(2jcj )) 

J6[0,l] 

as  the  initial  curve  and  solve  the  initial  equations  with  speed  function  F(K)  =  1.  The  computational  domain 
is  a  square  centered  at  the  origin  of  side  length  1/2.  We  use  300  mesh  points  per  side  and  a  time  step 


A/  *.0005. 


At  any  time  *A/,lhe  front  li  plotted  by  passing  the  diacrete  grid  (Unction  +0  to  a  atandard  contour  plotter 
and  asking  for  the  contour  $■!.  The  initial  curve  correaponda  to  the  boundary  of  the  ahadod  region,  and  the 
position  of  the  front  at  varioua  times  is  shown  in  Pig.  1.  The  smooth  Initial  curve  develops  sharp  comers 
which  then  open  up  as  the  front  bums,  asymptotically  approaching  a  circle. 

R.  Level  Curve,  Motion  Under  Curvature 

We  consider  the  initial  wound  spiral 

K.s)  m  -  <.l-je  (,  )V20Kcos(fl  (s)),  sin  (a  (s ))) 

where  a  (s)  -  25tan*1(10y  (j ))  and 

x(s)*(.l)coa(2ju)+,l  y(j)-  (.05)sln(2ru )+.l  re  10,1], 
and  let  F(K)~K,  corresponding  to  a  front  moving  in  with  speed  equal  to  its  curvature.  It  has  recently 

been  shown  (see  [2|),  that  any  non-intersecting  curve  must  collapse  smoothly  to  a  circle  under  this  motion. 

With  Wpotm-200  and  Ar-.OOOl,  Figure  2  shows  the  unwrapping  of  the  spiral  from  r-0  to  (-0.65.  In  Figures 

2a-d  we  show  the  collapse  to  a  circle  and  eventual  disappearance  at  (-.293  (The  surface  vanishes  when 

<t>"  <  1  for  alii;.) 

C.  Level  Surface,  Torus,  F(K)  -  1-eJC 

We  evolve  the  toroidal  initial  surface,  described  by  the  set  of  all  points  (x  y  a )  satisfying 

x2«(*o)M  (**+>*)'*-«,)* 

where  and  R  i-.05.  This  is  a  torus  with  main  radius  .3  and  smaller  radius  .03.  The  computational 
domain  is  a  rectangular  parallclpiped  with  lower  led  comer  (-1,-1, -.8)  and  upper  right  comer  (t.,1.,.8). 
We  evolve  the  surface  with  F(K)~  1— ehf ,  e-.OOl,  Ar-,01,  and  Np^90  pointt  per  x  and  y  side  of  the 
domain  and  the  correct  number  in  the  t  direction  so  that  the  mesh  is  uniform.  Physically,  we  might  think  of 
this  problem  as  the  boundary  of  a  torus  separating  products  on  the  inside  from  reactants  outside,  with  the 
burning  interface  propagating  with  speed  K =1  -iK.  Here,  K  is  the  mean  curvature.  In  Figure  3,  we  plot  the 
surface  at  various  times.  First,  the  torus  bums  smoothly  (and  reversibly)  until  the  main  radius  collapses  to 
zero.  At  that  time  (T-0.3),  the  genus  goes  from  1  to  0,  characteristics  collide,  and  the  entropy  condition  is 
automatically  invoked.  The  surface  then  looks  like  a  sphere  with  deep  inward  spikes  at  the  top  and  bottom. 
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These  spikes  open  up  as  the  surface  moves,  and  the  surface  approaches  the  asymptotic  spheroidal  shape. 
When  the  expanding  torus  hits  the  boundaries  of  the  computational  domain,  the  level  surface  y=l  is 
clipped  by  the  edges  of  the  box.  In  the  final  frame  (T=0.8),  the  edge  of  the  box  slices  off  the  top  of  the 
front,  revealing  the  smoothed  inward  spike. 
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Prediction  of  Dispersive  Errors  in  Numerical  Solution  of  the  Euler  Equations 
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1  Introduction 

Any  numerical  PDE  solution  method  introduces  some  numerical  error.  In  many  cases,  this  error  appears 
as  dispersion.  In  the  Euler  equations  for  flow  of  a  compressible,  inviscid,  ideal  gas,  these  dispersive  errors 
can  give  rise  to  undesirable  oscillations  near  discontinuities  such  as  shocks.  The  purpose  of  this  paper  is 
to  point  out  some  of  these  errors,  examine  their  origins,  and  attempt  to  predict  the  effect  of  dispersion  on 
solution  quality. 

The  analytic  work  will  include  analyses  of  the  exact  Euler  equations,  Cell-Vertex  method  [l],  Central 
Difference  method  (finite  volume  method)  [2],  and  a  Galerkin  Finite  Element  method  [3]. 

To  demonstrate  the  predictive  ability  of  the  analysis,  I  show  some  numerical  results  for  test  problems 
using  the  above  schemes.  The  problems  include  a  1/2  degree  compression  comer  at  Mach  2  and  a  series  of 
flows  over  1/2  degree  wedges  using  the  Finite  Element  method  on  grids  with  differing  cell  aspect  ratios  and 
Mach  numbers.  In  these  cases,  the  flow  is  linear  enough  to  permit  comparison  with  analytic  theory. 


2  Analytic  Results 

This  section  shows  the  basic  analysis  of  dispersion,  using  a  method  suggested  to  me  by  Michael  Giles  [4]. 
The  2-D  Euler  equations  can  be  written: 

£+s*a+s*a.,  (o 

at  ox  oy 

where  A  and  B  are  the  flux  Jacobians.  If  one  linearises  this  equation  and  assumes  a  steady-state,  this  can 
be  written: 

(Al&x  +  Bi,sv)U  =  0  (2) 

where  a,  and  sv  are  the  z  and  y  derivative  operators  and  A&  and  Bl,  are  "frozen”  flux  Jacobians.  This 
requires  that  U  be  an  eigenfunction  for  Eq.  (2),  because  we  would  like  a  non-trivial  solution.  Let 


/st*  +  sw* 
s. 


then  the  characteristic  equation  is 


(ru  +  sv)7  [e3(r3  +  s7)  -  (ru  +  *t/)3]  =  0 

where  c  is  the  speed  of  sound  and  u  and  v  are  velocities  in  the  x  and  y  directions.  If  we  write 
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the  solution  to  Eq.  5  is  just 


e  -  u  = 


{ 


0 

±e 


(6) 


Since  *  has  unit  norm,  the  non-sero  solution  will  exist  only  if  the  Sow  is  supersonic,  that  is,  when  the  system 
is  hyperbolic  in  space. 

Moving  now  to  the  discrete  domain,  assume  a  state  vector  of  the  form 

UjUx.kCy  =  U‘txpi(j<j>  +  k9) 


where  ^  is  a  scaled  wave  number  in  the  *  direction,  8  is  a  scaled  wave  number  in  the  y  direction  and  U'  is 
some  eigenvector.  Here,  ^  and  8  are  scaled  into  the  interval  [— x,  it). 

To  get  some  idea  of  the  consequences  of  this  relation,  I  considered  a  flow  in  which  u  =  Me,  v  <<  u. 
Then,  neglecting  v,  Eq.  (6)  becomes 


3, 

V**2  +  *»2 


(7) 


This  equation  holds  for  the  exact  Euler  equations  as  well  as  the  discrete  appoximations.  After  some  more 
algebra,  the  above  relation  gives  rise  to  a  family  of  curves  relating  <f>  and  8,  parameterized  by  a  similarity 
parameter  k  —  /Rv/M3  —  1,  where  /ft  =  Ay/ Ax.  Thus,  I  expect  problems  with  similar  values  of  <c  to  have 
similar  dispersive  properties  for  any  given  method.  Figure  2  shows  these  curves  for  various  methods  for 
k  =  1.732  (to  correspond  with  the  numerical  cases  below).  The  slope  of  a  curve  represents  a  spatial  group 
velocity,  or  the  angle  at  which  wave  packets  propagate.  Note  that  for  the  Central  Difference  and  Finite 
Element  cases,  the  curves  bend  such  that  one  would  expect  oscillations  downstream  of  a  feature,  while  the 
Cell- Vertex  predicts  oscillations  upstream  of  the  feature.  Also  note  that  the  curves  for  the  Central  Difference 
and  Finite  Element  methods  are  multivalued. 


3  Numerical  Experiments 

Figure  1  shows  the  geometry  for  the  numerical  test  cases.  A  test  case  with  inflow  Mach  number  2  on 
a  grid  with  cell  aspect  ratio  1  was  computed  for  each  method.  This  corresponds  to  a  value  of  k  —  1.732. 
Figure  3  shows  the  Mach  number  at  mid-channel  for  a  1/2  degree  compression  using  the  three  methods. 
There  are  several  things  to  note  here.  First,  the  correct  spatial  frequencies  appear  at  the  places  predicted 
by  the  dispersion  curves  above.  Note  that  the  oscillations  appear  on  the  side  of  the  shock  predicted  above. 
Also  note  that  the  Finite  Element  method  has  a  sharper  shock  than  the  other  two  methods,  corresponding 
to  the  fact  that,  for  the  Euler  equations  on  a  nearly  uniform  grid,  the  Finite  Element  method  is  fourth  order 
accurate  (5). 

Figure  4  shows  the  Mach  number  at  mid-channel  for  flow  over  a  1/2  degree  wedge  with  k  =  1.732.  The 
three  cases  are  M  =  2,  /ft  =  1;  M  =  1.323,  /ft  =  2;  and  M  -  3.606,  /ft  =  .5  using  the  Finite  Element 
method.  The  figure  shows  Mach  number  normalised  by  free  stream  Mach  number  (so  that  all  the  plots  fit  on 
the  same  axes).  Note  that  the  solution  shapes  are  very  much  alike,  even  though  the  shock  amplitude  varies. 
Note  especially  that  tue  frequency  of  the  post-shock  oscillations  is  identical.  This  is  as  expected  from  the 
analysis. 

Preliminary  experiments  indicate  that  the  linear  analysis  is  still  useful  for  predicting  the  dispersive 
behavior  for  flows  over  wedges  with  angles  as  great  as  7-10  degrees. 

The  final  paper  will  contain  a  more  detailed  demonstration  of  the  predictive  ability  of  the  linear  analysis. 
It  will  demonstrate  that  the  oscillation  in  the  x  and  y  directions  are  of  differing  frequency,  and  that  the 
frequencies  are  as  predicted  by  the  dispersion  curves. 
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Figure  3:  Mid-Channel  Mach  Number,  Compression  Comer 


Finite  Element  Method,  1/3  decree  wedge 


Figure  4:  Effect  of  Changing  M  and  /ft  with  Constant  k 
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INTRODUCTION 


In  recent  years  shock  wave  focusing  by  means  of  different  types 
of  concave  reflectors  has  received  increasing  attention  /I  -  5/. 
The  reason  for  this  increasing  interest  is  the  use  of  converging 
focusing  shock  waves  for  the  non  invasive  treatment  of  kidney 
stones.  Recently,  a  secon-d  order  extension  of  Goudunov’s  method, 
called  piecewise  linear  method  /6/,  was  applied  to  the  numerical 
prediction  of  the  shock  wave  focusing  process  in  air  /5,  8/  and 
water  /7/.  The  numerical  results  for.  water  however  showed  some 
problems  in  predicting  the  maximum  peak  pressure  in  the  focal 
region  /7/;  by  decreasing  the  mesh  size,  it  was  also  seen  that 
there  was  still  some  difference  between  experiment  and  calcula¬ 
tion.  The  experiments  for  the  shock  focussing  in  air  conducted  by 
Nishida  et  al.  / 5/  showed  a  rather  low  pressure  amplification  in 
the  focal  region  and,  therefore,  only  poor  agreement  with  the 
calculations  could  be  obtained  for  the  shock  pressure  distribu¬ 
tion  along  the  reflector  axis. 

In  order  to  verify  the  ability  of  the  piecewise  linear  method  to 
predict  the  shock  wave  focusing  process  and  the  obtained  peak 
pressure  in  air,  numerical  computations  were  performed  and  com¬ 
pared  with  the  experiments  performed  by  Sturtevant  und  Kulkarny 

A/. 
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Results  of  numerical  calculation 


To  prove  the  grid  independence  of  the  numerically  calculated  peak 
pressure,  the  shock  wave  focussing  process  in  air  was  computed 
using  several  different  mesh  sizes  utilizing  the  boundary  condi¬ 
tions  of  the  experiments  (Fig.  1). 


Fig.  1:  Reflector  configuration 


mesh  size 

peak  pressure 

A  x/b 

ratio 

0.01471 

0.915 

0.0098 

0.97 

0.00735 

1.0 

Table 


Using  a  rather  course  mesh,  a  high  peak  pressure  was  obtained, 
which  increased  only  slightly  by  halving  the  mesh  size  (see 
Table).  Due  to  the  limited  computer  storage,  the  number  of  nodes 
for  the  finest  mesh  was  limited  to  180  by  150. 


For  optimizing  the  number  of  grid  points  above  the  reflector  edge 
which  are  necessary  (Fig.  1)  to  guarantee  the  appropriate  predic¬ 
tion  of  the  expansion  eminating  from  this  edge,  a  number  of  com¬ 
putations  were  performed  and  the  distribution  of  the  maximum 
pressure  on  the  axis  of  symmetry  was  compared  (Fig.  2).  When  in¬ 
creasing  the  number  of  nodes  in  y-direction  from  75  to  90,  no 
considerable  difference  in  the  pressure  distribution  is  ob¬ 
served. 
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2;  Pressure  distribution  along  the  axis  of  symmetry  for 
different  computational  domains 


The  computations  carried  out  for  the  purpose  of  comparison  with 
the  experiments,  were  finally  performed  on  a  mesh  of  180  by  150 
in  the  x-  and  y-direction,  respectively.  Computational  results 
agreed  reasonably  well  with  experimental  ones  (Fig.  3). 


a  o  Experiments 
*  e  Calculations 


3:  Pressure  amplification  along  the  axis  of  symmetry  (the 
pressure  jump  is  normalized  with  the  pressure  jump  of  the 
reflected  shock  as  it  leaves  the  reflector  surface). 


s 


Slightly  higher  pressures  than  those  found  in  the  experiments  are 
predicted  by  the  computations  in  the  region  behind  the  focal 
area,  which  may  be  due  to  boundary  layer  effects.  Since  also  the 
comparison  of  the  computed  wave  patterns  at  different  instants 
and  the  pressure  history  at  different  locations  showed  a  good 
agreement  with  the  shadowgraphs  and  the  measured  pressure  traces, 
it  can  be  concluded,  that  the  piecewise  linear  method  is  an 
appropriate  method  for  the  calculation  of  the  shock  focusing 
phenomenon,  even  for  weak  shock  waves. 
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FUNDAMENTAL  ASPECTS  OF  NUMERICAL  METHODS  FOR  THE  PROPAGATION 
OF  MULTIDIMENSIONAL  NONLINEAR  WAVES  IN  SOLIDS 

M.  STAAT,  J.  BALLMANN 

Lehr-  und  For schungsgebiet  Hechanik  of  RWTH  Aachen, 
0-5100  Aachen.  FRG 


For  the  solution  of  hyperbolic  problems  with  more  than  two 
independent  variables  (two-  and  three-dimensional  wave 
propagation)  many  cha r a c t er i s t i c - ba sed  methods  have  been 
devised.  Most  of  them  (e.g.  GODUNOV-Type-Method s  and 
Random-Choice-Methods)  use  schemes  developed  for 
one-dimensional  wave  propagation  by  operator  splitting 
techniques.  May  be  this  is  the  reason  why  promising  results 
are  only  known  for  nonlinear  media  with  scalar  constitutive 
equations  so  far. 

In  solids  only  physically  one-dimensional  problems  can  be 
modelled  by  scalar  laws,  whereas  tensor  constitutive 
equations  describe  the  material  behaviour  in 
multidimensional  problems.  Thereby  a  strong  coupling  of  the 
different  spatial  directions  may  result  and,  if  the  material 
is  nonlinear,  local  effects  of  anisotropy  may  occur.  Such 
effects  are  best  known  from  magnetohydrodynamics  and  for 
optical  and  mechanical  waves  in  linear  anisotropic  solids 
| 1| .  Due  to  the  dependence  on  the  solution,  the  situation  is 
even  more  complicated  for  nonlinear  elastic  and  plastic 
waves  in  solids. 

For  a  numerical  treatment  of  these  nonlinear  problems , 
methods  of  near-characteristics  have  been  devised,  which 
become  methods  of  bicharacteristics  if  the  local  scheme  uses 
the  axis  of  symmetry  of  the  local  wave  fronts  of  point 
disturbances  |2,3|  . 

For  a  uniform  treatment  of  the  PDEs  in  space  and  time,  it  is 
helpful  to  introduce  a  material  gradient  in  space  and  time 
in  dyadic  notation  (quantities  in  space  and  time  will  be 
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<r  •• 


4 


marked  by  an  asterix  *) 


* 

V  f 


df 

9tC 


o  g 


with  E 


:  =  ct 


at=  1  ,2.3 


(  1  ) 


E  ( A  =  1  .2,3)  are  the  spatial  coordinates  of  a  material  point 
in  the  reference  configuration,  x  is  the  time  and  c  a  chosen 
speed  (arbitrary  but  constant.  to  give  E°  the  physical 
dimension  of  space).  The  following  notations  are  used:  p 
mass  density  in  the  reference  configuration,  v  velocity  of  a 
material  point,  f  density  of  body  forces,  E  unit  tensor,  F 
deformation  gradient,  H  =  F  -E  material  gradient  of 
displacement  (6H=5F  their  variations),  ct  first 
P I OL A- K I RCHHOF F - s t r e s s .  0  acoustic  tensor,  q  eigenvector  of 
Q,  v  solution  of  characteristic  condition  (wave  speed). 
Multiple  dots  denote  multiple  transvection . 

The  local  balance  of  momentum  in  material  formulation  is 

1*  =  o  ,  1  * : =  oc(V*v)gQ  -  a!v*HT  -  pf.  (2) 


In  addition,  SCHWARZ's  lemma  on  the  second  covariant 
derivatives  of  the  displacements  holds.  If  one  seperates  the 


purely 

spatial  derivatives, 

it  reads 

* 

*  *  _ 

* 

o 

ii 

* 

-j 

,  L  : =  (7  v  )E  - 

1  k 

C  (  V  H  )  g  , 
o 

(3a  ) 

(  V  H  ) 

:  <gwog  -  g,og  )  =  <1 

,  k  .  1=  1  ,2,3. 

(  3b) 

The  fourth  order  elasticity  A, 


can  be  derived  from  a  stored  energy  density  U  for 
hyperelastic  materials 

6  F  :  A  :  6  F  =  p&2U  .  (4b) 

For  materials  which  are  infinitesimally  stable  in  statics 

(elliptic  BVP  of  place  and  traction),  the  dynamic  equations 

turn  out  to  be  hyperbolic.  This  results  in  undetermined 

* 

derivatives  in  certain  normal  directions  n  in  space  and 
time,  associated  with  singular  hypersurf aces  (so-called 
characteristic  manifolds).  With  the  ansatz 
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*  V  ■> 

n  =  ♦  n  and  the  arbitrary  choice  of  the  spatial  unit 

normal  n  in  a  material  poirtt ,  one  obtains  the  appropriate 

*  ■  -C 

time-like  component  v  of  n  from  the  characteristic 
condition 

0  =  v*  det(Q(n)  -  Qv^(n)E)  with  e  =  L.T^.T  .  (5) 

e 

Besides  v  =0,  one  obtains  solutions  v  (n)  of  (5)  from  the 
°  e 

eigenvalue  problem  of  the  acoustic  tensor  0  (n), 

0 ( n )  :=  (g  o  n  :  A  :  gM  o  n )  g*  o  g  (6) 

a  p 

At  a  given  material  point  the  components  of  A  are  determined 
by  the  local  deformation.  There  is  a’  ’  proper  eigenvalue  at 
the  point  for  any  choice  of  n.  In  three-dimensional  space  n 
has  two  independent  parameters.  If  one  varies  these 
parameters  at  the  point,  the  vectors 

*  *  ve 

n  =  n,  n  =  —  +  n  generate  the  normal  hypercones  N  ,  N  . 

o  eC  o  e 

The  according  local  characteristic  hyperplanes  envelope  the 

local  MONGE-hypercones  M  .  M  .  The  lines  of  tangency  are 

e  *  * 

given  by  the  bicharacteristics  mQ  ,  m  (generators  of  Mq, 

M  ).  The  local  characteristic  hyperplanes  represent  plane 
c  » 

wave  fronts  of  point  disturbances  in  space. 

In  the  characteristic  manifolds  there  hold  so-called 
compatibility  equations.  These  are  linear  combinations  of 
the  original  PDEs  (2), (3a)  retaining  continuous  derivatives 
only.  Eq .  (3a)  holds  on  Mq  and  has  already  the  form  of  a 

compatibility  equation.  With  eq .  (5)  the  compatibility 

equations  on  M£  are 

0  =  q  (n)(v  (n)l*  -  A  :  (no  L  * )  )  .  (7) 

e  e 

If  (3b)  is  satisfied  in  the  initial  value  space,  a  solution 
of  the  system  (2),  (3a)  is  obtained  by  integration  of  (7), 

(3a)  in  the  domain  of  dependence,  represented  analytically 
by  the  backward  MONGE-hypercones  emanating  from  the  solution 
point  in  space  and  time  and  given  by 


298 


* 


* 


*  1 

m  +  - - 

O  2  QV 


ad 

•  i  „ 


(  8a  ) 


In  the  nonlinear  case,  the  Mg  are  only  local  linear 
approximations  of  MONGE-conoids  .  These  may  show  anisotropy 
and  torsion  in  finite  time  due  to  inhomogeneous  deformation. 
The  anisotropy  may  lead  to  self-intersections  of  the  cones 
and  to  crunodes  and  cusps  on  their  conics.  These  phenomena 
result  in  gaps  which  are  called  lacunae  and  lie  like  islands 
in  the  domain  of  dependence  | 1| .  To  take  the  torsion  of  M 
into  account,  one  has  to  integrate  the  POEs 

(V  n  )m  =  (n  o  n  -  E)  (V  v  (n))  E  (8b) 

e  e 


additionally . 

The  torsion  may  be  neglected  in  a  second  order  numerical 
scheme  for  plane  problems  |3|.  Based  on  |2,4|  and  on  the 
above  analysis  a  second  order  method  of  bicharacteristics 
has  been  developed  for  acceleration  waves  in  plates  |3|  .  It 
reproduces  the  local  anisotropy  very  well  and  has  been 
applied  to  the  steepening  and  focussing  of  waves.  Numerical 
results  will  be  shown. 
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ON  A  NONLINEAR  TELEGRAPH  EQUATION  WITH  A  FREE  BOUNDARY. 
Ivan  Straikraba,  Praha 


In  the  present  contribution  we  study  the  followinn 
problem:For  given  functions  fo,f^,0o,01  to  find  functions 


Q  =  Q  (x 

,t)  ,5  -  Ut)  , 

(x  £  [0,£ ] , 

t£  [0,T]  , 

,  l  >0,  T  >  0)  such 

that 

(1) 

Qtt  -  c\x 

+  f 

c 

,(Q)t  = 

0  ,  0  <  x 

<  Ut)  , 

(2) 

Qtt  ■  c2°xx 

+  f1 

<Q)t  = 

o,  c (t)  < 

x  <  t,  t  £  (0,  T)  , 

(3) 

Q(Ut)-,t)  = 

=  Q(£ 

;  (t)  +  ,t) 

,Qx(Ut)-, 

,t)  =  0x(£(t)+,t)  , 

Qx(0,t)  =  Qx(£,t)  =0  ,  t£[0,T]  , 

(4)  Q(x,0)  =  Qq(x)  ,  Qt(xf0)  =Q1(x),  xt[o,f] 

.  t 

(5)  c  (t)  =  G(  ^  /  Q(U  T)  ,T)dT)  , 


where  c  and  S  are  positive  constants  and 


0,  y  <  O 

G(y)  =  min  (£,max  {0,y}}  =~ — y,  0  <  y  <  ( 

'I,  y  >  i- 


Motivation  for  this  problem  is  given  in  [l]  .  It  is 

filling  a  cylindric  compartment  with  a  suspension  which 
drives  out  the  original  content  of  the  pipe  (water) .  In  this 
engineering  problem  we  seek  for  a  rate  of  flow  Q  ,  a 
pressure  and  a  free  boundary  x  =  C(t)  between  the 
two  fluids,  x  being  longitudinal  coordinate  of  the 
pipe.  Original  Euler  equations  for  a  barotropic  fluid 
flow  are  simplified,  the  pressure  excluded,  which  gives 
rise  to  the  problem  (1)  -  (5)  .  Here  c  is  the  sound 
speed  which  is  supposed  to  be  almost  the  same  in  both 
fluids,  f q(Q) ,  f 1 (Q)  are  the  friction  terms,  Qq,Q. j  initial 
distribution  for  the  rate  of  flow  Q  and  its  time-derivative 
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Qt  respectively,  S  the  cross  section  of  the  pipe.  The  form 
of  the  equation  (5)  is  due  to  the  fact  that  the  free  boun¬ 
dary  x  =  £(t)  must  not  leave  the  pipe  and  so  it  may  slip 
along  x  =  0  or  x  =  l  .  The  boundary  conditions  (3)  mean 
that  Q  and  the  pressure  are  continuous  across  the  free 
boundary  and  the  pressure  is  constant  at  the  ends  of  the 
pipe. 


DEFINITION :  By  a  weak  solution  of  the  problem  (1)  -  (5)  on 
[0,T]  we  call  the  couple  (Q, £) &  ( (0, l ) a (0, T) ) * C (0) +1 (  [0, T ] ) 

sa tisfying 


(6) 


T  l 


0  O 


(c  Qx'J’x  -  Qt<J>t)  dxdt  + 


T  Ut) 

0  0 


fQ  (0)  t  <J>dxdt  + 


T  l 


l 

r 


+ 


for 


j  J  f 1  t  ^dxdt  "  j 

o  ut)  o 

all  4>  eC1  (  [0,e]x[0,Tj) 


0^  (x)  (J>  (x,0)  dx  =  O 
,<Mx,T)  =  0,  X  €  |0,fj  . 


Let  the  following  assumptions  be  fulfilled: 


(i)  fQ'fi  are  continuous  in  R  with  locally  Lipschitz 

continuous  derivatives  f',f'  ; 

o'  1 

(ii)  there  exists  an  a  £  R  such  that 

r  (u)  ,  f^(u)_>  a  for  all  ut-R  ; 

(iii)  there  exist  nonnegative  constants  c,d  and  a 
p  _>1  such  that 


max  {  |  f ,  (u)  j  ,  |  f  1  (u)  j  }  <  c  +  d  i  u|  ^  ,  u£  R  ; 
i=0, 1 

(iv)  Qoe  w]  (0,1),  Q1&L2(0,n. 

EXISTENCE  THEOREM:  Let  the  functions  f  , f 1 ,0  ,Q  satisfy 
the  assumptions  (i)  -  (iv) .  Then  there  exists  at  least  one  weak 
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solution  of  the  problem  (1)  -  (5)  . 

Sketch  of  the  proof:  A  complete  presentation  of  the  proof  is 


given  in  [2] 

and  will  be  published  in 

[3] 

Faedo-Galerkin 

approximations  (Qn,Sn) 

from 

Qn(x,t)« 

n 

P  Q  (.,t)(x)  =  T.  q!J(t) 
n  j=0  3 

Vj(X) 

(x,t)£n  =  [o,f]  f>  [o,t] 

9 

..n 


n 


(7)  qk(t)  +  Ak  qk(t)  + 


f'  (  £  q^(t)  v.(x)) 

°  j=0  3  3 


n 


T,  q-i(t)  V.  (x)  vk(x)  dx  + 
j=0  3  3 


n 


n 


Sn<fc> 


(  T.  q-i(t)  v.(x))  Y.  ^(t)  V  (x)v,(x)dx  -  o  , 
A  j=o  3  3  i=o  3  3 


k  =  0 , 1 ,  . .  .  ,  n ,  t  €.  [o ,  t]  , 
l 


(8)  q^.  (O  )  : 


Qq(x)  vk(x)dx  ,  qk(0)  = 


Ql  (x )vk  (x )dx  ,  k  =  0,1, 


•  O 


(9)  £  (t)  ■  G  (-  |  £  q^  (t)  v.  (£  (t),  t)  dx),  tC[0,T]; 

n  °  J  j=0  3  3 


n  = 

where  vq(x)  s  •  vj(x)  *  cos  (  *)/ 

j  *  1, 2, . . .  ,x  £  [o,  £]  ,  Aj  =  c2  tt2£  2j2  ,  j  =0,1,2,...  . 

First,  we  establish  the  local  existence  theorem  for  the  integro- 
differential  system  (7)  -  (9)  .  Then  we  derive  apriori  estimates 


(10) 


sup  |  [Q"(x,t)2  +  c2Q^(x, t )2]dx  <  » 
t ,  n  q 


(11) 


CO 


sup  | r  (t)  |  < 
t,n 

which  imply  the  global  existence  of  a  solution  (7)  -  (9)  . 

Further  using  (10),  (11)  we  show  that 


W  -  Wl 


Wn 


~  t2 


From  (10)  -  (12)  we  get  compactness  of  the  senuences 

r  ft  OO  -  GO 

tQ  )  „  ,  { F,  }  _  in  sufficiently  stronq  topoloaies  and  some 

n=0  n  n=0 

limit  functions  Q,C  .  The  rest  of  the  argument  is  a  tedious 
work  with  the  limiting  process  in  an  integral  identity  which 
is  a  finite  dimensional  analogue  of  (6)  . 


REMARK:  Although  we  are  not  able  to  prove  the  uniqueness 

of  the  weak  sol-ution,  it  seems  that  the  uniqueness  can  be 

obtained  for  more  reqular  (strong)  solutions,  namely  for 
2  1 

QGH  (ft)  ,  £  £  Wro  (0,  £)  .  Unfortunately,  we  are  not  able  to 
show  the  existence  of  a  strong  solution.  We  are  going  to 
solve  some  of  these  and  related  questions  in  [3]  . 
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*'TVD"  Schemes  for  Inhomogeneous  Conservation  Laws. 

P.K.  Sweby 

Department  of  Mathematics, 

University  of  Reading, 

England . 

Recent  years  have  seen  the  development  of  a  variety  of 
high  resolution  Total  Variation  Diminishing  (TVD)  schemes 
for  hyperbolic  conservation  laws  (see  e.g.  [  1  ] . [2] . [3] , [4] ) 
as  well  as  the  related  Essentially  Non-Osci 1 latory  (ENO) 
schemes  [1].[5].  These  have  all  had  the  aim  of  producing 
solutions  giving  high  resolution  to  discontinuities  whilst 
being  devoid  of  the  spurious  oscillations  generated  by  the 
more  classical  high  order  schemes,  such  as  Lax-Wendrof f .  All 
of  these  schemes  have  mimicked  (at  least  approximately)  the 
analytic  property  of  solutions  to  the  scalar  homogeneous 
conservation  law  that  the  total  variation  of  the  solution  is 
non-increasing.  Extension  to  systems  of  conservation  laws  is 
then  achieved  in  the  usual  way  via  approximate  Riemann 
solvers . 

The  solution  of  the  non-homogeneous  equation 
Ut  +  f^x  = 

however,  does  not  possess  the  TVD  property.  Indeed  the 
presence  of  the  right-hand  side  will  cause  the  variation  of 
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the  solution  to  increase  since  it  represents^  a  source  term. 
Yet  we  still  wish  to  solve  numerically  such  equations  and 
desire  high  resolution  oscillation  free  results.  The 
question  then  arises  as  to  how  to  prevent  oscillations  from 
forming  without  inhibiting  the  natural  growth  of  the 
solution.  Both  Roe  [6]  and  Glalster  [7]  have  recently 
studied  the  Implementation  of  source  terms  in  schemes  for 
conservation  laws  and  have  advocated  upwinding  of  the 
source.  however  neither  have  presented  high  resolution 
oscillation  free  schemes  due  to  the  lack  of  a  crltereon  such 
as  TVD  against  which  to  measure  the  performance.  Priestley 
[8]  on  the  otherhand  has  obtained  empirical  results  which 
demonstrates  a  sucessful  Implementation  of  TVD  schemes. 

We  show  here  how  a  change  of  dependent  variable 
transforms  the  inhomogeneous  conservation  law  into  a 
homogeneous  equation  of  the  form 

v_  +  a(u)v  =  0 

whose  solution  does  possess  the  TVD  property. 

This  then  gives  us  a  tangible  crltereon  with  which  to 
correctly  implement  high  resolution  TVD  schemes  for 
inhomogeneous  conservation  laws.  Examples  are  given  using 
the  family  of  Flux  Limiter  Schemes  [2]  to  illustrate  the 
process  both  on  scalar  equations  and  systems  of  conservation 
laws . 
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Carrier  transport  in  semiconductor  devices  is  usually  described  by  the  drift- 
diffusion  model,  a  system  of  two  convection-  diffusion  equations  for  the  con¬ 
centrations  of  positive  and  negative  charged  particles  (holes,  resp.  elec- 
trones),  coupled  to  Poisson’s  equation,  which  determines  the  electric  field. 

A  singular  perturbation  analysis,  based  on  a  scaled  form  of  the  equations, 
reveals  the  complicated  structure  of  solutions,  i.e.,  existence  of  internal  spa¬ 
tial  layers  of  feist  variation  and  temporal  evolution  on  two  time  scales,  a  fast 
and  a  slow  one  (see  [1],  (2j).  The  fast  time  scale  occurs  if  the  initial  data  do 
not  have  the  appropriate  spatial  layer  structure.  By  rescaling  the  equations 
we  show  that  the  transport  process  on  the  fast  time  scale  is  dominated  by 
electric  field  driven  convection,  i.e.,  the  impact  of  diffusion  is  small.  The 
corresponding  initial  layer  problem  has  the  form 

=  n-p-  C{t) 
n,  =  -(n$I)I 

Pt  =  (p®  x)x 

subject  to  appropriate  initial  values  and  ' inflow’ -boundary  conditions  for  n 
and  p. 

This  system  describes  the  flow  of  electrons  and  holes  in  their  self-induced 
electric  field.  The  function  C(x)  is  the  doping  profile  modelling  the  concen¬ 
tration  of  fixed  charged  particles  in  the  device.  The  equations  have  been  an¬ 
alyzed  in  [3j,  where  existence  and  uniqueness  of  smooth  solutions  has  been 
proved  by  the  method  of  characteristics.  No  shocks  occur  since  the  elec¬ 
tric  field  is  a  smooth,  but  nonlocal,  functional  of  the  carrier  concentrations 
However,  discontinuities  can  originate  at  the  boundary  due  to  ‘switching’ 


s 


of  the  boundary  conditions  for  n  and  p,  which  cause  the  breakdown  of  the 
smooth  solution. 

We  interpret  the  hyperbolic  initial  layer  problem  as  the  limiting  system 
when  diffusion  approaches  zero.  This  leads,  in  a  natural  way,  to  an  existence 
proof  of  weak  solutions  by  the  method  of  vanishing  viscosity.  We  sketch 
the  proof,  which  is  based  on  uniformly  valid  estimates  and  a  compactness 
argument.  These  results  imply  the  convergence  (in  suitable  topologies)  of 
solutions  of  the  full  singularly  perturbed  problem  with  small  diffusion  to  the 
solution  of  the  hyperbolic  initial  layer  problem  as  diffusion  approaches  zero. 
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CONVERGENCE  OF  THE  SPECTRAL  VISCOSITY  METHOD  FOR  NONLINEAR  CONSERVATION  LAWS. 
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1  .  INTRODUCTION.  In  recent  years  spectral  methods  have  become  one  of  the 
standard  tools  for  the  approximate  solution  of  nonlinear  conservation  laws, 
e.g.  [3].  It  is  well  known  that  the  spectral  methods  enjoy  high  order  of 
accuracy  whenever  the  underlying  solution  is  smooth.  On  the  other  hand,  one 
of  the  main  disadvantages  in  using  spectral  methods  for  nonlinear  conservation 
laws,  lies  in  the  formation  of  Gibbs  phenomena,  once  spontaneous  shock 
discontinuities  appear  in  the  solution;  the  global  nature  of  spectral  methods 
then  pollutes  the  unstable  Gibbs  oscillations  overall  the  computational  domain 
and  prevent  the  convergence  of  spectral  approximation  in  these  cases.  One  of 
the  standard  techniques  to  mask  the  oscillatory  behavior  of  spectral 
approximations  is  based  on  spectrally  accurate  post-processing  of  these 
approximations.  Indeed,  the  convergence  of  such  recovery  technique  can  be 
justified  by  linear  arguments  [1],  [ 5 J .  However,  for  nonlinear  problems  we 
show  by  a  series  of  prototype  counterexamples,  that  spectral  solutions  with  or 
without  such  post-processing  techniques,  do  not  converge  to  the  correct 
'physically'  entropy  solutions  of  the  conservation  laws.  The  main  reason  for 
this  failure  of  convergence  of  spectral  methods  is  explained  by  their  lack  of 
entropy  dissipation. 

A  similar  situation  which  involves  unstable  oscillations,  is  encountered 
with  finite-difference  approximations  to  nonlinear  conservation  laws.  Here, 
the  problem  of  oscillations  is  usually  solved  by  the  so  called  vanishing 
viscosity  method.  Namely,  one  adds  artificial  viscosity,  such  that  on  the  one 
hand  it  retains  the  formal  accuracy  of  the  basic  scheme,  while  on  the  other 
hand,  it  is  sufficient  to  stabilize  the  Gibbs  oscillations.  The  Spectral 
Viscosity  Method  (SVM)  proposed  in  [6]  attempts,  in  an  analogous  way,  to 
stabilize  the  Gibbs  oscillations  and  consequently  to  guarantee  the  convergence 
or  spectral  approximations,  by  augmenting  them  with  proper  viscous 
modifications. 
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2.  THE  SPECTRAL  VISCOSITY  METHOD.  We  consider  one-dimensional  system  of 
conservation  laws 


with  prescribed  initial  data 
initial-value  problem  (2.1) 
treatment.  To  solve  this  2 
N-trigonometric  polynomial 


3u  .  3(f(u)) 


0, 


(2.1) 


3t  3x 

u0(x).  We  restrict  our  attention  to  the  periodic 
which  avoids  the  separate  question  of  boundary 
it-periodic  problem  by  spectral  methods,  we  use  an 


N 

un(x,t)=  Z  uk(t)eikx, 
k=-N 

in  order  to  approximate  the  spectral  or  pseudospectral  Fourier  projection  P^u 
of  the  exact  solution.  Starting  with  un(x,0)=PNuo(x),  the  classical  Fourier 
method  lets  U[j(x,t)  evolves  at  later  time  according  to  the  approximate  model 

Sum  3 

It  +  H  t Pfv| ( f ( un C x tt)))]  =  0.  (2.2) 

We  have  already  noted  that  the  convergence  to  the  entropy  solution  of  (2.1), 

Ufj--  »u  may  (and  in  fact,  in  some  cases  must)  fail.  Instead,  we  propose  to 
(N  -►“) 

replace  (2.2)  by  appending  to  it  a  spectrally  accurate  vanishing  viscosity 
modification  which  amounts  to 

3um  a  % 

+  LPn  f (uN(x,t))]  -  e  £ 

Here,  Qm(x,t '  is  a  viscosity  kernel  of  the  form 


3uN 

9x 


(2.3) 


Qm  (x-t)  =  Z  Qk(t)elkX  (2.D) 

m£|k|<N 

This  kind  of  spectral  viscosity  can  be  efficiently  implemented  in  the  Fourier 
rather  than  in  the  physical  space,  i.e.. 


C  3x  L 


Qm(x.t)* 


3uN 


3x 


ikx 


(2.5) 


-c  Z  k2Qk(t)uk(t)e' 
m£jkj<N 

It  depends  on  two  free  parameters:  the  viscosity  amplitude,  c-c(N),  and  the 
effective  size  of  the  inviscid  spectrum,  m=m(N).  In  [Gj  it  was  shown  that 
these  two  parameters  can  be  chosen  so  that  we  have  both,  i.e.,  the  spectral 
viscosity  retains  the  spectral  accuracy  of  the  overall  approximation  and  at 
the  same  time  it  is  sufficient  to  enforce  the  correct  amount  of  entropy 
dissipation  that  is  missing  otherwise  (with  e=0). 
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Entropy  dissipation  is  necessary  for  convergence;  the  lack  of  such 
dissipation  in  the  classical  Fourier  methods  is  the  main  reason  for  its 
divergence.  On  the  other  hand,  under  appropriate  assumptions,  one  can  use 
compensated  compactness  arguments  [8]  to  show  that  entropy  dissipation  is 
sufficient  for  convergence. 

3.  CONVERGENCE.  We  shall  discuss  two  model  problems. 

Example  3.1  The  scalar  case.  We  consider  general  nonlinear  scalar 
conservation  laws  (2.1).  The  pseudospectral  viscosity  method  collocated  at  the 


equidistant  points  xv=^— ,  takes  the  form 


gt  U[j(X\j,t)  *  ^  [P^fCUfjlx^jt))]  = 


k2  Gk(t)  eikx v 


[kj=/N 


It  can  be  shown,  [7],  that  the  spectral  viscosity  on  the  right  guarantees 
entropy  dissipation  and  the  L“-stability  of  the  overall  approximation; 
consequently  convergence  follows. 

Example  3.2.  The  isentropic  gasdynamics  equations 

Pt  +  (Pu>x  '  0 

(pu)t  +  (pu2  +  p(p))x  "  0  (*1.1) 

for  a  poly  tropic  gas  p=Const. p7,  Y>1  are  approximated  in  a  similar  fashion. 
Under  appropriate  [.“‘-stability  assumption  (in  particular,  a  uniform  bound  from 
the  vacuum  state),  it  can  be  shown  [3].  [7]  that  the  spectral  viscosity 
solution  converges. 


Finally  we  will  present  numerical  examples  which  demonstrate  the  utility  of 
the  method  and  extensions  to  nonperiodic  problems  will  be  described. 
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The  governing  equations  for  plane  waves  in  isotropic  elastic 
solids  are  a  system  of  hyperbolic  conservation  laws  and  can  be  written  as 


yx  -  F(u)t  =  o  , 


(1) 


in  which  U  is  a  6-vector,  three  of  which  are  the  velocity  components 
and  the  other  three  are  the  stress  components  on  the  surface  x  =  constant. 

F  is  a  given  function  of  U  but  it  depends  on  the  stress  components  only, 
not  on  the  velocity  components.  The  characteristic  wave  speeds  c  of  (1) 


are  ±  c^,  i  =  1,  2,  3,  with 


C1  ~  C2  -  c3 


(2) 


It  is  shown  in  [1,2]  that  c^  is  linearly  degenerate.  The  simple  wave 
associated  with  c^  is  therefore  a  shock  wave.  Thus,  it  is  sufficient 
for  the  Riemann  problem  to  consider  wave  curves  associated  with  c^  and 
c^  only. 

For  hyperelastic  materials  for  which  the  stress-strain  laws  are  deri¬ 
vable  from  a  potential  (the  strain  energy)  W,  one  can  express  W  in  terms  of 
o  and  T  which  are,  respectively,  the  normal  stress  and  the  resultant 
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The  umbilic  point  is  located  at 


The  system  therefore  is  not  totally  hyperbolic  (or  strictly  hyperbolic). 

For  the  modified  Riemann  problem  in  which  a  constant  stress  state 
is  prescribed  for  t  =  0  and  x  >  0  (the  initial  condition)  and  a 
different  constant  stress  state  is  prescribed  for  x  =  0  and  t  >  0 
(the  boundary  condition),  the  solution  consists  of  wave  fans  each  of  which 
can  be  a  simple  wave,  a  shock  wave,  or  a  composite  wave  in  which  a  shock 
wave  is  in  contact  with  a  simple  wave  [3-6].  The  complete  solutions  for 
the  strain  energy  given  by  (3)  for  arbitrary  initial  and  boundary  conditions 
have  been  presented  in  [2].  Many  interesting  and  unexpected  phenomena  are 
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discovered  due  to  the  existence  of  the  umbilic  point.  The  same  phenomena 
have  also  been  discovered  by  Shaeffer  and  his  co-workers  [7,8,9]  who  con¬ 
sider  a  prototype  2x2  system  of  non-strictly  hyperbolic  conservation  laws. 

If  the  stresses  are  not  small,  the  third  order  terms  in  the  stress- 
strain  laws  must  be  included.  The  strain  energy  W  then  has  the  expression 


W  =  ^o2+-^T2+^a3+-|  ax2  -  p  0  £ 

L  L  O  l  O  O 

1  4  1  4  1  2  2 

+  12  El°  +  12  V  +  4  E3°  1  +  C0C 


(5) 


in  which  e3  and  e  are  the  third  order  material  constants  and  pq, 

0Q  are  the  mass  density  and  the  initial  temperature.  £  is  the  entropy 
which  can  no  longer  be  ignored  because  entropy  jump  is  of  the  third  order 
in  the  discontinuity  of  the  strain  [10],  and  hence  of  the  stress.  Depend¬ 
ing  on  the  material  constants,  there  may  be  up  to  three  umbilic  points  at 
which  c^  =  c^.  What  is  more  interesting  is  that  one  may  have  an  umbilic 
line  along  which  c^  =  c^.  This  is  the  main  subject  we  will  address  in 
this  paper. 

We  will  show  that  there  may  be  one  or  two  umbilic  lines.  The  umbilic 
line  may  be  a  curve.  The  wave  curves,  which  provide  the  solution  to  the 
modified  Riemann  problem,  will  be  presented  for  the  system  with  umbilic 
lines.  As  in  [2],  a  shock  wave  may  satisfy  the  Lax  stability  conditions 
for  both  c3  wave  fan  and  c^  wave  fan.  On  the  other  hand,  a  shock  may  not 
satisfy  the  Lax  stability  conditions  for  either  the  c^  wave  fan  or  the  c^ 
wave  fan.  Moreover,  since  the  wave  speed  has  more  than  one  extremum  along 
the  wave  curve,  the  Lax  stability  conditions  are  not  sufficient.  A  more 
discriminating  condition  proposed  by  Liu  [11]  will  be  required. 
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Random-Choice  Based  Hybrid  Methods  for 
One  and  Two  Dimensional  Gas  Dynamics 

E  F  Toro 

Department  of  Aerodynamics,  Cranfield  Institute  of  Technology, 
Cranfield,  MK43  OAL,  England 


Our  theme  is  numerical  solution  of  the  unsteady  Euler  equations  in  one 
and  two  space  dimensions  with  particular  emphasis  on  the  accurate  representation 
of  solutions  containing  strong  discontinuities  such  as  shocks  and  contacts. 

There  are  several  modern  numerical  methods  that  are  accurate  in  the  smooth  parts 
of  the  flow,  but  discontinuities  are  smeared.  Typically,  shocks  are  spread 
over  two  to  three  zones,  but  contacts  are  more  difficult  to  handle  and  are 
typically  spread  over  five  to  six  zones.  In  the  gas  dynamics  associated 
with  combustion  phenomena  the  representation  of  contacts  is  very  important; 
they  carry  discontinuities  in  temperature  on  which  ignition  criteria  are 
based. 

The  Random  Choice  Method  [1]  (RCM),  on  the  other  hand,  gives  zero- 
width  discontinuities  but  smooth  parts  of  the  flow  are  affected  by 
randomness,  which  is  a  feature  of  the  method.  In  Ref.  [2]  we  presented  a 
hybrid  method  that  combines  SORF,  a  new  second  order  random  flux  method  [3], 
and  RCM.  SORF  is  applied  everywhere  except  at  large  discontinuities  where  RCM 
acts.  The  performance  of  this  hybrid  (SORFRCM)  for  one-dimensional  problems 
is  excellent.  Fig.  1  shows  results  for  density  and  pressure  for  the  Sod's 
shocx  tube  problem;  full  lines  show  the  exact  solution  and  symbols  show  the 
numerical  solution.  Here  we  present  some  further  refinements  of  SORFRCM  concerning 
three  aspects,  namely  (a)  switching  mechanisms,  (b)  monotonicity  of  the  'smooth 
component'  and  (c)  extension  to  multidimensional  problems. 

Extension  of  Riemann-problem  based  methods  is  normally  accomplished 
by  space  operator  splitting  (SOS).  Roe  [4]  has  shown  that  SOS  is  incorrect 
under  discontinuous  data,  for  certain  waves.  Here,  however  we  insist  in 
extending  the  hybrid  methods  to  multi-dimensional  problems  via  SOS.  Shock 
waves  must  be  compromised,  that  is  they  must  be  handled  by  the  smooth 
component  of  the  hybrid,  which  must  therefore  be  reasonably  accurate  for  this 
type  of  wave.  Contact  discontinuities  however,  are  cleanly  captured.  This  is 
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an  advantage  of  the  hybrid  method  over  high  resolution  methods  under  SOS. 

Fig.  2  shows  results  for  Sod's  shock  tube  problem  with  initial  data  at  an 
angle  of  45  degrees  to  the  2D  grid  using  SORFRCM.  Note  that  there  are 
some  small  spurious  oscillations  present;  their  origin  is  a  start  up  error. 

They  reveal  that  we  have  not  yet  completely  resolved  the  monotonicity 
aspect  of  SORF. 

THe  second  hybrid  method  (ROERCM)  we  consider  consist  of  Roe's  method 
[5]  and  RCM.  The  advantage  of  this  combination  is  that  the  smooth  component 
(Roe)  is  well  understood  and  developed.  Figs.  3  and  4  show  the  counterparts 
of  Figs.  1  and  2  using  the  ROERCM  Hybrid. 
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Higher-Order  Godunov  Methods  for  Compositional  Reservoir 

Simulation 

John  A.  Trangenslein 
John  B.  Bell 

Lawrence  Livermore  National  laboratory 
P.O.  Box  808 

Livermore,  California  94550 


Simulation  of  enhanced  oil  recovery  techniques,  particularly  miscible  gas  injection,  requires 
numerical  models  that  account  for  a  variety  of  physical  phenomena.  Naturally-occuring  hydro¬ 
carbon  fluids  arc  mixtures  of  a  large  number  of  different  chemicals,  which  have  widely  varying 
behavior  due  to  changes  in  pressure,  volume  and  temperature.  These  hydrocarbons  associate  to 
form  distinct  homogeneous  fluids,  called  phases,  in  such  a  way  that  the  Gibbs  free  energy  of  the 
mixture  is  minimized.  As  pressure  is  varied,  d»c  concentrations  of  the  hydrocarbon  components 
in  the  phases  varies,  even  to  the  point  that  new  phases  form  or  existing  phases  vanish. 

The  compositional  model  of  phase  behavior  is  the  most  successful  of  all  reservoir  simula¬ 
tion  models  in  predicting  the  thermodynamic  properties  of  the  reservoir  fluids.  The  basis  of  this 
model  Is  a  collection  of  mathematical  expressions  for  the  chemical  potentials  for  each  component 
in  each  phase  of  the  reservoir  fluid.  Thermodynamic  equilibrium  is  dese tilted  as  a  constrained 
minimization  of  the  Gibbs  free  energy  of  the  total  fluid,  subject  to  constraints  representing  nonne- 
gativity  of  the  phase  compositions  and  conservation  of  mass.  Because  of  the  representation  of  the 
phase  behavior  in  tenns  of  this  constrained  minimization  problem,  the  resulting  system  of  flow 
equations  is  very  complicated.  The  purpose  of  this  talk  is  to  describe  the  mathematical  structure 
of  die  flow  equations,  and  to  present  robust  numerical  procedures  for  llicir  solution. 

The  fluid  flow  equations  consist  of  component  conservation  equations,  Darcy’s  law  for  the 
volumetric  flow  rales,  balance  between  the  fluid  volume  and  the  rock  void,  and  the  conditions  of 
thermodynamic  equilibrium  that  dctcnninc  the  distribution  of  the  chemical  components  into 
phases.  We  manipulate  the  flow  equations  to  fonu  a  pressure  equation  and  a  modified  component 
conservation  equation;  these  form  the  basis  for  our  sequential  method.  We  show  Ural  the  pressure 
equation  is  parabolic  under  reasonable  assumptions  on  the  thermodynamic  equilibrium  model, 
and  that  die  component  conservation  equations  arc  hyperbolic  in  the  absence  of  diffusive  forces 
such  as  capillary  pressure  and  mixing.  (We  include  other  important  physical  effects,  such  as 
interracial  tension.)  Our  numerical  method  uses  a  sequential  approach,  in  which  the  parabolic 
pressure  equation  is  solved  by  taking  the  chemical  compositions  to  be  known  functions  of  space, 
independent  of  pressure;  afterward,  the  hyperbolic  component  conservation  equations  arc  solved 
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by  taking  the  pressure  and  total  fluid  velocity  to  be  known  functions  of  space,  independent  of 
chemical  compositions. 

The  characteristic  structure  of  the  component  conservation  equations  is  very  interesting. 
There  arc  always  at  least  as  many  chemical  components  as  there  are  phases  (at  least  for  these 
reservoir  simulation  problems),  and  there  are  as  many  characteristic  families  as  there  are  chemi¬ 
cal  components.  The  characteristic  analysis  shows  that  if  n  phases  exist,  then  there  are  n  -  1 
strongly  nonlinear  waves  with  local  linear  degeneracies  (i.e.,  the  the  characteristic  speeds  reach 
local  extrema  along  the  corresponding  rarefaction  curves).  The  remaining  characteristic  speeds 
are  weakly  nonlinear,  and  (relative  to  the  strongly  nonlinear  waves)  behave  as  if  they  were 
linearly  degenerate.  The  hyperbolic  system  is  not  strictly  hyperbolic,  since  the  various  wave 
speeds  can  coalesce  with  a  corresponding  eigenvector  deficiency  of  the  linearized  coefficient 
matrix.  Furthermore,  in  multiple-contact  miscible  gas  injection,  the  recovery  process  is  designed 
to  drive  the  fluid  composition  toward  the  critical  point;  where  all  of  the  characteristic  speeds  can 
become  equal  and  linearly  degenerate.  These  problems  arc  especially  difficult  to  solve  numeri¬ 
cally,  since  they  are  subject  to  smearing  of  the  linearly  degenerate  multiple-contact  miscible  front 
due  to  the  numerical  diffusion  in  the  differencing  scheme  for  the  conservation  law. 

We  have  used  three  basic  numerical  techniques  in  our  numerical  method  for  compositional 
reservoir  simulation.  A  customized  Newton  iteration  with  appropriate  adaptive  changes  of  vari¬ 
ables  is  used  to  solve  the  thermodynamic  equilibrium  equations.  This  view  of  phase  equilibrium 
is  designed  to  provide  the  characteristic  structure  of  the  component  conservation  equations  as  a 
direct  consequence;  in  fact,  the  variable  changes  in  the  Newton  iteration  correspond  to  deflation 
techniques  for  tire  algebraic  eigenvalue  problem  to  find  the  characteristic  speeds.  The  parabolic 
pressure  equation  is  solved  by  a  particular  implementation  of  the  lowcsl-ordcr  mixed  finite  cle¬ 
ment  method.  The  component  conservation  equations  are  solved  by  a  higher-order  Godunov  pro¬ 
cedure. 

;  v 

Ourhumcrical  examples  arc  concerned  with  the  modeling  of  one-dimensional  miscible  gas 
injection  in  a  slim  tube.  This  apparatus  effectively  eliminates  gravitational  effects;  as  a  result,  all 
characteristic  speeds  have  the  same  sign  and  the  Riemann  problems  required  by  the  Godunov 
procedure  are  trivially  solved  by  the  upstream  state.  For  the  simulation  of  multi-dimensional 
petroleum  reservoir  flow,  the  Riemann  problems  could  be  solved  approximately  by  techniques 
due  to  Bell,  Colclla  and  Trangcnstcin. 
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GRID  CHARACTERISTIC  METHODS  FOR  HYPERBOLIC  PROBLEMS 
L.I.Turchak,  A. S. Kholodov 

U.S.S.R.  Academy  of  Sciences  Computing  Centre 
40  Vavilov  Str. ,117333  Moscow 

A  method  of  difference  schemes  constructing  for  multidimensi¬ 
onal  qua3ilinear  equations  of  hyperbolic  type  as  well  as  the  hyper¬ 
bolic  part  of  more  complicated  equations  is  developed.  It  is  based 
on  a  successive  transition  from  the  simplest  one" dimensional  tran¬ 
sport  equation  to  a  system  of  linear, and  then  quasilinear, one-dime¬ 
nsional  hyperbolic  equations  followed  by  multidimensional  ones. 

The  approach  involves  an  introduction  of  linear  spaces  of  dif¬ 
ference  schemes  coefficients  and  characteristic  properties  of  hy¬ 
perbolic  equations  systems  using.  This  allows: 

(i)  to  construct  the  entire  set  of  schemes  with  positive  app- 
roximation(monotonic  or  majorant  schemes)  for  arbitrary  grid  models; 

(il)  to  prove  in  general  there  are  no  schmes  with  the  second 
or  higher  order  of  approximation  on  the  solutions  of  the  original 
equations; 

(iii)  to  find  the  most  accurate  scheme  among  monotonic  schemes 
for  each  grid  model  and , conversely , to  find  among  second-  and  higher- 
order  nonmonotonic  schemes  the  one  that  is  the  least  oscillating  at 
the  discontinuities  of  the  solution; 

(iili)to  construct  the  analogues  of  all  these  schemes  for  a 
quite  general  case  of  linear  systems  of  hyperbolic  equations. 

GC  methods  present  a  wide  range  of  computational  algorithms 
with  different  properties.  These  algorithms  include  explicit  and 
implicit  schemes  with  the  first-  or  higher-order  approximations, 
conservative  and  hybrid  schemes,  etc. 

Some  of  the  schemes  were  used  for  the  numerical  modeling  of 
many  hyperbolic  problems:  steady  and  unsteady  supersonic  flows, 
plasma  physics  and  mechanics  of  a  deformable  body.  The  results  ob¬ 
tained  show  the  effectiveness  of  the  GC  methods  in  solving  problems 
with  a  complicated  structure  of  the  required  solution. 
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Fully  Implicit  High-Resolution  Scheme 
for  Compressible  Chemically  Reacting  Flows 
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*  National  Aerospace  Laboratory 
**  University  of  Tokyo 

The  eigenvalues  and  eigenvectors  are  analytically  derived  for  convective 
terms  of  general  real  gas  dynamics  equations  in  generalized  curvilinear 
coordinate.  This  general  gas-dynamic  equations  can  include  arbitrary  non¬ 
equilibrium  effecs,  i.e.  chemical  reactions  or  vibrational  non-equilibrium 
etc. 

This  diagonalization  has  the  following  favorable  properties  : 

1 .  Total  mass  conservation  equation  is  included. 

2.  Chemical  reaction  and  vibrational  non-equilibrium  can  be  treated  in 
the  same  manner. 

3.  Matrix  mul tiplifications  are  so  simple,  that  the  increase  in  number 
of  additional  non-equilibrium  equations  does  not  drastically  increase 
the  operation  counts. 

4.  This  is  a  natural  extention  of  Warming  &  Beam's  perfect  gas-dynamic 
matrices  diagonalization[l] ,  which  is  included  for  a  special  case  in 
our  formulation. 

Yee  and  Shinn [2]  derived  another  diagonalizing  formulation,  but  their 
basic  equations  do  not  include  the  total  mass  consevation  equation,  and 
consequently  the  total  mass  is  not  conserved  especially  when  chemical 
source  terms  are  treated  implicitly.  Park[3]  suggests  that  every  species 
equation  and  the  total  mass  conservation  equation  should  be  solved  at  the 
same  time  for  the  flows  in  which  dominant  species  do  not  exist. 

The  above  defects  can  be  overcom  in  our  formulation,  which  opens  the 
way  for  general  real  gas-dynamic  equations  to  the  construction  of  finite 
difference  schemes  based  on  characteristic  relations  such  as  TVD  schems  or 
the  simplification  of  the  solution  of  block-tridiagonal  systems  that  arise 
in  implicit  time-split  algorithm  such  as  LU-ADI  time  integration. 
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In  this  paper,  we  simulate  the  chemically  reacting  viscous  flows  through 
SCRAM- Jet  engine,  by  the  use  of  TVD  scheme [4]  in  space  discretization  and 
Point-Alternative-Direction  Implicit (Approximate  Factorization)  method  in 
time  integration,  in  both  of  which  our  diagonalizing  formulation  is  used. 
The  result  shows  the  efficiency  ,  robustness  and  high  resolution  of  our 
scheme . 
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Three-dimensional  calculation: 


inflow  condi ticn:  the  same  as  2-dimensional  calculation 
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THE  EXISTENCE  AND  BEHAVIOR  OF  VISCOUS  STRUCTURE  FOR 

PLANE  DETONATION  WAVES 

David  H.  Wagner* 

Department  of  Mathematics 
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Detonation  waves  are  compressive,  exothermically  reacting  shock  waves.  One  of  the 
curiosities  of  combustion  theory  is  that  there  also  exist  expansive  "shock  waves"  known  as 
deflagration  waves,  which  will  not  be  discussed  in  this  paper.  We  will  give  a  mathematically 
rigorous,  but  simple,  discussion  of  the  viscous  structure  of  plane  detonation  waves. 

In  the  inviscid  theory,  known  as  the  Chapman-Jouguet  theory,  we  assume  that  the 
thickness  of  the  reaction  zone  is  zero,  we  neglect  all  diffusion  effects  such  as  viscosity,  heat 
conduction,  and  diffusion  of  species,  and  any  external  forces  such  as  gravity,  and  we  look  for 
steady  plane  waves.  This  yields  the  following  system  of  differential  equations: 


(1.1)  (a) 

(pu)x  =  0, 

(b) 

[pu2  +  p(p,  T)]x  =  0, 

(c) 

[[plu2/2  +  e(p,T,Y)]  +  f 

(d) 

(puY)x=  -  puY- ^x-Xq). 

Here  x  is  a  space  coordinate  in  the  direction  normal  to  the  wave,  xy  is  the  location  of  the  wave, 


and  p,  T,  u,  p,  e,  and  Y  are  the  mass  density,  temperature,  x-component  of  velocity,  pressure, 
specific  internal  energy,  and  mass  fraction  of  the  reactant,  respectively.  As  is  standard  practice,  we 
have  represented  the  extremely  complicated  chemical  reaction  by  a  simplified,  one-step  chemistry: 
reactant  — »  product.  From  (1.1a)  we  see  that  the  mass  flux,  pu,  has  a  constant  value;  we  denote 
this  value  by  m.  The  fluxes  of  momentum,  (1.1b),  and  energy,  (1.1c)  are  also  constant;  from  this 
fact  we  obtain  the  Rankine-Hugoniot  conditions  for  a  shock  wave.  The  difference  between  inert 
gas  dynamics  and  the  exothermic  reactive  theory  discussed  here  lies  in  the  fact  that  Y  varies  from 
a  positive  value  on  the  unbumed  side  of  the  wave,  which  we  take  to  lie  on  the  right  side,  to  a  zero 
value  on  the  burned,  or  left  side.  Because  the  internal  energy  e  depends  on  Y,  the  change  in  .  Y 
causes  the  classical  Hugoniot  curve  (the  solution  locus  of  (1.1c))  of  gas  dynamics  to  move.  As  a 
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consequence,  we  find  that,  for  a  given  value  of  m,  a  given  shock  state  on  the  left  may  now  be 
connected  by  a  shock  wave  to  two  possible  states  on  the  right,  except  for  certain  critical  values  of 
m  for  which  there  is  a  unique  burned  state  —  the  Chapman  Jouguet point.  In  addition,  the  curve  of 
possible  burned  states,  parameterized  by  m,  has  two  components.  One  component, 
corresponding  to  compressive  waves,  is  called  the  detonation  branch,  and  the  other  component, 
corresponding  to  expansive  waves,  is  called  the  deflagration  branch.  By  way  of  contrast,  in  an 
inert  gas,  for  a  given  value  of  m,  a  state  is  usually  connected  to  only  one  slate  on  the  right,  and  the 
curve  of  possible  terminal  shock  states  is  usually  connected. 

The  reacting  shock  waves  of  the  CJ  theory  are  classified  as  follows.  A  wave  connecting 
the  unburned  state  to  the  closer  detonation  point  is  called  a  weak  detonation  wave,  and  a 
connection  to  the  farther  detonation  point  is  called  a  strong  detonation.  A  detonation  wave 
terminating  at  the  Chapman  Jouguet  point  is  called  a  Chapman  Jouguet  detonation.  Deflagration 
waves  are  similarly  classified. 

The  CJ  theory  for  detonation  waves  is  useful  for  deriving  the  Rankine  Ikigoniot 
conditions,  and  for  classifying  the  types  of  wave.  However,  this  theory  is  physically  flawed, 
because  in  reality  the  reaction  zone  is  much  thicker  than  the  shock  layer.  This  is  due  to  the  fact  that 
the  chemical  reaction  depends  on  molecular  collisions,  and  requires  a  distance  much  longer  than  the 
mean  free  path  to  achieve  significant  completion.  The  shock  layer,  however,  has  been 
experimentally  observed  to  be  several  mean  free  paths  thick.  Consequently  the  appropriate  inviscid 
model  is  the  one  developed  independently  by  Zeldovich,  von  Neumann,  and  Doting,  and  which  is 
known  as  the  ZND  model.  In  this  model  equation  ( 1 . Id)  is  replaced  by  a  similar  equation,  but 
with  a  fihite  reaction  rate: 

(1-ld)  (puY)x  =  -KpY  <(>(T) 

Tor  our  purposes  it  is  reasonable  to  assume  that  the  reaction  rate  function  <J>  is  continuous, 
non-negative,  and  monotone.  Our  mathematical  treatment  will  require  that  we  assume  that  <t> 
vanishes  whenever  the  temperature  T  is  less  than  a  given  ignition  temperature  Tj.  For  a  known 
reaction  rate  <j>  one  can  solve  (1.1a,  b,  c,  d')  explicitly;  the  only  detonation  w'ave  solutions  are 
strong  or  CJ  detonations.  These  waves,  which  are  known  as  ZND  waves,  begin  with  a  jump 
discontinuity  which  is  an  inert  shock  wave.  This  shock  wave  heats  the  gas  above  the  ignition 
temperature;  the  reaction  proceeds,  with  the  velocity  and  temperature  following  a  curve  of 
equilibrium  states  for  (l  ib,  c),  parameterized  by  Y.  One  of  the  interesting  features  of  these 
waves  is  the  peak  in  the  temperature  and  pressure  which  is  known  as  the  von  Neumann  spike.  By 
way  of  contrast,  in  inert  shock  waves  these  variables  are  usually  monotone. 

One  of  the  purposes  of  this  paper  is  to  examine  the  structural  stability  of  ZND  waves.  A 
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shock  wave  is  structurally  stable  if  it  is  the  limit  of  solutions  to  models  which  include  more 
physical  effects,  such  as  viscosity  and  heat  conduction,  as  these  models  tend  to  the  original 
inviscid  model  in  which  these  effects  are  neglected.  For  steady  plane  detonation  waves  one  may 
consider  the  effects  of  viscosity,  heat  conduction,  and  species  diffusion,  to  obtain  the  (steady) 
reacting  compressible  Navier  Stokes  equations: 

(1.2)  (a)  (pu)x  =  0, 

(b)  [pu2  +  p(p,  T)]x  =  (Pux)x* 

(c)  [[p(u2/2  +  e(p,  T,  Y)]  +  p(p,  T)]u]x  =  (XTx)x  +  (puux)x  +  (qpDYx)x, 

(d)  (puY)x  =  (pDYx)x  -  KpY  <KD- 

Here  p  is  the  coefficient  of  bulk  viscosity,  X  is  the  heat  conductivity,  D  is  the  diffusion  rate  for 
the  reactant,  and  q  is  the  difference  in  the  heats  of  formation  of  the  reactant  and  the  product  |Wi], 
In  this  paper  we  prove  a  necessary  condition  and  a  sufficient  condition  for  the  existence  of 
heteroclinic  solutions  of  (1.2)  which  connect  an  unburned  state  to  the  strong  detonation  point. 
These  conditions  also  apply  to  the  Chapman  Jouguet  detonation.  See  (5.3)  and  (6.3).  For 
simplicity  we  restrict  our  attention  to  the  case  where  the  Prandil  number  is  3/4  (p  =  X/Cp).  In  the 

limit  as  X,  p,  and  D  tend  to  zero  (with  other  parameters  fixed)  these  solutions  tend  to  the  ZND 
wave.  Thus  the  ZND  wave  is  structurally  stable  to  this  particular  perturbation  of  the  model. 

For  all  of  these  solutions  the  stagnation  enthalpy  H  =  c  T  +  u2/2  is  monotone,  as  is  the 

entropy  flux:  mS  -  XT^/T.  For  most  of  the  strong  detonation  waves  the  temperature  and  the 

pressure  attain  their  maxima  in  the  interior  of  the  wave;  this  corresponds  to  the  von  Neumann  spike 
which  occurs  in  the  ZND  wave.  However  for  a  certain  parameter  range,  characterized  by  large 
values  of  the  diffusion  coefficient  X,  there  exists  a  continuum  of  solutions  which  look  like  a  weak 
detonation  followed  by  a  gas  dynamic  shock  wave.  For  these  waves  the  pressure  and  temperature 
are  monotone.  This  pathological  behavior  has  been  noted  before  in  numerical  computations  of 
solutions  of  (1.2),  and  rigorously  for  a  qualitative  model  [CMR],  In  these  numerical  computations 
it  was  observed  that  the  weak  detonation  -  shock  wave  solutions  are  dynamically  stable  as 
solutions  of  the  time  dependent  reacting  compressible  Navier  Stokes  equations  in  one  space 
dimension. 

Let  A*  =  inf(  X/pDCp,  1),  and  A*  =  sup(  X/pDc^,  1).  For  any  state  variable  U  let 
U+  be  the  limit  of  U  at  ±<».  Then  a  necessary  condition  for  the  existence  of  a  strong  detonation 
structure  profile  is: 
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(5.3) 


1 


m2V  > 


2XA*K 


Kl  -t)*(T  +qY.t/cp)dt  . 


A  sufficient  condition  is: 


(6.3) 


Y  >  £j  + 


T* 


,  2,,  f  XA*(T*-T)<|>(T)dT 

(Y-l)mVV*  TJ 


J 


It  is  inteiesting  to  compare  these  conditions  to  the  corresponding  conditions  for  existence  of  a 
plane  premixed  laminar  flame  [BNS,  WgJ. 
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A  New  Class  of  ENO  Schemes  for  Hyperbolic  Conservation  Laws 


Zhong-De  Wang 
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Nanjing,  China 

In  this  paper  we  present  a  condition  that  a  general  3-point,  and  5-point  finite-difference 
scheme  in  conservation  form  is  ENO.  By  using  the  UN()2  numerical  flux  introduced  in 

(I) ,  wc  obtain  the  condition  that,  the  difference  schemes  in  conservation  form  is  uniformly 
second-order  accurate.  Wo  then  convert,  known  3-point,  schemes  into  new  5-point  schemes  by 
applying  Barton's  trick  in  (2).  Accordingly,  a  new  class  of  uniformly  second-order  accurate 
ENO  schemes  has  been  constructed.  Numerical  experiment,  is  presented  to  demonstrate  the 
performance  of  these  new  ENO  schemes.  The  result  is  encouraging. 

L  Introduction.  In  this  paper  we  consider  the  numerical  solutions  to  the  hyperbolic,  con¬ 
servation  laws 

(II)  M|  +  /( u )r  =  o,  t/.(.r,  ())  =  u0(z),  t  >  0,  .r  6  IB 

Let  /„),  :tj  —  jh.  /„  =  nr,  demote  a  numerical  approximation  in  conservation 

form 

(L2)  =  t>;  -  a (./• +I/2  -  fj.i/2)  =  ( e,,{t )  • 

Beeently,  A.IIarten  N'  S.Osher  have'  deve|e>ped  Essentially  Nonoscillatory  (ENO)  shock  cap¬ 
turing  methods  for  the  approximation  of  (1.1)  (sec(3),  (4)).  ENO  schemes  satisfy 

(1.3)  TV(Eh(r)-r)  <  TV(»)  +  0(hr) 

fe>r  h  sufficiently  small.  Where  i/(|(.r)  are  pieeewise  smooth,  r  is  the  orde'r  of  accurne-y  e >f 

(1.2) .  These  schemes  overcome  the  shortcoming  —  TVD  se-hemes  have  at  most  first-order 
accuracy  in  the  sense'  e>f  truncation  error,  at  extrema  e>f  the  solution,  and  avoid  a  Gihh- 
like  phenomenon  at  discontinuities.  In  this  paper  we  dese-rihe  a.  procedure  t.e>  obtain  the 
uniformly  second-order  accurate  ENO  se-hemes  by  modifying  known  TV!)  schemes.  Tla- 
format  e>f  this  paper  is  as  follows:  In  sertiem  2,  we  present  a  Niillieiont  condition  that  se'heme' 

(1.2)  is  ENO;  insertion  3,  we  give  the  condition  that,  scheme  (1.2)  is  uniformly  second -order 
accurate,  and  propose  a  new  class  of  uniformly  second-order  accurate  ENO  se-heme's;  in 
section  4,  numerical  example'  is  included  te>  illustrate  the  scheme's  in  section  3. 

2.  The  condition  for  t  he  construction  of  ENO  sclir  in cs. 

Suppose  be>th  the  3- point  and  5- point  schemes  (1.2)  can  la-  re-written  in  the  form 

(2.1«)  v"+l  =  £’/,(r )  •  v", 

(2.1b)  (Ei,(t)  ■  v)j  —  Vj  +  C'+,7+i/2A,+i/2i’  —  C-'j~\/2 A,_i/2r 
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where 


W 


(2.1c)  C+j+ 1/2  —  C+{  i’j-\ ,  Vj,  Vj+I ,  I’jj  2)5  C-.J-1/2  —  + 

The  following  theorem  states  a  condition  that  scheme  (1.2)  is  ENO. 

Theorem  2.1.  Let  the  coefficients  C±  in  (2.1c)  satisfy  the  condition 

(2.2  a)  C±t>+i/2  =  C'lJ+l/2 +  ()(hr) 

(2.2b)  '  c+i>+1/2  =  cifi+1/2<  1 

then  TF(£J/,(r)  •  a)  <  TV(v)  4  ()(hr),  i.e.,  scheme  (2.1)  is  ENO. 

Here  x+  =  (|;r|  4  .r)/2. 

Example  2.2.  For  the  UN02  scheme  presented  by  Harten  (see  (1)),  we  can  easily  show  that 
it  satisfies  (2.2.) 


3.  Uniformly  second-order  accurate  ENO  schemes 

Let  us  consider  a  general  3-point  scheme  (1.2)  with  a  numerical  flux  of  the  form 
(3-1  ft)  fj+ 1/2  =  -(/0’;)  +  /(»V+i)  _  jQ(l'j+i/2)^j+\/iv) 

where 


(3,1/.) 

(3.1c) 


t'j+l/2  =  ^«>+l/2 
H/2 


A/  +  1/2I' 


l  «( *»>  )> 

Lemma  3.1.  If  (?(.r)  in  (3.1a)  satisfy 


A>+i/ie  ^  0 

A>+l/2»'  =  0 


(3.2c)  |Q(.r)  T  -r|  -  (Q(- r)  4  x)  =  0(/ir ) 

(3.2/*)  |<?(x)  -  x|  4  |tf(.r)  4  x|  +  2 Q(x)  <  4 

for  |.r |  <  //.  +  ()(h),  then  scheme  (1.2)  with  (3.1)  is  ENO  under  the  C’FL  restriction 

(3.3)  Amax|«j+i/a|  <  /<  4  0(h)  (0  <  /<  <  1) 

A. Harten  S.Osher  have  proposed  the  UN02  scheme  (1.2)  with  a  numerical  flux  of  the 
form 

f]T\°/2  =^U(Vj)  +  ./(’’>+ 1)  ~  K+  1/2 K’V+I  ~  rj) 

4max(n,rt;+i/i)(l  -  '/;-i/2)  ■  Sj 
—  iuin(0,«j  +  i/2)(l  4  3/2)  ■  Sj+i ) 


where 

(3.4f>)  Sj  =  Sj/(  1  4  i'j+i/2  —  Vj- 1/2) 
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By  using  the  UN02  numerical  flux,  we  obtain  the  following  condition  that  scheme  (1.2)  is 
uniformly  second-order  accurate. 

Lemma  3.2.  Let  the  numerical  flux  fj+1/2  in  (1.2)  satisfy 

(3.5)  />+./,  -  //+"$  =  0(h2) 

then  scheme  (1.2)  is  uniformly  second-order  accurate. 

We  convert  3-point  scheme  (3.1)  into  5-point  scheme  as  follows: 

(3.6a)  fjl  1/2  =  2 (f(vj)  +  f(vj+ 1))  -f  — (<?>  +  9j+ 1  -  Q{vj+\/2  4-  7>+i/2)AJ+i/2t>) 

(3.6b)  gj  =  <7(17-1, 17,17+1),  7i+i/2  =  (Oj+i  -  gj)/<\j+i/2v 

Lemma  3.3.  Suppose  Q(x)  is  Lipscliitz  contintious  and  <7  satisfies 


Q 

(3.7a)  gj+gj+i  =(Q(vj+ 1/2)  -  kj+i/21  +.n?ax(0,i/>+i/2)  ■  (1  -  >7-1/2)^—^ 


j+l/2v 


min(0,nJ+i/2)  •  (1  +  Vj+3/2)  r~J+t — )  •  Aj+j/2u  -f  0(h2) 

^>+1/2^' 


(3.7b) 


7; +1/2  ‘  Aj+!/2 v  —  gj+ 1  —  gj  —  0(h2) 


then  the  numerical  flux  of  (3.6)  satisfies  (3.5). 

We  construct  57  =  <7(17-1 , 17, 17+ 1)  that  satisfies  (3.7)  in  the  following  way: 

(3.8«)  g  =  m(&+i/2>d>-i/2) 

1  /  S; 

$7+1/2  =2  _  I ^ i/2 1  +  max(0,  17+1/2)  •  (1  -  >7-1/2)^—- 


(3.86) 


Aj  +  l/2l> 


-  111(11(0,1.,+,/,)  (1  +  Kj+»/»)v  '  ■)  ■  Aj+i/,» 

(3.8c)  »gn(x)  =  sgn(»)  =  > 

(0,  otherwise 

Lemma  3.4.  Let  <j3  be  defined  by  (3.8).  Suppose 


then  relations  (3.7)  is  satisfied,  and 


(3.10) 


I7/+1/2I  =lw+i  -  «7>I/|a>+j/2H 

<5|^('7-i  1/2)  -  K  +  1/2I  +  max(0,i'J+J/2)  •  (1  -  >7-1/2)  A  ^  ^ 


-  inin(0, 17+1/2)  •  (1  +  17+3/2 ) 


A/+1/2U 
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Lemma  3.5.  Suppose  (}(x)  satisfies  (3.2),  S,  satisfies  (3.9)  and  gj  is  defined  l>v  (3.8);  then 
scheme  (1.2)  with  numerical  flux  (3.C)  is  ENO  under  C’FL  restriction:  A  max j  \a 2+ 1 /2 |  <  /'■ 
As  a.  synthesis  of  above  results,  we  have 

Theorem  3.C.  Let  us  assume  that  Q{x)  satisfies  (3.2),  S}  satisfies  (3.9)  and  g}  is  defined  by 
(3.S),  then  finite-difference  scheme  (1.2)  with  numerical  flux  (3.C)  is  uniformly  second  order 
accurate  ENO. 


4.  Numerical  Examples.  Consider  a  Riemarm  problem  for  the  Euler  equations  of  gas 
dynamics 

(4.1«)  u,  +  f(u)I={),  "(  ',0)  =  { u'n  r  >  () 

(4.1/>)  u  =  (/>,  m,  E),  f(n)  =  (m,m2/p  +  P,m(E  +  P)/p), 

(4.1c)  P  =  (7  -  l)(E  - 

Here  p,m,E  and  P  are  the  density,  momentum,  total  energy,  and  pressure,  we  take  7  =  1.4. 
We  extend  the  new  uniformly  second-order  accurate  ENO  scheme  (1.2)  with  numerical  flux 
(3.G)  to  (4.1)  as  follows: 


(4.2n)  t-;  +  1  =  e;-A(/i+1/2  -./j-1/2) 
f j+1/2  —  ^(/(.Cj)  +  /(t’>+i)) 

(4.2/.) 

+  ^E  +  #j+i )  -  <?V?+i/  2  +  9*+  ./aK+./a) 


A- I 


(4.2c) 


#7+1/2  —  ^  ((  1  /2  )  -  I  ">+1/2  I*  •  aj  +  l/2  +  max((),  I') +1/2  )  •  (1  'h-l/2^/ 


—  min(0,  l'j+ 1/2)  •  (1  +  ''.7  +  3/2  )^j  +  l 

(4. 2d)  gk  =  »»(ffj+i/2,tfj-i/2) 

A-  .  _  /  (#7  +  1/2  -  #7  )/a;  +  l/2>  fV>  +  l/2  1  0  ,  7/f  J_ ,  /,  =  ,\„t 


(4.2c)  7j+j/2  =  |  0’ 

We  take 


°  j+1/2  ~  ^ 


7+1/2 


7+1/2 


(4.3)  Q 


+  £“ )/2e,  |.r|  <  c 

|.r  >  f 


and  S*  as  follows: 

(4.4«)  S*  =  m(5^,5^)/(l  4-  ej+1/2  -  »'jL1/2) 

(4.4/7)  .S+7  =  oj+l/2  +  -m(oJ+3/2  -  a*+i/2>°j  +  ]/2  _  °7-l/2* 

Here  a;  + ,/2  is  the  k-th  eigenvalue  of  -4(u;+i/2)  corresponding  to  the  right-eigenvectoi 
/?7+i/2,  and  2U*+i/2  denotes  the  component,  of  A7+i/2e  —  r;  +  i  -  17  in  the  k-th  charac¬ 
teristic  field. 


3-4 


u 


For  (4.1)  with  «/,  =  (0.445,0.311,8.92s)7,  ur  =  (0.5, 0.1, 1.4275)7 ,  we  perform  the  calcu¬ 
lations  with  140  cells,  h  =  0.1  and  111  time  steps  under  the  CFL  numbers  / 1  =  0.9.  In 
calculations  we  have  used  Roe’s  linearization  and  selected  £  =  0.2  for  genuinely  nonlinear 
fields;  £  =  0  for  linearly  dgenerate  fields.  The  numerical  result  is  satisfactory. 

Acknowledgment,  The  author  would  like  to  thank  Dr.  Hong-Liang  Ren  for  his  valuable 
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In  this  paper  we  consider  the  stability  of  finite-difference  approximations  to  hy¬ 
perbolic  initial-boundary-value  problems  (IBVPs).  For  simplicity  we  restrict  our 
attention  to  the  stability  of  approximations  to  the  IBVP  for  the  model  hyperbolic 
equation 

du  du 

-  c  ,  0<x<Lt  t  >  0  1 

at  ax 

where  c  is  a  real  constant.  One  must  specify  initial  data  at  i  ~  0,  and  the  IBVP  is 
well-posed  if  an  analytical  boundary  condition  is  prescribed  at  x  -  L 


u (/»,<)  -  g(t)  for  c  >  0. 


(2) 


A  semi-discrete  approximation  of  (l)  is  obtained  by  dividing  the  spatial  interval 
into  J  subintervals  of  length  Ax  where  J  Ax  --  L,  x  —  x3  -  j  Ax  and  approximating 
the  spatial  derivative  uT  by  a  difference  quotient.  As  a  prototype  approximation  we 
replace  ux  by  a  second-order  accurate  central  difference  quotient,  to  obtain  a  system 
of  ordinary  differential  equations  (ODEs) 


diij 

'dt 


2 Ax  (Wj  4 1  ~  Mr  J  =  1,2,---,./  I 


(3) 


where  u;(/)  --  v3  denotes  the  approximation  to  u(x,t).  The  right  boundary  (x  =  L) 
is  advanced  by  using  the  analytical  boundary  condition  (2).  We  assume  that  the 
boundary  condition  is  homogeneous,  i.e.,  s(0  “  0,  and  for  the  semi-discrete  problem 
we  write  uj  —  0.  In  this  abstact  we  consider  only  semi-discrete  approximations, 
but  in  the  final  manuscript  fully-discrete  approximations  will  be  included. 

A  complication  in  completing  the  approximation  is  the  fact  that  generally  more 
boundary  conditions  are  required  for  the  difference  approximation  than  are  specified 
for  the  partial  differential  equation.  For  example,  if  we  apply  (3)  at  the  left  boundary 
(j  =  o),  then  the  stencil  protrudes  one  point  to  the  left  of  the  boundary.  It  is  clear 
that  an  additional  numerical  boundary  scheme  (NBS)  is  required.  For  example,  at 
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the  left  boundary  ( j  =  0)  we  could  change  from  a  centered  approximation  to  a 
one-sided  approximation  of  ux  and  use  the  following  NDS: 

=  ^~I“qu2  +  0  +  2a)ui  -  (1  +  «)«o|  (4) 

where  a  is  a  parameter.  The  svstem  of  ODEs  (3)  together  with  the  analytical 
boundary  condition  uj  =  0  and  the  N IiS  (-1)  can  be  written  in  vector-matrix  form 


du(i) 


—  ylu(<) 


where  u  is  a  J-component  vector  and  A  is  a  J  x  J  matrix.  The  essential  element  in 
the  stability  of  the  semi-discrete  approximation  (5)  is  the  behavior  of  the  solution 
as  the  spatial  mesh  is  refined.  Consequently,  one  must  consider  an  infinite  sequence 
of  ODE  systems  of  dimension  J  where  J  ->  oo  as  Ax  — >  0. 

Stability  of  a  semi-discrete  approximation  with  homogeneous  boundary  data 
means  that  there  exists  an  estimate  of  the  solution  in  terms  of  the  initial  data.  For 
example,  the  semi-discrete  approximation  represented  by  the  sequence  of  ODE’s  (5) 
is  Lax-Richtmyer  stable  if  there  exists  a  constant  K  >  0  such  that  for  any  initial 
condition  u(0) 

IMOII  <  *H0)||  (6) 

for  all  J  >  0,  J  Ax  =  L  and  for  all  f,  0  <  t  T  with  T  fixed.  Here  the  symbol  ||  •  || 
denotes  a  norm. 

Two  methods  for  carrying  out  a  stability  analysis  are  the  energy  method  and 
the  normal  mode  analysis.  The  normal  mode  analysis  is  an  eigenvalue  analysis.  If 
we  look  for  a  solution  of  br>)  of  the  form  u(£)  -  e’'^,  then  we  obtain  A<f>  —  s<f>. 
But  this  is  just  the  eigenva;  e-eigenvector  problem  for  the  matrix  A  where  <f>  is  the 
eigenvector  and  s  is  the  eigenvalue.  The  practical  problem  of  implementing  tests 
on  the  eigenvalues  is  that  the  normal  mode  analysis  for  a  discrete  hyperbolic  IBVP 
on  a  finite  domain  is,  in  general,  analytically  intractable. 

The  intractability  can  easily  be  demonstrated  by  the  normal  mode  analysis  of 
the  ODE  system  (5).  The  components  of  the  eigenvector  4>  and  the  normalized 
eigenvalue  i  =  (Ai/c)s  are  given  by 


<p}  —  |/cJ  -  (-k2)‘;(-  1/k);],  2 s  =  k- 


(7a, b) 


where  k  is  a  root  of  the  algebraic  equation 


9(k)  -  (-k2)j+,9(-  1/ic)  =  0. 


The  polynomial  q(i c)  depends  solely  on  the  NBS.  In  particular,  for  the  NBS  (4)  the 
polynomial  g(/c)  is 

q(f c)  =  (k;  -  1)2(2qac  -  1).  (8) 

Since  J  Ax  =  L,  the  degree  of  (7c)  increases  as  the  spatial  mesh  increment  Ai 
decreases.  In  general,  one  cannot  solve  for  the  roots  of  (7c)  which  accounts  for  the 
analytic  intractability  of  the  normal  mode  analysis  on  a  finite-domain. 
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An  alternative  but  more  complicated  stability  definition  is  used  in  the  theory 
developed  by  Custafsson,  Kreiss,  and  Sundstrom  (GKS)  [l|.  The  advantage  of  the 
(IKS  theory  accrues  from  the  fact  that  a  finite-domain  problem  with  two  boundaries 
is  divided  into  a  Cauchy  problem  and  two  quarter-plane  problems  each  of  which  can 
be  analyzed  separately  by  a  normal  mode  analysis.  The  analogues  of  (7)  for  the 
right-quarter  plane  problem  are 


4>J  ---  K}  ,  2s  —  K 


(9a, b) 


where  k  is  a  root  of 


<7(k)  --  0. 


This  is  the  same  polynomial  g(/c)  that  appears  in  (7c)  and  (8).  The  roots  of  (9c)  are 
easily  found  since  <j(/c)  is  of  low  degree.  Algebraic  tests  based  on  the  roots  of  </(k) 
and  the  corresponding  eigenvalues  s  provide  necessary  and  sufficient,  conditions  for 
GKS  stability. 

Since  the  Lax-Richtmyer  and  GKS  stability  definitions  differ,  the  connection  be¬ 
tween  the  normal  mode  analysis  for  the  finite-domain  problem  and  the  normal  mode 
analysis  for  the  quarter-plane  problem  is  rather  obscure.  In  a  recent  paper  [3)  we 
derived  asymptot  ic  estimates  of  the  eigenvalues  of  the  finite-domain  problem.  These 
estimates  w'ere  used  to  relate  the  normal  mode  analysis  of  the  finite-domain  problem 
and  the  GKS  quarter-plane  analysis. 

The  notion  of  stability  for  the  finite-domain  problem  is  intimately  associated  with 
the  behavior  of  the  eigenvalues  ,s  as  the  spatial  mesh  is  refined,  i.e.,  J  — »  oo.  Al¬ 
though  wo  cannot  solve  for  the  roots  of  (7c)  analytically,  we  are  primarily  interested 
in  asymptotic  estimates  for  large  J.  In  order  to  derive  the  asymptotic  estimates  for 
the  roots  of  (7c),  we  assumed  in  [3]  that  particular  roots  can  be  identified  for  each 
./  and  we  write  k  —  k(J).  Furthermore,  there  is  no  loss  of  generality  in  assuming 
that  \k{J)\  <  1.  We  showed  that  the  roots  of  the  algebraic  equation  (7c)  can  be 
divided  into  two  distinct  classes  according  to  the  asymptotic  behavior  of  |/c(./)|'7  in 
the  limit  J  — >  oo.  For  |k(J)|  <  1  there  are  only  two  possibilites: 


lim  ^(J)]-7  =  0, 


(//)  :  lim  \k{J)\j  ~  constant  >  0.  (10) 

J— *  OO 


For  roots  in  class  (/),  it  is  clear  that  (7c)  reduces  to  the  quarter-plane  equation  (9c) 
as  J  — *  oo.  Consequently,  a  root  in  class  (!)  becomes  a  root  of  the  quarter-plane 
polynomial  (9c)  in  the  limit  J  -*  oo. 

In  addition  to  (/)  and  [11),  there  is  a  third  class  of  roots 

(Ill):  \k(J)\=1.  (11) 

If  |/c|  =  1  and  is  independent  of  J ,  then  a  k.  root  remains  fixed  on  the  unit  circle 
for  all  J.  For  this  to  happen  it  is  obvious  from  (7c)  that  the  polynomials  <j(/c)  and 
q(—l//c)  must  have  a  common  factor.  This  common  factor  leads  to  identical  roots 
for  both  the  quarter  plane  polynomial  </(k)  and  the  finite-domain  polynomial  (7c). 
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These  roots  are  fixed  on  the  unit  circle  and  from  (7b)  one  obtains  9?(.§)  =  0  and 
3(s)  =  fixed.  Consequently,  there  is  a  stationary  mode  with  k  independent  of  J . 

An  example  with  a  stationary  mode  is  NBS  (4)  for  a  =  -1/2.  The  polynomial 
(8)  becomes 

q(K)  =  -(/c  -  1)2(k -t- 1),  q(-l/tc) --  -(k  +  1)2(k- 1)/k3,  (a~-l/ 2)  (12) 

The  polynomials  q(i c)  and  q[- \/k)  have  the  common  factor  (k  -  1)(k  !  1)  and 
consequently,  (7c)  has  the  roots  k  =  ±1  independent  of  J  for  a  —  -1/2.  From 
(7b)  s  =  0  and  this  is  a  stationary  mode.  According  to  the  GKS  stability  results, 
a  =  -1/2  is  the  borderline  case  between  stability  (a  >  -1/2)  and  instability  (a  < 
-1/2).  This  borderline  case  is  GKS  unstable.  If  there  is  a  stationary  mode  for  the 
finite  domain  problem,  the  GKS  perturbation  test  will  always  indicate  the  presence 
of  a  GKS  generalized  eigenvalue. 

The  GKS  quarter  plane  analysis  cannot  detect  whether  or  not  a  particular  mode 
is  stationary  for  the  finite  domain  problem.  The  importance  of  a  stationary  mode 
is  the  following.  Gustafsson  et  al.  [2]  have  proved  that  if  the  Cauchy  stability 
requirement  of  the  GKS  theory  is  replaced  by  a  more  stringent  energy  estimate,  then 
GKS  stability  implies  Lax-Richtmyer  stability  in  the  L2  norm.  There  are  known 
examples  showing  that  Lax-Richtmyer  stability  does  not  imply  GKS  stability.  These 
examples  all  involve  what  are  called  borderline  cases.  In  fact,  we  show  that  they 
are  equivalent  to  the  presence  of  a  stationary  mode  for  the  finite-domain  problem. 
From  our  analysis,  stationary  modes  are  easy  to  detect  since  they  occur  if  and  only 
if  ?(/c)  and  q(-l/K.)  have  a  common  factor. 

From  the  point  of  view  of  an  eigenvalue  analysis,  a  semi-discrete  approximation 
with  a  stationary  mode  must  be  treated  separately  since  any  instability  derives 
not  from  an  eigenvalue  with  a  positive  real  part  but  from  the  algebraic  growth  (as 
J  — *  00)  of  the  norm  of  the  solution.  In  this  paper  we  examine  in  detail  stationary 
modes  arising  from  various  NBSs  for  both  semi-discrete  and  fully  discrete  problems. 
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AN  ANALYSIS  OF  THE  NUMERICAL  SOLUTION  OF 
HYPERBOLIC  PDES  ON  IRREGULAR  GRIDS 

I 

B.  Wendroff  and  A.  B.  White,  Jr. 

Los  Alamos  National  Laboratory 
Los  Alamos,  New  Mexico  U.S.A. 


Extended  Abstract 

Partial  differential  equations  (PDEs)  are  often  approximated  on  irregular  spatial  grids.  These 
irregularities  may  be  required  to  illuminate  particular  regions  of  interest  or  may  be  the  result  of 
complementary  calculations.  In  any  case,  many  authors  have  noted  that  a  difference  scheme 
defined  on  an  irregular  grid  may  have  significantly  larger  truncation  error  than  when  defined  on  a 
regular  one.  For  example,  the  second  divided  difference  approximates  y  "(*,  )  correct  to  0(Ax2)  on 
a  uniform  grid,  to  O(Ax)  on  an  irregular  one.  Difference  approximations  of  ordinary  differential 
equations  on  highly  irregular  grids  have  been  examined  in  detail  in  Manteuffel  and  White  [1]  and 
Kreiss  et  al.  [2].  In  many  cases,  this  apparent  loss  of  accuracy  is  an  artifact  of  the  classical  error 
analysis,  and  the  discrete  solution  retains  its  accuracy  even  on  very  irregular  grids. 

Perhaps  the  simplest  example  of  this  effect  for  node-centered  unknowns  is  a  zeroth  order, 
conservative,  upwind  scheme,  see  Pike  (3],  applied  to  the  scalar  wave  equation.  On  a  product  grid 
( Xi,tk ),  the  difference  approximation  is 


— t+i  —k 

,  _  U,  —  Uj  1 

Lhu  =  - - : - +  2c 


Ar 


(Ax.v/j  +  Ax,.,/,) 


(1-1) 


The  truncation  error  associated  with  (1.1)  is 


Ax.^-Ax,^ 

Lhu  =  t  =  — c  — - - - ux  +  0(A) 

Ax.+fc  +  A Xi-i* 


(1.2) 


For  an  irregular  grid  (e.g.,  a  two-periodic  grid:  li ,  2h ,  h ,  2h , . . .),  this  difference  scheme  is 
inconsistent  unless  rather  stringent  restrictions  are  placed  on  the  mesh  spacing.  However,  a 
modified  exact  solution 


u  (x,,tk)  =  u u,,/*)  +  ~  c  Ax, +mhx  (*,,/*) 


has  x  =  O  (A).  Thus,  the  usual  error  analysis  yields 

u-  —  u  (Xj  ,t * )  =  y  c  Ax,  +,Aux  (. x,  ,t k )  +  O  (A); 


(13) 


that  is,  the  discrete  solution  remains  first-order  accurate  (1.3)  despite  the  zeroth  order  truncation 
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error  (1.2). 

The  same  basic  behavior  is  observed  in  the  numerical  solution  of  the  one-dimensional  Lagrangian 
gas  dynamics  equations 


V,  -Uz  =0  , 

(1.4a) 

u,  +px  =0  , 

(1.4b) 

e,  +pv,  =0  , 

(1.4c) 

via  a  simple  von  Neumann-Richtmyer  scheme.  Here  the  velocity  (« )  is  node  centered  (x,  ,r *),  both 
the  specific  volume  (v)  and  internal  energy  (e)  are  cell-centered  (xl+,Ajk+l/i),  and  p  =p(v,e). 
Centered  differences  are  used  throughout;  for  example,  Eq.  (1.4a)  is  approximated  at  (see 

Fig.  1.1), 


Fig.  1.1.  Staggered  grid. 

Equation  (1.4c)  is  also  approximated  at  (x,V/5,r*),  Eq.  (1 ,4b)  at  (x, 

Thus,  on  a  regular  space-time  mesh  the  truncation  error  is  0( A2),  but  only  first  order  on  an  irregular 
grid, 

Nh(v,u,e)sx  =  0( A)  .  (1.5) 

However,  even  in  this  nonlinear  problem,  a  modified  solution 

=  vft?  +  0([Ar*-”]2  +  [Ax,_*|2) 
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+  0(Atk~'/i]2  +  [Ax,-.*]2) 

can  be  constructed,  such  that  the  truncation  error  is  second-order: 


Nh(v,ii,e)  =  x  =  0( A2)  . 


Thus,  it  can  be  shown  that  the  first-order  truncation  error  (1.5)  does  not  imply  a  merely  first-order 
accurate  discrete  solution. 


A  generalized  node-centered  Lax-Wendroff  scheme  (Pike  [3]) 
S?+l-ut  u,\i 

- - - +  c  — - 

Ar  Ax,+l/i  +  Av,.,* 

-c2At  - - - 

A xi+,A  +  A 


exhibits  supraconvergence  on  irregular  grids  under  certain  restrictions.  First,  we  require  that 


0  <e<c  --  Af—  <p  <  l  . 


Ax,v/i  Ar,_,4 


(1.6) 


The  upper  bound  is  familiar  from  stability  considerations;  the  lower  bound  prevents  Ar  from  getting 
too  small  (e.g.,  Ar  =  0(Ax2)).  Second,  we  require  that  the  r- grid  be  uniform  (actually  quasiuniform 
is  probably  sufficient).  Numerical  experiments  will  be  presented  to  determine  whether  these 
constraints  are  genuine  or,  once  again,  artifacts  of  the  method  of  analysis. 
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The  homogeneous  homentroplc  compression  or  expansion  - 
a  test  case  for  analyzing  SOD's  operator  splitting 

WESTENBERGER  H. 
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SOD's  operator  splitting  integrates  a  hyperbolic  conservation  law  with  a  source  term 
by  splitting  the  source  term  from  the  divergence  part  and  by  integrating  both  parts 
separately  : 

Ut  +  ( E  ( U  )  )r  =  2  ( U.  r ) 

IS  ^ 

Ut  +  ( E  <  U )  )r  =  Q  Ut  *  £  ( u.  r ) 

^  i 

solution  operator  H  solution  operator  S 

This  splitting  technique  can  be  understood  as  a  special  integration  of  the  conser¬ 
vation  law  with  a  source  term  over  a  region  G  which  leads  to 

Urn  .n+  1  =  Um  -n  “  ^  1  n  "  9m-J$.r>  )  +  ^  t  Qm  ,n  . 

Three  variants  of  the  splitting  will  be  considered 

S  o  H  {  y-n>n  Ipn  e  iN 
^  Um,  n  +  1  ^mclN  =  S2oHoS2{  Umn  1  m  c  [f\J 

^  ^  ^  ^  Un.n 

There  are  two  special  aspects  of  splitting  to  be  analyzed  : 

•  The  choice  of  dependent  variables 

The  splitting  into  a  homogeneous  part  and  a  source  term  depends  on  the  chosen 
dependent  variables  and  is  therefore  not  unique.  The  choice  influences  the  quality  of 
the  solution. 

-  Example  :  gasdynamic  equations 

dependent  variables  :  (  •  )  {  p,  m.  e  )  or  (  **  )  {  p  A,  m  A,  e  A  } 
p  -  density,  m  -  momentum,  e  -  total  energy,  A  -  cross-section. 
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Although  formulation  (  * )  gives  reasonable  results  with  all  three  variants,  formulation 
(  **  )  can  only  be  combined  with  variant  3. 

•  The  source  term  and  entropy  behaviour 

The  time  integration  of  the  source  term  does  not  pay  attention  to  the  second  law  of 
thermodynamics.  Therefore  the  physical  entropy  can  descend  (Figure  1). 


Figure  !  Entropy  descent  by  the  time  integration  of  the  source  term 

a)  for  formulation  (  *  ) 

b)  for  formulation  (  **  ) 


Theorem  :  A  solution  of  the  quasi-one-dimensional  gasdynamic  equations  for  variable 

2 

cross-section  A  ( r )  has  to  be  found  in  IR+x  [0,  T  )  with  A(0)  c  oo,  Ac  C  , 
entropy  const.,  p  =  p(t),  velocity  v  ( 0,  t)  =  0.  v(ro.  0)  =  vp.  Such  a 
solution  only  exists  for 

Aj(  r  )  =  y  rS,  y  >  0.  5  ^  0 


and  for  t  >  -1  it  has  the  form 


r5  1 1 '  r8  ""  1  r„  1  ' 


v,  (  r.  t )  =  % - ~ 

5  i  +  in  t  r„ 


-(  1+8 ) 


To  use  this  analytic  solution  for  a  numerical  test  we  choose  the  initial  conditions 

A  ( r )  =  rv,  v  =  2  (  spherical  symmetry  ) 

p(r,0)  =  p0. 

v  ( r.  0 )  =  v°-  r,  v0  =  -  -i  ,  x  -  adiabatic  exponent,  a  -  sound  speed, 

*  o  ^  x  i 

v(0.t)  =  v(1,t)  =  0. 


345 


This  leads  to  a  region  of  undisturbed  homogeneous  compression  which  is  separated 
from  a  rarefaction  wave  by  the  characteristic  ( Figure  2 ) 


£  =  (v  +  1) 


Figure  2  :  Wave  pattern  for  the  homogeneous  compression  with  a  suddenly  fixed 
piston 


The  GODUNOV-method  shows  very  good  agreement  of  the  numerical  results  with 
the  analytic  solution.  An  entropy  drop  can  be  found  although  it  is  dominated  by  the 
entropy  rise  at  the  fixed  piston  (  Figure  3  ). 

The  random-choice  method  has  been  treated  statistically  over  several  numerical 
runs.  The  resulting  expectation  value  and  the  variance  show  some  oscillations  near 
the  centre  of  symmetry.  This  agrees  with  the  statement  of  COLELIA  that  the  com¬ 
bination  of  the  random-choice  method  with  operator  splitting  diminishes  accuracy. 
In  spite  of  this  no  entropy  rise  can  be  found  near  the  fixed  piston  (  Figure  4  ). 
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Figure  3  :  The  homogeneous  compression  with  a 
suddenly  fixed  piston  with  the  GODUNOV- 
method  (  CFL-number:  0.95  ) 
a  )  space-time  pressure  profile  (  variant  2  »  ) 
b  )  Isobars  (  variant  2  •  ) 
c  )  space-time  entropy  profile  (  variant  3  •  ) 


Figure  4-  :  The  homogeneous  compression  with  a 
suddenly  fixed  piston  with  the  random-choice 
method  (  CFL-nu  nber:  0.95  ) 
a  )  space-time  pressure  profile  (  variant  ]  •  ) 
b  )  Isobars  (  variant  1  •  ) 
c  )  space-time  entropy  profile  (  variant  1  •  ) 
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APPLICATIONS  OF  THE  PIECEWISE-PARABOLIC  METHOD  (PPM) 

TO  THE 

STUDY  OF  UNSTABLE  FLUID  FLOW 


Paul  R.  Woodward 
University  of  Minnesota 


The  Piecewise-Parabolic  Method  (PPM)  [1-4]  is  a  differ¬ 
ence  scheme  for  solving  the  Euler  equations  of  inviscid  fluid 
flow.  PPM  is  built  upon  the  ideas  of  Godunov's  scheme  [5]  and 
its  earliest  higher-order  extension,  MUSCL  [6,7].  PPM  was 
originally  designed  to  attack  transient  flow  problems  involv¬ 
ing  strong,  discontinuous,  nonlinear  waves.  In  recent  years 
PPM  has  been  extended  to  treat  milder  problems  such  as 
compressible  convection  in  stars  and  terrestrial  thunder¬ 
storms.  In  these  problems  discontinuities  also  arise,  and  PPM 
delivers  the  same  high  resolving  power  which  motivated  its 
earlier  use  in  strong  shock  problems.  Applications  of  both 
"strong"  and  "weak"  formulations  of  PPM  will  be  presented,  and 
the  merits  of  the  numerical  approach  as  well  as  the  physics  of 
the  applications  themselves  will  be  discussed.  These  applica¬ 
tions  are  part  of  a  larger  program  of  investigation  of  un¬ 
stable  fluid  flow.  The  computed  flows  are  visualized  with 
high-speed  interactive  color  graphics  displays,  and  the 
results  will  be  shown  as  video  movies. 

In  the  "strong"  category  of  applications,  studies  of 
supersonic  slip  surface  instabilities  will  be  presented. 
These  studies  were  inspired  by  a  larger  study  of  the  propaga¬ 
tion  and  stability  of  gaseous  jets,  most  recently  in  colla¬ 
boration  with  K.-H.  Winkler  (Los  Alamos)  and  N.J.  Zabusky 
(Pittsburgh) .  The  earliest  PPM  simulations  of  slip  surface 
instability  showed  nonlinear  unstable  modes  not  expected  from 
linearized  perturbation  analysis.  This  work  inspired  Artola 
and  Majda  at  Princeton  to  extend  this  analytic  theory  to  the 
weakly  nonlinear  regime.  They  confirmed  the  existence  of  the 
nonlinear  modes  and  gave  quantitative  formulae  for  angles  and 
propagation  speeds  of  resonant  interactions  between  a  super¬ 
sonic  slip  surface  and  incident  sound  wave  trains.  New  PPM 
simulations  which  correspond  more  closely  to  the  context  of 
this  analytic  work  have  been  performed  in  collaboration  with 
Jeffrey  Pedelty  at  Minnesota.  These  display  .interesting  non¬ 
linear  effects,  such  as  coupling  between  the  various  nonlinear 
modes  and  broadening  of  the  resonance  for  strong  perturba¬ 
tions.  Video  movies  of  these  simulations  will  be  presented, 
and  their  importance  for  the  understanding  of  jet  stability 
will  be  discussed. 

In  the  "weak"  category  of  applications,  studies  of 
compressible  convection  will  be  presented.  This  work  has  been 
performed  in  collaboartion  with  David  Porter  at  Minnesota. 
These  studies  are  aimed  at  an  understanding  of  convective  heat 
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transport  in  the  outer  layers  of  stars  like  the  sun.  For  such 
stars  the  regime  of  interest  is  one  of  extremely  low  thermal 
conductivity  and  even  more  extremely  low  viscosity  (i.e.  high 
Reynolds  numbers  and  low  Prandtl  numbers) .  Compressiblity  is 
also  very  important,  because  the  unstable  layers  span  many 
density  and  pressure  scale  heights.  In  the  PPM  simulations  we 
attempt  to  treat  these  features  of  the  flows,  although  the 
magnetic  fields,  rotation,  and  three-dimensional  spherical 
geometry  of  the  stellar  flows  are  not  treated.  Cur  simula¬ 
tions  of  compressible  convection  between  rigid,  friction-free 
plates  in  2-D  Cartesian  geometry  are  surely  quite  unlike  con¬ 
vection  in  stars  in  several  respects.  Nevertheless,  these 
simulations  give  important  information  on  the  relationship 
between  the  predominant  sizes  of  convective  eddies  and  the  lo¬ 
cal  pressure  and  density  scale  heights  in  the  f)uid.  We  have 
begun  to  extend  our  work  to  three  dimensions,  but  in  this  case 
the  demands  on  the  resolution  of  both  the  difference  scheme 
and  the  computational  grid  add  to  make  the  simulations  very 
costly  and  extremely  difficult  to  carry  out  and  display.  The 
discussion  here  will  focus  on  the  work  in  2-D,  using  video 
movies  to  illustrate  the  approach  to  a  statistically  steady 
spectrum  of  convective  eddy  sizes. 
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Global  existence  of  solutions  for  noncharacteristic  mixed 
problems  to  nonlinear  symmetric  hyperbolic  systems  of  the 
first  order  with  dissipation 


W.M.  Za jqczkowski,  Warsaw 
Institute  of  Fundamental  Technological  Research 


(1) 


We  consider  the  following  initial  boundary  value  problem 


E(t,x,u)ut  +  Z  A-(t,x,u)u  +  B(t,x,u)u 
i  =  l  i 

in 


u  1 1  =  0  =  uo<x> 


m 


F(t,x) 

nx [ o ,t] , 
n. 


M(t,x' ,u)U|  =  g (t,x* )  on  3nx[0,T], 

where  n  is  a  bounded  domain,  x=  (x,  , . . .  ,xn)  e  fl  C  IRn,  x'  €  9ft, 
u= (Uj , , . . ,um)  6  G  C  IRmf  G  is  an  open  subset  of  the  physical 
state  space  lRm,  because  physical  quantities  such  as  the  den¬ 
sity  or  temperature  should  always  be  positive,  u,  6  G0  CC  G, 
E(t,x,u),  A|(t,x,u),  ...,  An(t,x,u),  B ( t , x , u)  are  real  mxm 
matrices,  E,A,,...,An  are  symmetric,  Eu*u  2  ot0u2,  a0  is  a 
positive  constant, 
l 

M(t,x',u)  *  Z  «uv(t,x*,u)Yu(t,x,,u)Y^(t,x,,u)  + 

U,v=l 

l  D 

+  I  Z  8uv(t,x,,u)Yu(t,x,,u)Y"(t,x,,u) , 

U=1  V=i+ I  MV  M  v 


where  Yy»  y=l,...,t,  Y y»  v  =  Jt+ 1 , . . .  ,m,  are  eigenvectors  to 
the  matrix  -A*n  *  - (A( n t . +Annn)  (n  is  the  unit  outward 
vector  normal  to  the  boundary) , corresponding  to  the  positive 
{ A  p ,  &)  and  negative  (Xy,  v=i+ 1 , . . . ,  m)  eigenvalues, 

respectively. 

We  assume  also  that  the  eigenvalues  are  disjoined  from 

zero,  so  min  min  jX  |  2  c0  >  0,  c#  is  a  constant,  and 

nx[0,T]xG  y  v 


max 

3flx  ( 0 ,T]  xg 


s  6 


- 1 


max 

3fix[0,T]xG 


y  v  1 


s 


6 


1  * 


max 

v€{ I , . . . , &} 


max  X*  S  c, , 

anx[o,T]xG 


max  max  |X~j  £  c',  (c0+c  )6~262  £  -  c0» 

V€{1+1 , . . . ,n)  9fix 10, T] xg 


c,,  c | ,  6 0 ,  6 |  are  constants. 


If  0 


Finally  we  assume  the  condition  of  dissipation 
(2)  Bu*u  £  g0u2,  g0  >  0. 

Under  the  assumption  the  following  result  has  been 
proved 

Theorem 

Let  F  G  H£(nx[0,t]),  ajF  G  L»<0,t;H*-1 (SI) ) ,  i=0,...,t, 

g  g  H£onx[o,t]),  i  >  s  +  I,  Uo  e  H*'+1(n),  an  g  cl, 

2 

E,A, , . . . ,An,B  G  C*(flx[0,t] XG) ,  M  G  C*  ( 8Qx ( 0 , t] xG) , 
t  £  T  G  R+  and  F,g,u0  ,E,A(  ,  . .  .  must  be  sufficiently 

small  in  the  corresponding  norms. 

Then  there  exists  a  unique  global  in  time  solution  to 
the  problem  (1),  (2)  such  that 

u  G  H*(nx[0,t])  fl  H£OQx[0,t))  and  3^u  G  L„  (0 ,  t ;  H£_i  (R)  )  , 

i  =  0 , • • • f  £ • 


RIEMANN  PROBLEM  FOR  GASDYNAMIC  COMBUSTION 

TONG  ZHANG 
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Yuxi  Zheng 
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The  simplest  complete  system  for  the  flow  of  combustible  gas  with  an  infinite  rate  of  reaction 
is  as  follows: 

U(+Px  =  o,  tj  —  ux  =  0,  Et  +  (pu)x  =  0, 

E=u7/2+e  +  q,  c  =  pr/(7-l), 
chemical  binding  energy  satisfies 


f  q' 

(*,o  =  |o 


q(x,0)  sup  T(x,t)  <  T{  (ignition  temperature) 

0<T<< 


l.  0  otherwise, 

T  =  pr/R,  R  >  0, 

where  7 ,  R  and  T{  are  constants  and  u,p,  r  and  q  are  unknowns,  q  has  only  two  values:  q  —  0 
for  the  burnt  gas  and  q  —  q0  >  0  for  the  unburnt  gas. 

The  Riemann  problem  is  as  follows: 

{uiTiP,q)i=0  =  (u±,T±,p±,q±),  (x  >0). 

We  obtained  existence  and  uniqueness  constructively  for  arbitrary  Riemann  data  under 
the  following  restrictions:  the  solutions  are  selfsimilar  and  piecewise  smooth;  the  Lax  entropy 
condition  is  satisfied  at  the  discontinuity  points  except  at  the  front  sides  of  deflagration  waves 
where  the  temperatures  are  assumed  to  be  the  ignition  point;  the  number  of  detonation  waves 
in  the  solutions  is  as  small  as  possible;  furthermore,  the  number  of  times  of  oscillations  of 
temperature  around  the  ignition  point  is  also  as  small  as  possible;  and  last,  the  number  of 
deflagration  waves  is  as  large  as  possible.  The  last  three  principles  are  called  global  entropy 
condition,  without  which  the  number  of  solutions  may  be  nine  at  most. 

Solutions  consist  of  shocks,  centered  rarefaction  waves,  detonations,  deflagrations,  Cliap- 
mann-Jouguet  detonations,  Chapmann-Jouguct  deflagrations  and  contact  discontinuities.  There 
are  thirty-six  kinds  of  configurations  in  all. 

Using  the  Riemann  problem,  we  analyzed  the  overtaking  of  shocks  and  combustion  waves: 
a  shock  always  accelerates  detonation,  whereas  it  transforms  deflagration  into  detonation  when 
it  is  strong  enough.  Transition  from  deflagration  to  detonation  in  the  ignition  problem  is  also 
investigated. 

(to  appear  in  J.D.E.) 
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SOME  RESULTS  ON  STABILITY  AMO  CONVERGENCE  OF  DIFFERENCE  SCHEMES 
FOR  QUASI LINEAR  HYPERBOLIC  1 N IT I AL- BOUNDARY -VALUE  PROBLEMS 

You-] an  Zhu 

The  Computing  Center,  Academia  Sinica 
Beijing,  China 


[i2] 

In  the  seventies1  '  1  we  obtained  some  results  on  stability  of 

difference  schemes  for  initial-boundary-value  problems  of  linear 
diagonalized  hyperbolic  systems  in  two  independent  variables.  Later 
these  results  were  extended  to  general  linear  hyperbolic  systems 
with  "moving  boundaries"  and  some  convergence  theorems  were  estab¬ 
lished.  In  [4],  we  completed  some  proofs  of  ’global ’  convergence 
of  difference  schemes  for  general  quasilinear  hyperbolic  initial- 
boundary-value  problems  with  moving  boundaries. 

In  this  paper  we  would  like  to  introduce  our  main  result 
briefly.  The  result  can  be  described  as  follows. 

Let  us  consider  the  following  initial-boundary-value  problem 
for  quasilinear  hyperbolic  systems  in  two  independent  variables. 

1 .  A  quasilinear  hyperbolic  system 

f~  +  A  (  0 ,  x ,  t )  ||  =  F  (  0 ,  x  ,  t )  (1.1) 


is  given  in  L  regions:  x^_^(t)  £  x  <  x^(t),  O^t^T , 

J?  =  1,2,...,  L, 

2.  On  external  boundaries  and  internal  boundaries  x  =  xjj(t), 
Jl  =  0,1,..., L,  a  number  of  nonlinear  boundary  conditions 
are  prescribed: 


<*  ®o  ^0 '  xo '  zo '  ^  ^  = 


I  V°i'Uj, Xjf^'t)  =  0,  i=  1,2 . L-1,  (1.2) 


\ BL(^L'XL'ZL,t)  '  °' 


where 


dx^(t) 

dt 


JL~  0,1,  .  •  • ,  ij ■ 


(1.3) 


(3] 
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At  t  =  0  initial  values  are  specified: 


f 


O(x,0) 


=  D^(x),  for  x  i  ^(0),  J?=1  ,  2,  .  .  .  ,  L, 


x^(  0)  =  c  q  jj,  z^(  0)  =  c1  jj ,  J 2=  0,1, 


(1.4 


It  is  required  to  determine  0  in  the  L  regions  and  x^(t), 
Zj?(t)  for  O^t^  T,  J?  =0 , 1  ,  .  .  .  ,  L .  Here  0,  F,  are  -dimensional 
vectors,  A  -  an  N^  X  N.^  matrix,  Bjg  —  J/g  -dimensional  vectors, 

c  a  and  c.  *  are  scalars  and  0*  -  U«(t)  =  lim  0(x,t). 

,X  '  *  M  x  -  >  x^  ( t )  ±  0 

We  suppose  that  in  every  region:  x^  1 ( t ( t ) ,  O^t^T, 

0  and  its  first  derivatives  are  Lipschitz  continuous  with  respect 
to  x  and  t.  Obviously,  if  we  take  all  the  discontinuity  lines 
and  the  first  order  weak-discontinuity  lines  (on  which  the  first 
derivatives  are  discontinuous)  as  internal  boundaries,  this 
assumption  can  be  satisfied.  We  further  assume  that  in  every 
region,  the  second  derivatives  of  0  are  piecewise  smooth.  Clearly 
this  assumption  usually  holds.  For  this  case,  the  truncation 
error  in  L 2  norm  will  really  be  0(AtJ)  even  for  the  problems 
with  discontinuous  solution  if  the  second  order  schemes  in  [1 ] 
and  [2]  are  adopted.  We  have  proved  that  when  the  second  order 
schemes  in  [1]  and  [2]  are  used  and  when  the  above  two  assumptions 
and  a  very  weak  assumption  about  boundary  conditions  (1,2)  are 
satisfied,  the  approximate  solution  of  0  will  converge  to  the 
exact  solution  with  a  convergence  rate  of  & t 3  in  L2  norm  and 
the  errors  of  the  approximate  solutions  of  x^(t)  are  0(dtJ), 
no  matter  whether  or  not  there  exist  some  discontinuities,  such 
as  shocks,  contact  discontinuities. 
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Consider  the  initial-boundary  value  problem 

dy  ,  l  On 

oi  +  A&  =  ,,!' 


!/(r,  0)  —  lh)(r) 


(1) 


for  €  II ”,  0  <  .r  <  1,  0  <  t  <  T.  A  and  D  are  n  x  n  real  matrices.  Without  loss  of 

generality  A  may  be  taken  to  be  diagonal 


A“  0 
0  A+ 


A  =  diag(A,  ,  A2  )  <  0 

A  =  diag(A++ . A, | )  >  0 

Well-posed  linear  homogeneous  boundary  data  can  always  be  written  as 

V(o,/)  —  y(0i() 
y<i.n  =  y,  |  ^ 


(2) 


where  vector  y  —  [;/~,i/+]7  is  the  partition  of  y  corresponding  to  the  partition  of  A,  So  and 
S i  are  matrices  of  dimensions  (n  —  ?•)  x  r  and  r  x  (n  —  r),  respectively.  For  a  positive  definite 
diagonal  n  X  n  matrix  G  partitioned  in  the  manner  of  A,  the  Lyapunov  functional  is  defined 
to  be 


HO 


=  IM  c.=  JvT 


G  y  dc 


The  time  rate  of  change  of  the  Lyapunov  functional  is  given  by 


where 


(IE  dEt,  dEi 
dt  dt.  dt 


^  =ti,-„yc-A-  +  s0tg+a+s„).v„- 
-  #(+i’)(G+A+  +  Sfc-A-S, )!/+  ,, 

I 

^  =  2  J  7/ 7  CP  y  dx 


355 


Definition  1. 

The  initial-boundary  value  problem  (1)  (2)  is  interior-stable  (resp.  boundary-stable)  if 
there  is  a  positive  definite  diagonal  matrix  G,  independent  of  initial  conditions,  such  that 
the  inequality  £<(<,)  >  £;(<2)  (losP-  £(>(*,)  —  Dolcls  for  every  t\  <  t2. 

Definition  2. 

The  matrix  D  is  symmetrizable  if  there  exists  a  diagonal  positive  definite  matrix  L  that 
symmetrizes  D,  i.e.  LD  =  DTL. 

Theorem  1. 

Assume  that  the  matrix  D  is  symmetrizable.  Then  problem  (1)  (2)  is  interior-stable  if  and 
only  if  all  eigenvalues  of  D  are  less  or  equal  to  zero. 

Theorem  2. 

If  problem  (1)  (2)  is  boundary-stable  then  ||5iS0||  <  1  and  ||S(|S|||  <  1,  where  ||  •  ||  denotes 
the  matrix  Hilbert  norm. 


Sketch  of  the  proof: 

If  <  0  for  every  initial  condition  then 

V~t{G- A"  +  S[ G+A+S0)y~  <  0 
y+r(-G+A+  -  5,tG-A-Si  )y+  <  0 


Hence  we  have  the  following  inequalities 


*/~Tl(SiSo)T(—Cr~ A ~ )  S,S0  -  (-G“A-)]  y~  <  0 
y+r[(5051)7'  G+A+505,  -  G+A+J  y+  <  0 


If  we  now  take 


we  finally  obtain 


—G  A  =  IrXr 

G  A"*"  ~  -f(n— r)x(n-r) 


1|5,50||<1  1(505,11  <1  m 


Theorem  3. 

Problem  (1)  (2)  is  boundary-stable  if  there  exists  g  >  0  such  that  ||S0||  <  g  and  ||5i||  <  g~] . 
Sketch  of  the  proof: 

If  ||S0||  ^  9~ I (J+  an<I  ||5,||  <  g+/g~  then 

y~TSp  S0y~  <  f£_  y+rS]'Siy+  <  g_^_ 

y~ry~  ~  g+  y+ry+  _  g~ 

for  every  y~  and  y+.  If  we  now  take  G~A~  =  —g~ I  and  G+A+  =  g+ 1  we  finally  obtain 
dEh/dt  <  0  | 
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Theorem  4. 

Assume  that  the  matrices  So  Si  and  Si  So  are  symmetrizable.  Then  problem  (1)  (2)  is 
boundary-stable  if  and  only  if  ||SoSi|j  <  1  or  equivalently,  ||  Si  So  ||  <  1. 
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